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O n l i n e a r c o n g r u e n c e r e l a t i o n s r e l a t e d t o 2 - a d i c 

d i l o g a r i t h m s 

The paper gives a further generalization of congruences of the K. Hardy and 
K.S. Williams [3] type among the values of 2-adic L-functions L 2 ( k , x u l ~ k ) for 
quadratic Dirichlet characters x and for —1 < k < 2 which produce some new 
congruences between the conjectured orders of ^ - g r o u p s of the integers and 
class numbers of appropriate quadratic fields. These congruences extend results 
of [2], [5], [3], [6] and are of the same type as congruences of [8] and [7]. We 
apply ideas of R.F. Coleman [1] and methods of T . Uehara [5]. 

1 I n t r o d u c t i o n 

Let k be an integer. If p is a p r ime number , let C p s t and for complet ion of an algebraic 
closure of Q a t some place above p. Consider t he formai sériés: 

This sériés dé te rmines an analyt ic func t ion on t h e open un i t bail in C p . Using " t h e 
act ion of Frobenius" on some differential équat ions , R . F . Coleman [1] ex tended 4 to a 
locally analy t ic func t ion 4,p on C p — {1}. He gave a p-adic analogue of some well-known 
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analyt ic formulas for t he values of p-adic / / - funct ions a t integers 

Af-l 
L p ( k , x ^ - k ) = (1 - x ( p ) p - k ) g ( x ) M - 1 x ( a ) 4 l P ( r ° ) , (1) 

o=l 

ex tending Leopold t ' s formulas for L p ( l , x ) , where x dénotés a pr imi t ive Dirichlet char-
acter modu lo M ( M > 1 ) wi th values in C p (for posi t ive k see fo rmula (2) of [1] and 
for non-posi t ive k see Theo rem 5.11 and L e m m a 5.20 [9]). Here ( : = exp (2 i r i /M) , 
g ( x ) s t ands for t h e Gauss s u m a t t ached to x and u> : = u>p dénotés t h e Teichmxiller 
charac ter a t p. I t is well-known t h a t for Dirichlet characters x i and X2 wi th relatively 
p r ime conductors we have £f(xiX2) = </(Xi)tf(X2)- T h e formula (1) is t r u e for pr imi t ive 
characters . However no te also t l iat if t he charac ter x i s induced f rom a charac ter x i 
modu lo some divisor of M , then 

B n , x = £ n , X l n (1 - x ï W " 1 ) ' 
p| M 

where Bn > x is t he n t h generalized Bernoulli n u m b e r belonging to t h e charac ter x (cf. t h e 
proof of T h e o r e m [8]). Therefore by 

L P (k , x ) = lim L„( 1 - n , x ) , 

where 1 — n —> k p-adically and n —> oo, and by T h e o r e m 5.11 [9] we get 

IX Tt 

= - l i m n " X i ( q ) q n - 1 ) ) 
q\M, gr—prime 

= L P { k , x i ) n o - * * ( < ? v f c _ i ( ? ) ? - * ) , 
q\M, q^p 

because 

l im g" = lim (u>(q) < q > ) n = lim < q > " = < q > 1 _ ' : = q 1 - ^ 1 (q), 

if q zfi p . Consequently, we obta in 

L p ( k , X ^ - h ) = L p ( k , X ^ - k ) J ] 0 - Xi(q)q~ k ) , 
q\M, q£p 

b u t we shall not use this in t h e paper . 
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Following R . F . Coleman [1], t he fonctions 4 : = h,p are called t h e mul t i logar i thms. 
For — 1 < k < 1 by définit ion we get explicit formulas for 4 : 

h ( z ) = — 
z 

z 

h ( z ) = - \ o g p ( \ ~ z ) , 

where l o g p dénotés t he p-adic logar i thm. T h e func t ion l2 is re la ted to t h e so-called 
p-adic d i logar i thm func t ion defined by the fo rmula 

D ( z ) = i 2 ( z ) + 1 - \ o g p ( z ) \ o g p ( l - z ) . 

I t is well-known (see Proposi t ion 6.4 [1]) t h a t 

l k(z) + ( - i n ( z - ' ) = ^ - l o g k
p ( z ) , (2) 

(1 /k \ : = 0, if k < 0) and for any posit ive integer m the func t ions 4 sat isfy t h e ident i ty 

1 £ M M = ^ (3) 
m ' m " <m=i 

(see Propos i t ion 6.1 [1] wi th 2 replaced by z m on t h e r ight h a n d side of t h e équat ion) . 
Let x b e a pr imi t ive non-tr ivial Dirichlet charac ter . T h e n , it follows f r o m (2) t h a t 

for k ^ 0 
M-1 [M/2] 

£ x ( « ) 4 ( C a ) = ( i + ( - i r x x ( - i ) ) £ x ( « ) 4 ( C a ) , 
a=l a=l 

where [x] dénotés t he intégral pa r t of x . T h u s for k ^ 0 and for pr imi t ive non-tr ivial 
characters x , by (1) we get 

L p ( k , x ^ ~ k ) = 0 , (4) 

if X(—1) = (—1)* (i.e., if x and k are of the same par i ty ) . If k = 0 t hen by (2) we have 

h ( z ) + h ( z - 1 ) = - 1 
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and 
M-1 [M/2] [M/2] 

E x ( a ) ï k ( C a ) = (1 " X ( - 1 ) ) E x ( a ) h ( C a ) ~ X ( - 1 ) £ *( f l)» 
a=l a=l a=l 

which gives (4) for an even non-tr ivial Dirichlet charac ter x at once. For fc = 0, by (1) 
t h e équat ion (4) holds for x (p ) — 1 too b u t we shall no t use this . 

Let x be tr ivial and let k ^ 1. If k < 0 then , by T h e o r e m 5.11 [9] we have 

L , ( k , u > - " ) = - a - . 

Thus if k = 0 then (4) holds for t he trivial charac ter x too because of t he Euler fac tor 
equals 0. If k < —1 then (4) holds if B i - k = 0, i.e., if k is even. 

Let p be finite and let E p b e a finitely ramified extension of Q p in C p . If fc > 2 then 

L r f a u 1 - " ) = ( l - p - * ) l i m 4 l P ( * ) , 

where z —> 1 and elements z lie in E p — {1} (see t he fo rmula (4) in [1]). T h u s if fc > 2 
is even then (2) implies 

2 L p { k ^ ~ k ) = - i ( l - p - * ) l i m l o g £ ( z ) = 0 . 

Summariz ing , if x is t r ivial then (4) holds if fc ^ 1 is even, i.e., if fc has t h e s ame par i ty 
as x again. 

Following R . F . Coleman [1], wr i te 

l £ \ z ) = l k { z ) - p - k l k { z i > ) , 

where lk = lkyV. T h e funct ions l k
p \ z ) are called p-adic mul t i logar i thms. In par t icular , 

in view of (3), we have 

= (s) 

Let A be an integer. For any Dirichlet charac ter ^ modu lo A, any integer fc and z € C 2 , 
set 

C k t +(z) = ( - l ) f c + 1 4 2 ) ( * ) ( ^ ± 1 ) , 

if tp is t h e t r ivial charac ter modu lo A and 

A 
C„,*(z) = ( - 1 r W M " 1 £ > ( « ) « * ( £ * ) (Z ï G , (a , A) = 1), 

a=l 

otherwise. 
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In par t icu la r , if A is even and if> is a quadra t i c charac ter modu lo A then by (5) we 
have 

A/2 
Ck ,*{z) = ( - 1 ) k + 1 2 g W ) A - ' j 2 ' H a ) l l 2 \ e A z ) 

a=\ 

because 

For any odd n a t u r a l n u m b e r b, let r(b) dénoté t h e n u m b e r of p r ime fac tors of b. Set 
b* — b (resp. —b), if b = 1 ( m o d 4 ) (resp. b = 3 ( m o d 4 ) ) . These n u m b e r s are examples 
of t h e so-called f u n d a m e n t a l d iscr iminants (which can be described as t h e set of square-
free numbers of t he fo rm 4n + 1 and 4 t imes square-free number s not of this fo rm) . 
For any f u n d a m e n t a l d iscr iminant d, dénoté by Xd the pr imi t ive quadra t i c charac ter 
modu lo (in this no ta t ion Xi is t he pr imit ive tr ivial charac ter ) . Wr i t e Ck,d = £fc,x<r 
For a na tu ra l n u m b e r m , dénoté by T m t he set of ail f u n d a m e n t a l d iscr iminants dividing 
m . Let us adopt t h e no ta t ions f j p | c (resp. n^Ui '* S o = i ' ) s t and for a p roduc t taken 
over ail pr imes dividing c (resp. a p roduc t or a sum taken over integers a p r ime to c). 

