EQUIVARIANT L-FUNCTIONS AT s=0 AND s=1

by

David Solomon

Abstract. — For an abelian extensions of number fields, we review some basic theory and
formulate the Stark Conjecture in terms of the ‘equivariant’ L-function at s = 0. After surveying
the known cases, we describe some refinements and extensions due to Rubin, Brumer et al. and
results concerning Fitting ideals of class groups. Finally, we summarise some recent work on
minus parts at s = 1.

Résumé (Les Fonctions L Equivariantes en s = 0 et en s = 1). — Apreés quelques
rappels, nous énongons la Conjecture de Stark pour une extension abélienne de corps de nombres,
formulée en termes de la fonction L ‘équivariante’ en s = 0. Nous survolons les cas connus
et expliquons certaines conjectures plus fines dues a Rubin, Brumer et al. ainsi que quelques
résultats concernant l'idéal de Fitting du groupe des classes. Enfin, nous résumons certains
travaux récents concernant les parties moins en s = 1.

1. Introduction

This article is is an expanded version of the notes from four lectures given by the author at
the conference ‘Fonctions L et Arithmétique’ in Besangon, in June 2009. It surveys work on
several different conjectures concerning the special values of L-functions attached to characters
of Galois extensions K/k of number fields.

In our presentation — and largely in historical fact — the development of such conjectures
begins with the seminal work of Stark in [St|. We shall, however, consider only the case in
which G = Gal(K/k) is abelian, for which the theory is currently richest. In this context,
we shall work with the equivariant L-function ©5 = Og g/ (s) attached to K/k and a set S
of places of k subject to certain conditions. This simply assembles the usual S-truncated L-
functions for all irreducible characters of GG into a single function taking values in the complex
group-ring C[G]. Consequently, the conjectures can be formulated in terms of certain elements
and ideals of group-rings R[G] and ‘arithmetic’ R[G]-modules attached to K etc. Here, R
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130 Equivariant L-Functions at s =0 and s = 1

is a commutative ring, variously @Q (the rationals), Z (the integers), Q, or Z, (the p-adic
rationals or integers, for a prime p). The commutativity of R[G]| allows us to use the algebra
of determinants, annihilators, Fitting ideals etc.

In Sections 2 and 3 we briefly review the definitions and theory of the L-functions concerned,
starting with those attached to ray-class characters of k, moving on to characters of G via
class-field theory and hence to the equivariant L-function © g mentioned above. More details
of the basic theory can be found in standard books on Algebraic Number Theory such as [La).
See also [Ta, Ch. 0] or [Ma] for some of the more advanced facts. In Section 4 we motivate
and then state the Stark’s basic conjecture in the abelian case, in a formulation due to Rubin.
This concerns the leading Taylor coefficient of ©g(s) at the point s = 0. (Despite the title,
the latter half of [St| also focusses on s = 0, as does the majority of subsequent work.)
Section 5 briefly reviews the current state of research on the basic abelian conjecture and
its ‘integral’ refinements. Following on from the latter, Section 6 explains the link — via the
Brumer-Stark Conjecture — with Brumer’s conjecture on the annihilation of (the minus-part
of) the class group of K in the case where K is CM and k totally real. The latter is a
conjectural generalisation of Stickelberger’s Theorem. Section 7 tells the story of recent work
attempting to refine the Brumer Conjecture using Fitting ideals of class groups, much of it
due to Greither and Kurihara. The last two sections deal with recent work of the author
concerning the minus-part of Og(s) at the point s = 1. The lack of a suitable ‘equivariant
functional equation’ means that there is no simple logical connection with the above-mentioned
work at s = 0. Instead, a fundamental role is played by a certain p-adic logarithmic map
s, which is introduced in Section 8. Finally, in Section 9 we explain two conjectures made
in [Sol] and [So2|: the Integrality Conjecture concerning the image &, of s, in Q,[G] and
the Congruence Conjecture. The latter is a sort of conjectural explicit reciprocity law that
makes a link with the Stark Conjecture in the plus-part at s = 0. We also pose a rather more
tentative ‘Question’ which aims to relate &, to the issues discussed in Section 7.

This survey will suit readers with little previous knowledge of the subject but leaves much
out. In particular, we shall not touch on the analogous conjectures at integer values of s
different from 0 and 1, nor on Serre’s or Gross’ p-adic conjectures or their extensions. The
function-field case and that of non-abelian G are also hardly mentioned. For more detailed
and/or extensive accounts the reader may consult the sources cited in the text or the four
earlier survey articles in [BPSS| by Dummitt, Flach, Greither and Popescu.

1.1. Basic Notations and Conventions. — In addition to the notations already intro-
duced, N, R and C will denote the natural, real and complex numbers respectively. We shall
denote by Q the algebraic closure of Q in C and also fix an algebraic closure @p of Q, for each
prime number p. A ‘number field’ L is always a finite extension of Q within Q. Its abelian
closure in Q is denoted L?P. Let F be any field, | € N and p a prime number. We shall write
w(F) (resp. i (F), resp. ppeo(F) ) for the group of all roots of unity (resp. all lth roots of
unity, resp. all p-power roots of unity) in F. When F is omitted it is understood to be Q. If
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L is a number field, we shall write W7, for the cardinality |x(L)| of u(L). Finally, we shall use
the notation ygo for the trivial character of any finite abelian group.