2 T h e M a i n T h e o r e m 

Let K = {—1,0 ,1 ,2} . Let us consider a sequence of 2-adic integers {xk,e}, k € K , 
e € For any L C K this sequence is said to be defined on L, if Xk,e = 0 for k L. 
Given {a^e} , let us define a sequence { zn}n=o,i,... by t h e following: 

z 0 = Xk,e , Z i = 2 X k ' e ' 
k£K,ee% keK,e€%, 

sgne=(-l)* 

z 2 l + p = 2 l + p { 2 l ( 2 î + 1) 2 ( (1 - p ) x . 1 A + x _ l t _ 4 ) 

- (21 - 1)(21 + 1) 2 ( (1 - p ) x . l i 8 + ar_i,_8) + (21 + l) a(ar0 , i + (1 - p)x 0 , - A ) 

-f 2 l(21 + 1)((1 - p ) x h , -f x ^ . 4 ) + (2/ + 1)((1 - p ) x l f i + x l t _ s ) 

+ 23 ' ( 2 / ) ( ( * , . , + (1 - p ) x 2 , - 4 ) + £ 2~3 k (x2,8 + (1 - p ) x 2 , - s ) ) ) , 

(6) 
where / > 1 and p G {0,1} . 
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It is evident t h a t t he numbers z n , n > 0 are 2-adic integers. Indeed, it is well known 
t h a t 

ord 2 = s 2 ( t ) , 

where s 2 ( t ) dénotés t h e sum of digits in t he 2-adic expansion of t . T h u s we have 

ord 2 (2 3 ' ^ 1 ) = 3/ - s 2 ( l ) > 21. (7) 

Moreover, we observe t h a t 

where (i!)2 : = 1 • 3 • • •<(< odd) dénotés t he 2-adic factor ial . 

D E F I N I T I O N . For any non -emp ty subset L C K , let c : = c(L) > 0 be an integer 
such t h a t : 
(i) the re exists a sequence of 2-adic integers {xk,e) defined on L, not ail being even, 
sa t is fying 

z n = 0 (mod 2 e ) , 

if n = 0 , 1 , 2 , . . . 

(ii) if for some sequence of 2-adic integers {a^.e} defined on L we have 

z n = 0 (mod 2C + 1 ) 

then ail t he n u m b e r s Xk,e a re even. 
If X is a pr imi t ive Dirichlet charac ter and M > 1 is any na tu r a l n u m b e r then for 

k 6 Z we set 
= 0 , 

if k = 1 and x is tr ivial , and 

= n ( ! - x ( p ) p 1 - k ) L 2 ( k , x u > i - k ) , 
p\M, p—prime 

otherwise. 
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O u r purpose is to prove t h e following theorem: 

T H E O R E M . Let m > 1 be a square-free odd n a t u r a l n u m b e r hav ing r : = r ( m ) p r i m e 
fac tors a n d let ty: N —> C 2 be a mul t ip l icat ive func t ion sa t i s fy ing ^ ( s ) = 1 ( m o d 2 ) , if 
s | m . Set K = { — 1 , 0 , 1 , 2 } . Let L be a non -empty subset of K hav ing S e lements a n d 
let x : = {xkte}keK,ee% a sequence of 2-adic integers not ail being even defined on L. 
Wri te 

{( l og 2 m)/2 , if m is a p r i m e n u m b e r , 

0, otherwise. 

Then the n u m b e r 

A 2 ( x , m ) : = £ ( - 1 ) * + ^ £ * ( | d | ) 4 m J ( f c , X e - w » - * ) + x ^ x J m 
eÊ78' rfeTm k£K 

is a 2-adic in teger divisible by 2 r + x , where 2A is t he grea tes t common divisor of 2 ° ^ 
a n d z n , 0 < n < 2c(L) — 2, a n d 

c(L) = [(75 - 3 ) /2 ] + a , 

cr = 1, if L = {—1,1} or {0,2}, a n d a = 0, otherwise. 

R E M A R K . These congruences are of t he same général t y p e as those of [2], [5] and 
also of [3], [6], [7], [8]. In par t icu lar , for L = {0 ,1} we get Gras -Uehara ' s congruences 
for class numbers of quadra t i c fields which are modu lo 2r<m)+5 and for L = { - 1 , 0 } 
(resp. L = {0}) we obta in congruences modu lo 2 r<m)+ 5 (resp. modu lo 2 r<m)+ 2) for t he 
same ob jec t s as those in [6] (resp. in [3]). These ob jec t s are equal to t h e orders of K 2 -
groups of t h e rings of integers of real quadra t i c fields or class number s of appropr ia te 
imaginary quadra t i c fields. If 2 G L then the ob ta ined congruences are qui te new and 
especially interest ing. They produce , via a 2-adic version of t he L ich tenbaum conjec-
tu re , some new congruences for t h e orders of ^ - g r o u p s of t h e integers of imaginary 
quadra t i c fields. For a deeper discussion of this case we refer t h e reader to t h e last 
section of t he paper . 

3 L e m m a s 

T h e proof of the Main Theo rem is divided into a sequence of l emmas . F i rs t , we shall 
ex tend L e m m a 3 [5]. 
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L E M M A 1. Let x be a Dirichlet charac ter modu lo M > 1 a n d let N be a mul t ip le of 
M such tha t N / M > 0 is a r a t iona l square-f ree in teger p r i m e to M . Set ( n = (mÇn/m-
Then for any integer k we have 

N 
Sk*{N) : = 

o=l 

M 
= ( _ 1 J J ( i - x ( p ) f - k ) J 2 ' x ( b ) l k ( C U 

p\(N/M) 6=1 

Proof. Let ç b e a p r ime number . T h e n for any na tu ra l n u m b e r n not divisible by q we 
have 

S k x f a ) = ~ x ( q ) ) S k , x ( n ) . (9) 

Indeed, it is easy to see t h a t 

S k , x ( n q ) = E ' E * ( c n + " E 
o=l c=0 6=1 

n ï—1 

= E ^ a ) E U C V Q - x(q)Sk , x (n) 
a=l c=0 

and (9) is implied by the ident i ty (3) at once. 
Now the l emma follows f rom (9) by induct ion on the n u m b e r of p r ime fac tors of N . O 

From now on we regard 4 as t he mul t i logar i thms defined on C 2 — {1}. 

L E M M A 2 . Given any odd integer M , let x be a p r imi t ive Dirichlet charac ter mod-
ulo M . Suppose t ha t N is an odd mul t ip le of M such tha t N / M is square-free a n d 
relat ively p r i m e to M. Let xj) be e i ther the tr ivial p r imi t ive Dirichlet charac te r or a p r im-
i t ive Dirichlet charac ter of even conductor p r i m e to N . Let u> déno té t he Teichmuler 
charac te r a t p = 2 a n d set (m = (mCn/m• Then for k E K we have 

N 
A* t * := A k A K x ) = 9{x )M~ x ^ ' x ^ A C N ) 

a=l 
= ( _ 1 ) r W M ) + f c + i J J ( l - x ^ ( p ) p l - k ) L 2 ( k , x ^ ~ k ) , 

p\(N/M) 

8 



unless k = 1 a n d the charac ters x a n d ij) a re trivial, in which case we have 

( —(log27V)/2, if N is a p r i m e p o w e r , 
= E £ w ( ( n ) -

o=l 0, otherwise. 

Proof. If M > 1 and i}> is t he tr ivial charac ter then since N is odd we get 

N N 

o=l a=l 

= g t i c W ' 1 ( E ' x ( « ) h ( C N ) - 2~*x(2) £ > ( 2 a ) 4 ( # ) ) 
o=l 0=1 

N 

= g ( x ) M - 1 (1 - 2 - f c x(2) ) X > ( a ) 4 ( a ) . 
a=l 

Thus , by L e m m a 1 and (1) we obta in 

M 

= g O D M - 1 ( i - 2 - f c x(2) ) n o - E ' x ( m c b
M ) 

p\(N/M) 6=1 

P\(N/M) 

and t h e l e m m a follows. 
If ^ is a nontr ivia l charac ter modu lo A then we have 

N 

a=l 6=1 
N A 

= e E ' x w m ( c N c b A ) 
o=l 6=1 
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NA 

a=l 

Thus , by L e m m a 1 and (1) we find t h a t 

MA 
= g m ( A M ) - 1 J ] 0 

p\(N/M) 6=1 

= f i ( l - X ^ ( p ) p 1 ~ h ) L 2 ( k , X ^ - k ) . 
p\(N/M) 

This complétés t he proof of t he l e m m a in case when e i ther x or is no t tr ivial . In 
order to finish the proof of t he l e m m a it remains to consider t he case when b o t h t he 
characters x and tp are trivial. T hen , by définition of t he func t ions Ck,^ we have 

= = (1 - 2 - * ) £ > ( & ) . 
a=l a=l 

Thus , we get 
A*,,/, = 0 

if k = 0 or k = 2 because of (2) and log 2(Cjv) = 

On the o ther hand , L2(0,u>) = L2(2,u>~1) = 0 (see t he In t roduc t ion) and the r ight 
hand side of t h e équat ion of t he l emma equals 0, too. 

If k = 1 then we have 
N N 

= ~ 2 E ' i o g 2 ( i - c N ) = - ^ ( f f a - & ) ) ' 
a=l a=l 

and consequent ly 
A ^ = - ( l o g 2 j V ) / 2 , 

if N is a p r ime power and A*^, — 0, otherwise. 
Finally, if k = — 1 then we have 

= f > , ( & ) = E ' t t ^ W = r ' 2 (N) - r [ ( N ) , (10) 
o=1 a=l " W ) 
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where 

It is easy to see t h a t rJ(iV) = \<j>{N) because 

1 1 

1 " Ciîr + 1 - Cat 

In order to calculate r ' 2 (N) , let us observe t h a t for any ar i thmet ica l func t ion / we have 

E / ( * ) = E ( E M < O ) / ( « ) = £ m « O E / ( « ) 
i<o<! l<a<x d|(o,AT) l<o<x, 

= £ m « Q E / M 
d|JV 1 <a<x/d 

Therefore , p u t t i n g 

/ ( « ) = 1 

(1 ~ 
and x = N — 1 we get t he fo rmula 

r ' k (N) = J 2 ^ ) r k ( N / d ) , (11) 
d\N 

where n—1 j 

and ( : = C„ = exp(27n /n ) . 
Let us c o m p u t e ?-2(n). Then the numbers — 1, 1 < a < ra — 1 are ail t h e zéros of 

t he polynomial 
(x 4- 11™ — 1 

(x + l ) n + ... + (x + 1) + 1 = ^ ^ . 
x 

Therefore , ail t he zéros of t he polynomial 

(1 + x)» ~ x n = n x - ' + ( + Q s " - 3 + 
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are of t he fo rm x a : = 1 / ( £ a — 1), where 1 < a < n — 1. T h u s 

n—1 n—1 j 
r 2 ( n ) = ~ 2 £ X a X b 

o=l a=l l<o<6<n-l 

n — 1 \ 2 ( n - l ) ( n - 2 ) 

• m - 3 
(n — l ) ( n — 5) 

12 

Subs t i tu t ing t he above to (11) gives 

d\N d\N d\N 

= — n o - ^ + f i K 1 - ? - 1 ) 
p\N p\N 

P\N 

Thus t he l emma for k = — 1 follows f rom (10) and Theo rem 5.11 [9]. This complétés 
t he proof of L e m m a 2. • 

L E M M A 3 . Let n > 0 be an integer. Set j n = —1, if n = 1 ,2 (mod 4), a n d 7„ = 1, 
otherwise. Then we have 

(i) 
+ 42fc(—l)fc ( 2 k x 

^ Q \ n - k J (2k + l ) 2 \ k J (2n + l ) 2 ' 

A ( u + k \ 4 2 * ( - l ) * ( 2 k \ - 1 A ( 2 l \ _3, 7 n " ( n + k \ 4 2 * ( - l ) * ( 2 k \ A ( 2 l \ 
2 - , { n - k ) ( 2 k + \ y \ k ) 

2 = 
(2n + l ) 2 

Proof. (A. Granvil le) Set 
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T h e m a i n idea of t he proof is to no te t h e following ident i ty: 

Afc - A f c + 1 = ( I f t t ) Afc 

for ail k > 0. T h u s t he left hand side of the équat ion (i) of t h e l e m m a equals 

^ W h y = (2n + l ) 2 " = (2n + l ) 2 = (2n + 1 ) ' ' 

T h e ident i ty (ii) is a l i t t le more subt le . Mult iplying th rough by (2n + l ) 2 we get 

f n + k \ 
To evaluate t he last sum, no te t h a t ( ^ J is t he coefficient of t n in 

t k 

(1 - ' 

T h u s our sum is t he coefficient of t n in 

( - 2 t ) k 1 1 1 - t 1 - t - t 2 + t 3 

E 
A;>0 

( l_^ )2 fc+ i ( i _ i _ ( ( — 2 0 / ( 1 — *)a) 1 ~M2 l - ^ 4 

and so equals —1, if n = 1 ,2 ( m o d 4 ) and 1, otherwise. • 

Now we ex tend Lemmas 6 and 7 of [5]. In t he two next l emmas let £ ^ 1 be a 
pr imi t ive TVth root of unity, where N is an odd na tu ra l number . 

L E M M A 4 . For any e G % wri te a = sgn e a n d set 

a t 
W a = 1 , ci • 1 + c*<f2 
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Then we have 

oo 

£ - i , e ( 0 = - f l , C o A O = , 
k—0 

f . ( 4 a ) X * + 1 , m _ y ( - I S a ) * ^ 1 

~ 2 * + 1 ' h + U / ' 

if e (E T4 a n d 

oo oo 
£ _ a , e ( 0 = - £ ( 2 a ) * ( 2 f c - , 4 > , ( 0 = £ ( - 2 a ) , 

fc=0 fc=0 

k=0 k=0 V ' / \ / /_o \ / 

if e G T8 - T 4 . 

Proof. As for t he expansions of £„,e(<!;) for j/ = 0 ,1 , we refer t h e reader to L e m m a 6 
[5]. Let us consider t he case of v — —1. Then we have 

r m -
1 , e K J _ ( i - a e y ' 

if e G 74. In th is case it suffices to use t he 2-adic expansion 

E - n b î (12) 
n>l, »i—odd 

with x = 2u>ay/ct. Fur the rmore , if e 0 T 4 then we have 

r m = + + 

In th is case it sufficient to apply (12) together wi th t h e 2-adic sériés 

- (1 _ X2)2 
n>l, n—odd v ' 

E 
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with x = u}ay/2a. in bo th formulas . Indeed, we have 

V 2 â ^ ( 2 a ) k { 2 k - = £ ( 2 i f c ~ \2k+l — l V 
k=0 0 

= £ n(u> ay/2a) n — 2 £ ( « « > / 2 â ) B . 
n>l,n—odd n>l,ti—odd 

It remains to prove t h e l emma in t he case of v — 2. T hen , let us consider t h e following 
2-adic sériés 

r y ( - 1 6 a ) V . a ; ^ 
e ' ù ( 2 f c + 1 ) 2 ' 

where 
-1 k 

Vk,e = 

k ) ' l f e G T 4 -

By (7) and (8) t h e sériés G e converges. Fur the rmore , se t t ing 7 2 = a we have formal ly 

r A ( - 1 6 t t ) V e / - a j \ 2 * + 1 

4-L (2fc + l ) 2 K l - a ? ) fc=o 
oo 

- Ë ^ C - e D ^ r 

= _ (-16)*i?fc,e ( 2 k + A , s 2 ( f c + 0 + 1 

oo / 

i=o k=o v ' ; \ / 

à l ' - M (2* + l ) 2 
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because for any func t ion / we have 

oo oo oo l 

k=0 1=0 1=0 k=0 

Therefore by L e m m a 3, we have 

G e = C 2 , e ( 0 -

Since b o t h t h e sériés converge L e m m a 4 for v — 2 follows. • 

We need some congruences between the number s £k,e(Oi w h e r e k G {—1,0 ,1 ,2} . 

L E M M A 5. Set I{ = { — 1 , 0 , 1 , 2 } . Let {xk,e}keK,ee% be a sequence of integers in C 2 

not ail being even defined on a non -emp ty subset L of K hav ing S elements. Then we 
have 

(i) 
E * * ^ ( 0 = 0 ( m o d 2 A ) f 

where 2A is t he grea tes t common divisor o î 2 c { L ] a n d z n , 0 < n < 2c(L) — 2 , 

c(L) = [ ( 7 * - 3 ) / 2 ] + (T, 

where cr = 1, if L — { — 1,1} or {0,2}, and cr = 0, otherwise. 

Proof. From the previous l e m m a we get 

A : = E x k,eC k , e (0 
kÇL, 
eer8 

= E + xO,e£o,e(0 + + , e C 2 , e (0 ) 
e€T8 

= (a;_i,i + x_i ) 8 4- x 0 - 4 + x 0 -& + x u + z i , 8 + x 2 , -a + x 2 , - S ) u i 

+ ( ^ - 1 , - 4 + z -1 , -8 + + ®o,8 + £1,-4 + Xx^g + £2,1 + x2i$)u>-i 
00 / 2k 2k 

+ E - 2 k (2k - 8 + 2 ^ o , - 8 + 2 k T Ï X l ' 1 + 2k + l X l ' 8 
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16* f 2 k \ ~ 1 16* /2 J f c \ _ 1 A / 2 Z V 3 , \ 2 f c + 1 

(2k + \ y 

+ £ ( - ! ) * ( 4 f c * - i . - 4 - 2 ^ 2 k - + ^ o - 8 + â b + T ® 1 ' - 4 + 2k + ï X i ' - * 
k=i 

16* ( 2 k y 1 16* / 2 A " 1 / 2 / \ 3Z \ 2 j t + 1 

Consequently, we obta in 

oo 
A = Z0W1 + ZiUi + £ (2A; + l ) 2 + *2fc+lw2*+l) , 

where 

is an integer in C 2 and the coefficients z n , n > 0 are defined by (6). W i t h o u t loss of 
general i ty we may assume t h a t not ail Xk>e (k G K , e G 7g) are even. Dénoté by 2A t he 
highest power of 2 dividing ail z n , n > 0. By définit ion, pa r t (i) of t he l emma follows 
immedia te ly and we have A < c(L). 

In order to prove pa r t (ii) we need consider 4 cases: 

1. Let L = K . 
T h e n we shall prove t h a t c(L) = 12. P u t t i n g (for example) 

£-1 , -4 = ^-1 , -8 = 1) 

£0,1 = £0,8 = — 3, 

£1,-4 = £1,-8 = —61, 

£2,1 = £2,8 = 63, 

and 
£fc,l = £fc,—4 , xk,S = - X k - 8 , 

we shall show t h a t z n = 0 ( m o d 2 1 2) , n > 0, i.e., t h a t c(L) > 12. Indeed, it is easily 
seen t h a t 

Z l = 0 , z2 i = 0 (Z > 0 ) . 
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Moreover, by (6) we have 

z 3 = 4 ( 1 8 x _ i _ 4 - 9x_i ,_8 + 9zo,8 + foi ,-4 + 3z i ,_ 8 + 5x2,s + 4 x 2 , i ) , (13) 

and so z 3 = 0. 
On the o ther hand , p u t t i n g 

i3 / 
Vi, i = 2 

/ / 

C / ) " 1 -

k=0 
if / > 1 we get 

8 ( / + l ) 
: = *2/+3 -

= 2 , + 2 ( 2 ' + 1 ( 2 / -f 3)2aj_i,_4 - (21 + l ) (2 î + S ) 2 x . h . 8 + (21 + 3 ) V s 

+ 2 ' + 1 (2 / + 3)®i f_4 + (21 + 3)*! ,_8 + ï/,+1,1*2,1 + J//+l,2*2,8) 

- ^ f p r (2 '(2/ + 1 ) 2 ^ - I , -4 - (21 - 1)(27 + l ) 2 » - » . - . 

+ ( 2 / + l)2ar0,8 + 2 l(2î + l ) x l t _ 4 + (21 + l )®i , - 8 + m,1*2,1 + %2®2,8) • 

T h u s we ob ta in 

tt = 2 ' + 2 ( x 2 8 + (8/3 - 12/2 - 3 4 / - 13)x_1 ,_8 + ( 5 - 4 Z 2 ) a ; o , 8 - ( 2 / + l )x 1 ) _8) , x (14) 

+ 2 2 , + 3 ( ( 6 / + 7)x_1 ,_4 + X1,_4) 

because 4 / + ! ft 
w+i.1 - i r + r w . » = 0 

and 
4 ( / + l ) 

T?,+1 '2 ~ i n r ^ = • 
We shall prove t h a t 21 2 \z2 i+i, / > 1. If / > 11 then this is obvious by (6). In order 

to prove this for / < 10 it suffices to prove t h a t 212 |*/, if / < 9. For our sequence {®jt,e}, 
by (14) we find t h a t 

U = 2 l + 2 (63 + (8/3 - 12/2 - 34/ - 13) - 3(5 - 4 / 2 ) + 61(2/ + 1)) 

+ 2 2 , + 3 ( ( 6 / + 7) - 61) = 2 , + 5 ( / 3 + 1 1 / + 1 2 ) + 2 2 , + 4 (3 / - 27), 
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and consequent ly ti = 0, if / < 5 and ti = 0 ( m o d 2 1 2 ) , if 6 < l < 9 as is easy to 
check. T h u s we have c(L) > 12. In order to prove t h a t c(L) = 12 let us assume t h a t 
c(L) > 13, i.e., 2 1 3 | z n , if n > 0. Therefore , by (14) we get 

0 = —27ti + 2 7 t 2 - 2 % - 22 • 7t4 + 2 • 5*s - U 

= - 2 1 0 ( x 2 , 8 + 5x_i _8 + x0 ,8 - 3xi ,_ 8 ) + 2 1 2 (x_ x _ 4 + x a ,_ 4 ) 

+ 2 n ( x 2 , 8 - x-x ,_ 8 + x 0 ) 8 - x-i _8) 

- 2 8 (x 2 , 8 - 7x_!,_8 + x0 ,8 - 7xi ,_8) + 21 2(x_x ,_4 + 2:1,-4) 

- 28 • 7(x2 ,8 + l l x - i . - s + 5x0 ) 8 - 9xi ,_ 8) 

-f 2 8 • 5(x2 ) 8 + 5x_i _8 + x0 ,8 - 1 l x i _ 8 ) 

- 2 8 ( x 2 , 8 - 9z_ i _8 - l lx 0 , 8 - 13ari,_8) 

= 212x0 ,8 (mod 2 1 3 ) , 

and consequent ly x0 ,s mus t be even. Since 2 1 3 | z n we have 21 3 | t [ , and so by 2/ + 3 > 1 + 2 
we get 

I l : = x2>8 + (8Z3 - 1212 - 34/ - 13)x_!,_8 + (5 - 4Z2)x0,8 - (21 + l ) x l f _ 8 

+ 2 , + 1 ((6/ + 7)x_1 ,_4 + ari,_4) = 0 (mod 2 1 1 - / ) . 

Hence, we ob ta in 

77 = x2 ,8 x - i _8 + x0 ,8 + Xi,_8 = 0 (mod 16) , (16) 

78 = x2 ,8 + 3x_!,_8 - 3x0,s - Xi,_8 = 0 ( m o d 8 ) . (17) 

Therefore we get 

77 + 7s = 2x2 ,8 + 4x_! _8 - 2x0,8 = o (mod 8 ) , 

and consequent ly we deduce 2x2 ,8 = 0 (mod 4) because Xo,8 is even. T h u s x2 ,s m u s t be 
even too. 

Subs t i tu t ing l — 6, 4 to (15) gives t he congruences 

76 = x2,8 - 9x_j ,_8 - l l x 0 ) 8 - 13xi,_8 = 0 ( m o d 3 2 ) , (18) 

74 = x2,8 + 1 l x _ i , _ 8 + 5x0,8 - 9xi ,_ 8 = 0 (mod 3 2 ) . (19) 
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Consequently, it may be concluded t h a t 

7e - 74 = - 2 0 x _ x _8 - 16x0,8 - 4a;i _ 8 = 0 (mod 3 2 ) , 

and we get 
- 5 x _ i _8 - x\ _8 = 0 (mod 8) 

because x 0 8 is even. 
On t h e o ther hand , by (16) and (18) we obta in 

76 - 7r = 3x_! _8 + 2x0,8 + X!,_8 = 0 ( m o d 8 ) , 

and consequent ly we find t h a t 

- x _ i , _ 8 + Xj,_8 ee 0 ( m o d 4 ) . 

Adding t h e above and (20) implies 

—6x_i,_s = 0 (mod 4 ) , 

and so 
x_i,_8 = 0 ( m o d 2 ) . 

T h e above toge ther wi th (20) yields 

x i ,_ 8 = 0 (mod 2 ) . 

Subs t i tu t ing / = 1, 2 to (15) gives 

71 = a;2,8 + 13x_!,_8 + x0,8 - 3x!,_8 

+4(5x_ 1 , _ 4 + x j ,_ 4 ) = 0 ( m o d 3 2 ) , 

72 = X2,8 - X_!,_8 - l l x 0 , 8 - 5xx _8 

+ 8 ( 3 x _ i _4 + X!,_4) = 0 ( m o d 3 2 ) . 

T h u s by the above, and by (16) and (18) we deduce t h a t 

271 - 7 2 + 76 = 2x2,8 - 14x_!,_8 + 2X0,8 - 14xi,_8 - 16x_i,_4 

= 2x2,8 + 2x_i,_8 -i- 2x0,8 + 2xi,_8 - 16(x_!,_8 + 

= 277 - 16x_!,_4 = 0 (mod 32) 
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because £_i,_8 + £1,-8 = O(mod 2). Hence a;_i)_4 mus t be even. Fur the rmore , by t he 
above and by (22), (18), (16), (17) we get 

7i + 7e - 77 - 7s = 4a;_i _4 + 4x1)_4 = 4x1,-4 (mod 8 ) , 

and consequent ly xi,_4 mus t be even. 
In order to prove t h a t x2 ) i is even we shall use t he congruence z 3 — 0 (mod 32). By 
(13), we obta in 

(2:3/4) = 2x_! _4 - a r _ i - s + £0,8 - 2xi ,_4 + 3 x j _ 8 + 5x2 ,8 + 4x2 j i = 0 (mod 8 ) . 

Therefore , by (17) and (18) we conclude 

(z 3 / 4 ) + 7s - 7e = ( 2 x - i -4 - x_ x _8 + x0,8 - 2 x i t - 4 + 3x! _ 8 + 5x2 ,8 + 4x2>1) 

+ (x2>8 + 3x_! _8 - 3x0)8 - £1 - s ) - 2(x2 ) 8 - 9 x _ j _8 - l l x 0 , 8 - 13xx _ 8 ) 

= 2 (x_! _4 - X! _ 4) + 4(x 2 ) 8 + x_i,_8 + £0,8 + ®i,-s) + 4x2 ) 1 ( m o d 8 ) , 

and consequent ly we get 

2(x_a,_4 - x a ,_ 4 ) + 4x2 ) 1 = 0 (mod 8 ) . (23) 

On t h e o ther hand , by (22) and (16) we obta in 

7i - 77 

= (^2,8 - 3x_! _8 + x0,8 - 3xi _8 + 4 (x_ , _4 + X i _ 4 ) ) - (x2 ,8 + X_a _ 8 + X0)8 + ^ l - s ) 

= —4(x_i_8 + £1 , - 8 ) + 4 (x_ i _4 + Xi _ 4) = 0 (mod 16) , 

and so by (21) we get 
x_i t_4 + Xjt_4 = 0 ( m o d 4 ) 

because xi t_8 is even. 
T h e above together wi th (23) imply 4x2 ,i = 0 (mod 8) because Xi,_4 is even and 

x2 ) i m u s t be even. At last since ( z \ / 2 ) is even it may be concluded t h a t xo,i is even 
too. 

Summar iz ing , we have proved t h a t Xk,e is even if sgne = (—l) fc. In order to prove 
t h a t Xk,e are also even in case sgne ^ (—l) fc, let us no te t h a t 

2 z2i = z2i+i + z2i+1, (24) 
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where Z2/+1 cornes in to z2/+1 by subs t i tu t ing (resp. xktg or x k - g ) ins tead of 
x k - 4 (resp. x k t i , x k - 8 or xk<8). We have 

2 1 3 | z2i, z 2 i+ i , 

and so 
2 1 3 | Z21+1 • 

Thus , by t h e same reasoning as in t he case of sgne = ( — w e get 2\xk<e in t h e o ther 
case. 

2. Let 8 = 3 . 

In this case we shall prove t h a t c(L) = 9. Fi rs t , we shall show t h a t c(L) > 9. Indeed, 
p u t t i n g (for example) 

z -1 , -4 = —x-1,-8 = a - \ , 

Xq,\ = —^0,8 = «0 , 

x ' l ,-4 = — ^1,-8 = «i , 

and 
Xk,l = - X k , - 4 , £fc,8 = - x k - S (k e L ) , 

where a k : = a k ( L ) , k € K , a k = 0, if k £ L and the remain ing a k a re defined by the 
following: 

a_ i = 1, a 0 = —2, a j = —15, if L — {—1,0 ,1} , 

a_ i = 2, a 0 = —19, a 2 = 225, if L = { - 1 , 0 , 2 } , 

a_ i = 1, ai = —19, a 2 = - 3 0 , if L = { - 1 , 1 , 2 } , 

a 0 = — 1, a i = 2, a 2 = 15, if L = { 0 , 1 , 2 } , 

we shall prove t h a t z n = 0 ( m o d 2 9 ) , if n > 0. In fac t , in ail these cases we have 
z\ = Z2n = 0, n > 0. Moreover, by (13) we get 

z 3 = 4(27a_i - 9a 0 + 3a! - a 2 ) , 

and so Z3 = 0, as easy to check. T h u s in order to prove t h a t Z21+1 = 0 ( m o d 2 9 ) for 
2 < / < 7, it suffices to show t h a t t, = 0 ( m o d 2 9 ) for 1 < / < 6. 
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Indeed, by (14) we get 

t l = 2 , + 4 ( - 2 / 3 + i2 + l + 2) + 2 2 , + 4 (3 / - 4 ) , 

if 2 £ L, 

t, = 2 / + 4 (—4/ 3 - 13/2 + 17/ + 26) + 2 2 , + 4 (6 / + 7 ) , 

if 1 g L, 

t, = 2 , + 4 ( - 2 / 3 + 3/2 - / + 6) + 2 2 , + 4 3( / - 2 ) , 

if 0 i L, 

ti = 2 l + 4(—l 2 + / — 2) + 2 2 / + 4 , 

if - 1 i L. 

There fore in ail these cases we have ti = 0 ( m o d 2 9 ) , if / > 4. Fur the rmore , an easy 
compu ta t ion shows t h a t £/ = 0, if / < 3. 

In order to prove t ha t c(L) = 9, suppose, cont rary to our claim, t h a t c(L) > 10, 
i.e., z n = 0 ( m o d 2 1 0 ) , if n > 0. Then we shall prove t h a t ail t he m u s t be even. 
In view of (24), it suffices, similarly as in case L — K , to check it for k G L, e G T$ 
sat isfying sgne = (—l) fc. 

Since ti = 0 ( m o d 2 9 ) , we can apply t he congruence (15) modu lo 2 8 - ' ( instead of 
modu lo 2 U - / ) . Then , by (14) we get the congruences 

7 / = (8/3 - 12/2 - 34/ - 1 3 ) ï _ i , - 8 + (5 - 4/2)a;o)8 - (2/ + l )x i ,_8 

+ 2 ' + 1 ((6/ + 7)x_1 ,_4 + ®i,_4) = 0 (mod 2 8 " ' ) , 

if 2 i L, 

7, = x2>8 -f (8/3 - 12/2 - 34/ - 13)x_i>_8 + (5 - 4/2)x0 ,8 

+ 2 / + 1 (6/ + 7)x_i ,_ 4 = 0 (mod 2 8 " ' ) , 

if 1 £ L, 

7/ = *2,8 + (Si3 - 1212 - 34/ - 13)x_x ,_8 - (2/ + 1 K _ 8 

+ 2 m ((6/ + 7 ) x - i , - 4 + * i , - 4 ) = 0 (mod 2 8 " ' ) , 
if 0 g L, 

I l = 2-2,8 + (5 - 4/2)®o^ - (2/ + l ) * l , - 8 

+2 ' + 1 x 1 > _4 = 0 (mod 2 8 - ' ) , 

23 



if - i i L. 

Regard ing t h e case 2 £ L. T h e n we have: 

71 = 52x_ a _4 - 5 1 x _ i _ 8 + x0,8 + 4x 1 i _ 4 - 3xi _8 = 0 (mod 128) , 

72 = 24x_i,_4 — x _ i _ 8 - l l x 0 , 8 + 8xi ,_4 - 5 x a _ 8 = 0 (mod 64 ) , 

73 = 1 6 x _ i _ 4 - 7x_i _ 8 -f x0,s + 16xi,_4 - 7»i ,_ 8 = 0 (mod 3 2 ) , 

74 = l la ;_ 1 _8 + 5x0)8 - 9xi ,_ 8 = 0 (mod 16) , 

75 = 5x_! _8 + #0,8 - 3xi _ 8 = 0 (mod 8 ) , 
76 = ~ X - l _8 + X0,8 - #1,-8 = o (mod 4 ) . 

Therefore , we get 
0 = 7i - 75 = Ax-x _4 -f 4^1,-4 (mod 8 ) , 

and so x_i,_4 -f Xi,-4 mus t be even. 
Consequently, we obta in 

0 = 72 - 74 = 4(x_i ,_8 + z i ,_ 8 ) (mod 16) , 

i.e., 
x_ i ,_ 8 + = 0 ( m o d 4 ) . (25) 

Hence we get 
0 = 7e + £ - 1 -8 + «1,-8 = *0,8 (rnod 4 ) , 

and consequent ly 
0 = 74 + 75 = 4xi _8 (mod 8 ) . 

Hence and f r o m (25), xi,_8 and x_i,_8 m u s t be even. On o ther hand , by (13) we find 
t h a t 

0 = (^ 3 / 4 ) - 72 = 2(x_i _4 - x i _ 4) (mod 8) 

because x0,8 is divisible by 4, and so 

x_i _4 — xi ,_ 4 = 0 ( m o d 4 ) . (26) 

Thus , by 4|x0,8 and 2 |x_ i ) _ 8 we get 

0 = 71 -f 73 - 272 = 4(x_i ,_ 4 - x i _4) = 0 (mod 16), 
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which together wi th (26) imply 2x_i ,_ 4 = 0 ( m o d 4 ) and consequent ly Xi,_4 
mus t be even. 

Finally, since {z\ /2) is even x0 ,i m u s t be even and so ail t he Xk<e a re even. Contra-
diction. 

Regard ing the case 1 £ L. Then we have: 

71 = 52x_! _4 - 51x_!,_8 + £0,8 + ®2,8 = 0 (mod 128) , 

72 = 24x_i _4 - x _ i - s - 1 la;o,8 + £2,8 = 0 ( m o d 6 4 ) , 

73 = 16x_1 )_4 - 7x_i,_8 + £0,8 + £2,8 = 0 (mod 32 ) , 

74 = - 5 x _ i , _ 8 + 5x0,8 + £2,8 = 0 (mod 16) , 

75 = -3a r_ i _8 + £0,8 + £2,8 = 0 (mod 8 ) , 

76 = _8 + x0 ,8 + £2,8 = 0 ( m o d 4 ) . 
Therefore , we get 

0 = 71 - 75 = 4x_i _4 (mod 8 ) , 

and so x_i,_4 mus t be even. 
Fur the rmore , we get 

0 = 72 - 74 = 4 x - i , _ 8 (mod 16) , 

and consequent ly x_ i ,_ 8 = 0 ( m o d 4 ) , which implies 

0 = 74 - 75 = 4x0 ) 8 (mod 8 ) . 

T h u s xo,8 mus t be even and 

0 = 74 + 73 = 6x0,8 + 2x2,8 (mod 16) , 

which gives 
0 = 71 + 74 = 4x_i ,_ 4 (mod 16) 

because x_ i ,_ 8 is even. 
Consequently, we have x_i,_4 = 0 ( m o d 4 ) , which together wi th (13) yield 

0 = 71 - (23/4) = 4x2,i (mod 8 ) . 

T h u s X2,i and , by 2 | ( z i / 2 ) , xo,i mus t be even. Summar iz ing , by t he s ame reasoning as 
in t he previous cases, ail t he Xk,e are even. Cont radic t ion . 



Regarding t h e case 0 £ L. Then we have: 

7i s 5 2 x - i _4 - 51a;_i,_8 + 4xi ,_ 4 - 3xi ,_ 8 + x2,8 = 0 (mod 128) , 

72 = 24x_i _4 - x_ i _8 + 8x1,-4 - 5x1,-8 + x2 ,s = 0 (mod 6 4 ) , 

73 = 16x_i,_4 + 9x_i,_8 + 16xi,_4 - 7 x i - 8 + x2,s = 0 (mod 3 2 ) , 

74 = 1 lx_i ,_8 - 9xi,_s + x2,8 = 0 (mod 16) , 

75 = - 3 x _ i , _ 8 - 3xi,_8 + X2)8 = 0 ( m o d 8 ) , 

7e = X_i,_8 - X! _8 + x2,8 = o (mod 4 ) . 

Consequently, we get 

0 = 74 + 75 = 4xi ,_ 8 + 2x2,8 (mod 8 ) , 

and so x2,8 mus t be even. Next , we have 

0 = 71 - 75 = 4(x_i ,_ 4 -f x i ,_ 4 ) (mod 8 ) , 

and so x_i,_4 -f ari,_4 mus t be even, too. 
Hence, since 7 6 , x2 ) 8 and (^ i / 2 ) are even, x2,i mus t b e even and 

0 = 74 - 72 = 4(x_i ,_8 + x i ,_ 8 ) (mod 16) . 

Consequently, t he congruence (25) in this case holds and x2,s mus t be even because 
76 = 0 (mod 4). Moreover, we get 

0 = 72 + 73 = 4x i , - s (mod 8 ) , 

and so x i ,_ 8 m u s t be even. Fur thermore , since 76 and x2 ,8 a re even, x_ i ,_ 8 mus t be 
even and , by (13), we deduce 

0 s ( ^ / 4 ) - 72 = 2(x_i,_4 - x i ,_ 4 ) (mod 8 ) , 

because x2 , i and x2,s are even. This implies the congruence (26) in th is case. 
On t h e o ther hand , we have 

0 = 71 - 73 = 4(x_i ,_ 4 + xi ,_ 4 ) (mod 16) , 

and so x_i,_4 and xi,_4 mus t be even because of (26). 
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Summar iz ing , by t h e same a rguments as in t h e previous cases ail t h e Xk,e mus t be 
even. Cont radic t ion . 

Regarding t h e case — 1 £ L. T h e n we have: 

71 = x0,8 + 4x1,-4 - 3a:i,_8 + x2>8 = 0 ( m o d 128) , 

72 = - l l x o , 8 + 8x1,-4 - 5xi,_8 + x2,8 = 0 ( m o d 6 4 ) , 

73 = x0,8 + 16xi,_4 - 7xi,_8 + x2,8 = 0 (mod 32 ) , 

74 = 5x0,8 - 9xi ,_ 8 + x2 ,8 = 0 (mod 16) , 

75 = xq,8 - 3xi,_8 + x2,8 = 0 (mod 8 ) , 

7e = ^0,8 - + ^2,8 = 0 (mod 4 ) . 

Hence, we get 

0 = 71 - 75 = 4xi ,_ 4 (mod 8 ) , 

and consequent ly xi,_4 mus t be even. Fur the rmore , we ob ta in 

0 = 72 - 74 = 4xi,_8 (mod 16) , 

i.e., xi ,_s is divisible by 4. Moreover, we find t ha t 

0 = 73 - 74 = 4x0,8 (mod 8 ) , 

i.e., xo,8, and next x2 ,s m u s t be even (because 76 is even). 
On o ther hand , we have 

0 = 71 - 73 = 4xi,_4 (mod 16) , 

i.e., x i ,_ 4 is divisible by 4. 
Hence we get 

0 = ( z 3 / 4 ) - 71 = 4x2 ,i = 0 (mod 8) 

because Xi,_8 is divisible by 4 and x2 ,8 is even. Consequently, x2 , i m u s t b e even. This 
complétés t he proof of t he l emma in case S = 3. 

3. Let 8 = 2. 

In this case we shall prove t ha t c(L) = co, where co = 5 unless L = { — 1 ,1} or 
L = {0,2} , in which cases co = 6. 
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Firs t , we shall show t h a t c(L) > Co- P u t t i n g (for example) 

x _ i _ 4 = a ;_ i_ 8 = 6 - 1 , 

£0,1 = Xo,8 = b0 , 

X1-4 = X i - s = , 

®2,1 = ^2,8 = h , 

and 
«fc.l = , = —Xk-8 (k e L) , 

where bk : = b k(L) , k 6 / f , = 0, if fc ^ L and the remain ing bk are defined by the 
following: 

h = - b , = 1 , 

if L = {fc, /}, fc < /, we shall prove t h a t 2n = 0 (mod 2°°), if n > 0. 
Indeed, in ail these cases we have z\ = z 2 n = 0, n > 0. Moreover, by (13) we have 

Z3 = 36(6_i + 60 + 61 + 62), 

and so 23 = 0, as easy to check. 
In order to prove t h a t z2i+1 = 0 (mod 2 e 0) for / > 2, it suffices to show tha t 

ti = 0 (mod 2e") for / > 1. In fac t , by (14) we get 

t, = 2 l + 4 (2 î 3 - 3/2 - 8/ - 3) + 2 2 , + 4 3( / + 1 ) , 

if L = { - 1 , 1 } , 
ti — 2 / + 4 ( l — / 2 ) , 

if L = {0 ,2} , 
U = 2 , + 3 ( 4 / 3 - 4/2 - 17/ - 9) + 22 , + 3(6Z + 7 ) , 

if L = { - 1 , 0 } , 
t, = 2 , + 3 ( 4 / 3 - 6/2 - 17/ - 7) + 2 2 , + 3 (6 / + 7 ) , 

if L = { - 1 , 2 } , 
ti = —2 l + 3(l + 1) + 2 2 ' + 3 , 

if L = {1 ,2} , 
ti = 2 '+ 3(—2/2 + / + 3) — 2 2 , + 3 , 
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if L = {0,1} . 

In two t h e first cases we have t\ = 0 and 2 6 | t i , if / > 2. In t h e remain ing cases it is 
easily seen t h a t 2 5 | i / , too. This gives c(L) > co. In order to prove t h a t c(L) < co let us 
suppose, cont rary to our claim, tha t c(L) > cq + 1, i.e., z n = 0 ( m o d 2 C 0 + 1 ) , if n > 0. 
T h e n we shall prove t h a t ail t he xjt,e mus t be even. Again, it suffices to prove t h a t x*)e 

are even in case sgne = (—l) fc. 
Since ti = 0 (mod 2C o + 1 ) we can use t he congruence (15) modu lo 2c°~ l~1 ( ins tead of 

2 1 1 - ' ) . Then , by (14) we get t he congruences 

7, = (8/3 - 12/2 - 34/ - 13)x_i ,_ 8 - (21 + l ) x a , _ 8 

+ 2 ' + 1 ((6/ + 7)x_, ,_ 4 + x i , - 4 ) (mod 2 5 " ' ) , 

if £ = { - 1 , 1 } , 
7 / = x2 ,8 + (5 - 4/ 2 )x 0 , 8 (mod 2 5 - ' ) , 

if ^ = {0 ,2} , 

7 / = (8/3 - 12/2 - 34/ - 13)a:_i,_8 + (5 - 4 / 2 )x 0 , 8 + 2 m ( 6 / + 7)x_ 1 ,_ 4 ( m o d 2 4 " ' ) , 

if Z, = { - 1 , 0 } , 

7 / = £2,8 + (8/3 - 12/2 - 34/ - 13)x_1,_8 + 2 / + 1 (6/ + 7)®_ l f_4 ( m o d 2 4 ~ ' ) , 

if L = { - 1 , 2 } , 

7, = x2 ,8 - (21 + l ) x l t s + 2 , + 1 x i , - 4 ( m o d 2 4 - ' ) , 

if £ = {1,2}, 

7 / = (5 - 4/2)x0 ,8 - (21 + l ) x i , _ 8 + 2 , +1®1)_4 ( m o d 2 4 - / ) , 

if L = {0,1} . 

Regard ing t h e case L = {—1,1}. T h e n we have: 

7i = 4x_i _4 - 3x_i ,_ 8 + Axx _4 - 3 £ i _ 8 = 0 (mod 16) , 

72 = - x _ i , - 8 + 3xj,_8 = 0 (mod 8 ) , 73 = —3x_i,_8 - 3xi ,_ 8 = 0 ( m o d 4 ) , 

and 
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( z 1 / 2 ) = x_ l i _4 + x_x,_8 + xi ,_ 4 + Xi _ 8 = 0 (mod 64 ) , 

(23/4) = 2x_1 )_4 - 9x_! ,_ 8 + 6x1,-4 + 3x1,-8 = 0 (mod 32) . 

Hence we get 

0 = (23/4) - 72 = 2(x_i ,_ 4 - x i ,_ 4 ) (mod 8 ) , 

i.e., x_i,_4 — Xi,_4 = 0 ( m o d 4 ) , which implies 

0 = 71 + 72 = 4x_i ,_ 8 (mod 8 ) . 

Consequently, x_i ,_s mus t be even, and so Xi,_8 mus t be even too because ( z \ / 2 ) is 
even. Moreover, we have 

0 = ( z i / 2 ) - 73 - (x_i ,_ 4 - x i ,_ 4 ) = 2xi,_4 ( m o d 4 ) , 

and so Xi,_4 = x_i,_4 = 0 (mod 2). 

Regarding the case L = {0,2}. Then we have: 

71 = x0,8 + «2,8 (mod 16) , 

72 = 5x0,8 + «2,8 (mod 8 ) , 

(23/4) = 9xo,8 + 5x2,8 + 4x2 ,i (mod 3 2 ) . 

Therefore we obta in 
0 = 72 - 71 = 4x0,8 (mod 8 ) , 

i.e., x0,8 and x2 ,8 mus t be even because 71 is even. Consequently, since 71 is divisible 
by 8 we find t h a t 0 = (23/4) = 4x2,i (mod 8), i.e., x2,i mus t be even. 
Regarding the case L = { — 1,0}. Then we have: 

71 = 4x_i ,_ 4 - 3x_i ,_s + x0,8 = 0 ( m o d 8 ) , 

72 = - x _ i , _ 8 + x0,s = 0 ( m o d 4 ) , 

(23/4) = 2x_i ,_ 4 - 9x_i ,_ 8 + 9x0,8 = 0 (mod 16) . 

T h u s we get 
0 = (23/4) - 7 2 = 2x_i ,_ 4 (mod 4 ) , 
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i.e., m u s t be even. 
On t h e o ther h a n d , we have 

0 = 7x + 72 = 2x0,8 (mod 4 ) , 

i.e., xo,8 m u s t be even, and so x_ 1 ) _ 8 mus t be even too because 72 is even. 

Regarding t h e case L = { — 1,2}. T h e n we have: 

7! = 4z_ i i _ 4 + 5x_i _8 -f x2,s = 0 ( m o d 8 ) , 

72 = ,_8 + £2,8 = 0 (mod 4 ) , 

(2:3/4) = 2x_ a ,_4 - ,_8 + 4x2,! + 5*2,8 = 0 (mod 16) . 

Hence we get 

0 = 7i - 72 = _8 (mod 4 ) , 

i.e., x_i,_8 and 2:2,8 mus t be even because 72 is even. Consequently, we have 

0 = (2:3/4) - 72 = 2x_! _4 (mod 4 ) , 

i.e., a:_i )_4 mus t be even. 

Regard ing the case L = {1,2}. Then we have: 

71 = 4 x i - 4 ~ 3 x i - 8 + *2,8 = 0 (mod 8 ) , 

72 = ~ x i _8 + x2,8 = 0 (mod 4 ) , 

(2:3/4) = 6x1,-4 + 3 x ! _ 8 -I- 5x2,s + 4x2 , i s 0 (mod 16) . 

T h u s we have 

0 = 7a + 72 = 2x2 ( 8 (mod 4 ) , 

i.e., x2)8 and x 1 ) _ 8 mus t be even because 72 is even. Next , we have 

0 = (2:3/4) - 72 = 2x!,_4 ( m o d 4 ) , 

and so X! _4 m u s t be even. To finish t he proof of t he l e m m a in this case it remains to 
prove t h a t x2 ,i is even. Bu t it follows easily because ( z i / 2 ) is even. 

Regarding the case L = {0,1}. This case was considered in [2] and [5]. Then we have: 

7! = x0,8 + 4x! _4 - 3 x ^ - 8 = 0 (mod 8 ) , 
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72 = «o,s - «1,-8 = o (mod 4 ) , 

( z 3 / 4 ) = 9x0,8 + 6xi ,_4 + 3xi ,_ 8 = 0 (mod 16) . 

Hence we get 
0 = 71 + 72 = 2x0,8 (mod 4 ) , 

i.e., Xo,8 and Xi,_8 mus t be even because 72 is even. Moreover, we have 

0 = (23/4) - 72 = 2x!,_4 ( m o d 4 ) , 

i.e., xj,_4 mus t be even, which complétés t he proof of t he l e m m a in case 8 = 2. 
4. Let '8 = 1. 

In th is case we shall prove t h a t c(L) = 2. Firs t , we shall show t h a t c(L) > 2. Let 
L = {&}. Set 

«fc,i = 8 = 1 , 

if k is even and 
Xk,-A = —Xk,-8 = 1 , 

if k is odd , and 
« M = -Xk, -4 , Xk,8 = -Xk , -8 , 

and x/,e = 0, if / G K , l ^ k. For any k G K we have Z\ = z 2 n = 0, n > 0. Moreover, 
by définit ion 4|z2 /+i , if / > 0. T h u s we have proved t h a t c(L) > 2. Let us suppose, 
cont rary to our claim, t h a t c(L) > 3, i.e., t ha t 8 | z n , if n > 0. We m u s t prove t ha t 
ail t h e Xk,e a re even. Again, it suffic.es to prove it in case sgne = (—l) fc. By (13) and 
4 | (2 i /2 ) , we get 

Xk,i + xk ,s = x h - 4 + xk ,~s = 0 (mod 4 ) , 

and since (23/4) is even, Xk,e sat isfying s g n e = (—l) h m u s t be even. Consequent ly by 
the same reasoning as previously ail t he xt , e (k £ L, e £ 7s) m u s t be even and the 
l emma is proved completely. • 

4 P r o o f o f T h e o r e m 

By L e m m a 2 we have 

A 2 (x , m ) 
m 

= ( - i r E n \ d \ ) m ) 9 ( x d ) \ d r Y ' M ^ , e ( a 
k€K, dÇTm o=l »€Tg 
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a=1 fc€K, deTm eerg 

m 

= ( - 1 ) " E ' ( E . A e ( C ) ) • ( n ( ! - * ( p ) s ( X i . 0 p - 1 X p - ( « ) ) ) , 
a=l olm eer» 

where p* = ( — T h e r e f o r e it follows f rom L e m m a 4 t h a t t h e number s A 2 (x , m ) 
are 2-adic integers and since 

* ( p M X p O W _ 1 X p ' ( « ) - 1 = 1 + CP + - - • CP
P_1 s 0 (mod 2) 

by L e m m a 5 they are divisible by 2 r + A . T h e la t t e r l e m m a implies t h e rest of t he 
t heo rem immediate ly . • 

R E M A R K . A similar proof works for the numbers 

= n ( ! - x { p ) e { p ) P l - k ) L 2 { K x ^ - k ) , 
p|m, p—prime 

where 6: N —> C 2 is a mult ipl icat ive func t ion (sat isfying 0(s) = 1 ( m o d 2) for s | m ) 
ins tead of t he number s 

5 A p p l i c a t i o n s 

For k < 0, by Theorem 5.11 [9] we get 

L p ( k , X J - k ) = 

Therefore , for k = — 1 and 0 we have 

and 

= - ( 1 - x ( p ) p ~ k ) j ^ f • 

= - ( 1 - x { p ) p ) ? f , 

= - ( 1 - x ( p ) ) B l t X . 
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On t h e o ther hand , t he Mazur-Wiles-Kols ter -Grei ther theorem (earlier t he Birch-
Ta te conjec ture) for real quadra t i c fields F s ta tes 

V k 2 ( D ) = B 2 , x d , 

where D is t he discr iminant of F , k 2 ( D ) : = \ K 2 { O f ) \ and O f (resp. K 2 ) dénotés t h e 
integers in F (resp. the Milnor func to r ) . Here 7/(5) : = 1/5 , 77(8) : = 1 /2 and r)(D) : = 1, 
if D > 8. If D = 1, wri te k 2 (D) = 2 and ?/(£>) = 1/12. Moreover t h e Dirichlet class 
n u m b e r formulas for imaginary quadra t i c fields F s t a t e 

i h { D ) = - B , , X d , 

where h ( D ) s t ands for t he class n u m b e r of F , and £(—3) : = 1 /3 , £(—4) : = 1 /2 and 

£ ( £ > ) : = l , i f £ > < - 4 . 
T h e above formulas give (for x = Xd) 

L p ( - \ , X d u > 2 ) = - l-(\ ~XD(p)p ) r ]k2 (D) , (27) 

if D > 5 and 

L „ ( 0 , x w ) = (1 - x ( p ) ) t h ( D ) . (28) 

if D < - 3 . 
If fc = 1 and x d is an even quadra t i c charac ter t hen , by t h e Léopoldt formulas we 

ob ta in 

L p ( 1 , X d ) = 2 ( l - X ( p ) p - l ) D - l ' 2 h ( D ) \ o g p e ( D ) , (29) 

where e ( D ) dénotés t h e f u n d a m e n t a l uni t of a quadra t i c field wi th t h e discr iminant D 

(see Theorems 5.18 and 5.24 [9]). 
As usual t h e complex and p-adic formulas "dilfer by an Euler fac to r" . Indeed, t he 

corresponding complex formulas are of t he fo rm 

L ( ~ 1 , X d ) = ~ \ v k 2 ( D ) , 

if D > 5, 
L ( 0 , X d ) = t h ( D ) , 
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if D < — 3 (for botli the formulas see Theorem 4.2 [9]), and 

L ( 1 , X d ) = 2 D ~ " 2 h { D ) \ o g e { D ) , 

if D > 5 (see C h a p t e r 4 [9]). 
If D < — 3 then the modified complex Lich tenbaum conjec ture s ta tes 

L ( 2 , X d ) = 2 R 2 \ D \ - 3 ' 2 k 2 ( D ) , 

where R 2 : = R 2 { D ) dénotés t he second Borel regulator of t h e corresponding quadra t i c 
field (see Notes and comment s to §2, p. 199, [4]). Consequently, by analogy t h e p-adic 
L ich tenbaum conjec ture should read 

where R 2 t P : = R 2 > P(D) dénotés the second p-adic Borel regulator of t h e corresponding 

quadra t i c field. 

For any f u n d a m e n t a l d iscr iminant , let 

T h e n via t he p-adic L ich tenbaum conjec ture for imaginary quadra t i c fields and by (27), 
(28), (29) and (30) (for p = 2), we can rewri te t he m a i n theorem in t h e form: 

T H E O R E M . Let m > 1 be a square-free odd n a t u r a l n u m b e r hav ing r p r i m e fac tors 
a n d let N —• C 2 be a mult ipl icat ive funct ion such tha t ^ ( 5 ) = 1 (mod 2), if s | m . 
Set K = { — 1 , 0 , 1 , 2 } . Let L be a non -empty subset of K hav ing S e lements a n d let 
{xk,e}keK,eeTs be a sequence of 2-adic integers defined on L. Set 

L p { 2 , x d u - 1 ) = 2 ( l - X D ( p ) p - 2 ) R 2 , P \ D \ - 3 < 2 k 2 ( D ) , (30) 

K 2 ( D ) = 

H ( D ) = 
f t ( D ) h ( D ) , if D < - 3 , 

\ D ~ l l 2 h ( D ) \ o g 2 e ( D ) , if D > 5 . 

7](D)k2{D), if D > 5 , 

\ D \ ~ 3 / 2 h ( D ) R 2 } 2 ( D ) k 2 ( D ) , if D < —3. 

A : = A_! + A0 + A! + A2 + A l x + A[ 

where 

A_i = E ^ I I ( l - X e d ( p ) p 2 ) ( l - X e d ( W ) M e d ) 
eeTg p|m, 

p—prime 



a n d 

Ao = E «o,. E n 0 - (1 - Xea(2 ) )H(ed) , 
e€7g dçTm, p|m, 

ed< 0 p—prime 

eeTg dçTmj p|m, 
p—prime 

= I I ( l - X e < i ( p ) p - 1 ) ( 4 - X e r f ( 2 ) ) / i : 2 ( e r f ) , 2 e€Tg dçTm, p|m, 
ed<0 p—prime 

n ( w 2 ) ' 
p|m, 

p—prime 

(a; i i i log 2m)/2, if m is a p r i m e n u m b e r , 
A i = , 0, o the rwise . 

Assume in case 2 G L tha t t he 2-adic L ich tenbaum conjec ture for imaginary quadra t i c 
fields holds. Then the n u m b e r A is a 2-adic integer divisible by 2 r + x , where A has t he 
s a m e m e a n i n g as in t he ma in theorem. • 

R E M A R K . T h e above theorem produces m any new congruences between the orders 
of AVgroups of t he integers and class numbers of appropr ia te quadra t i c fields modulo 
higher powers of 2. We shall deal wi th such congruences in ano ther paper . 
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