2. Ray-Class L-Functions

2.1. Basic Definitions. — Let k£ be a number field with ring of integers O, r1 real places
and 79 complex places so that r; + 2ro = n := [k : Q]. For our purposes, a cycle for k will be
a formal product f = fofoo Where fo is any non-zero ideal of Oy and f is the formal product
of any subset of the real places of k. Thus f can be written uniquely as an infinite product
with only finitely many non-trivial terms:

f = fofoo = Hpnp(f) anv(f)
P v

Here, p runs through the set of all non-zero, prime ideals of O and ny(f) = ordy(fo) € Z>o.
Thus plfo if and only if ny(f) > 1. Similarly, v runs through real places of k£ and n,(f) € {0, 1}.
By analogy, ‘v|fs’ will indicate n,(f) = 1. Let I(k) denote the group of (non-zero) fractional
ideals of k£ under multiplication and P(k) its subgroup of principal fractional ideals. To each
cycle § for k there corresponds the subgroup (k) of I(k) consisting of those fractional ideals
prime to fo, and a subgroup Pj(k) of P(k) consisting of the principal ideals possessing a
generator ‘congruent to 1 mod |’

Pi(k) :=={(o) : a € k™, ordy(av — 1) > np, Vplfo, to(a) >0 Volfso}

where 1, : k& — R is the embedding corresponding to the real place v. Clearly, Pj(k) is
contained in (k) and the quotient I;(k)/Pj(k) is, by definition, the ray-class group Cli(k) of
k modulo §. (We shall write [a]s for the image in Clj(k) of any a € I;(k).) It is finite and, of
course, abelian, so its characters may be identified with homomorphisms x : I(k) — u(C)
such that x((a)) = 1 for all (o) € Pj(k). To any such f and x we associate a ray-class
L-function Ly(s, ), initially defined on the set {s € C: R(s) > 1} by

(1) Lis,x) == > x@Na= = [[ (1—x@nNp~™)"

a0y, p prime
acli(k) pifo

(By standard comparisons, the above sum and Euler product converge absolutely to the same
analytic function on this set.)

Example 2.1. — The Dedekind Zeta-Function. Suppose f is trivial i.e. fo = Ok and f
is the empty product, so that Clj(k) = Cl(k), the class group. If also x is the trivial character
xo of Cl(k), then (1) gives Ly(s, x) = Z Na™ % which coincides with the Dedekind zeta

a<10y, a£(0)
function (x(s) of k.

Example 2.2. — Ray-Class L-functions for k = Q. Take f to be (f) = fZ for some
f € Z>1 and fo to be oo, the unique real place of Q. There is then an isomorphism from
(Z]fZ)* to Cly(Q) sending a to [(a)];, where a is any positive integer prime to f. Thus a
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132 Equivariant L-Functions at s =0 and s =1

character x of Cl;(Q) coincides with a Dirichlet character modulo f and one checks easily
from (1) that Lg(s, x) is just the corresponding Dirichlet L-function.

2.2. Primitivity and the Functional Equation. — We shall say that one cycle g divides
another § (written glf) iff ny(g) < np(f) for all p (i.e. golfo) and n,(g) < ny(f) for all v. In
this case Ij(k) C I4(k) and Pj(k) C Py(k) so there is a homomorphism

Tig - le(k‘) — Clg(k‘)
[al; — [dlg

Using weak approximation one can show firstly that 74 is surjective and secondly that if b
also divides f then ker(mj ) ker(myy) = ker(my qp)). (Here (g,h) denotes the cycle that is the
h.c.f. of g and b in the obvious sense). It follows that there exists a unique minimal cycle w.r.t.
divisibility, say fy, such that x factors through 7j; i.e. such that there exists a character x
of Cly, (k) with x = X omy; . We shall call f, the conductor of x and X the primitive character
associated to x.

Remark 2.3. — The Idelic Viewpoint. Let Id(k) be the idéle group of k and C(k) :=
Id(k)/k* the ideéle-class group. For each cycle f one can use weak approximation to define a
(surjective) homomorphism C'(k) — Clj(k). Thus each ray-class character x modulo § gives
rise to an idéle-class character that is continuous and of finite order. All such characters arise
in this way. Moreover y; and xa give rise to the same idéle-class character if and only if

X1 =Xz

If x is primitive (i.e. f,, = f, so X = x) we shall write simply L(s,x) for the ‘primitive L-
function’ Li(s, x). If x is émprimitive then Li(s, x) and L(s, x) differ at most by finitely may
Euler factors. More precisely, one clearly has

(2) Li(s,x) = < [T (1-x(p)Np?) >L(s,f<)-
plf
PiTx

So suppose x is a primitive ray-class character modulo f. We summarise the well-known
‘analytic continuation’ and ‘functional equation’ for L(s,y). Firstly, L(s,x) extends to a
meromorphic function on C. This is analytic at s except possibly when s = 1 where it has a
simple pole iff x = xq i.e.

(3) OrdSZI(Lf(Sv X)) = _5X7X0

in Kronecker’s notation. (It follows easily from (2) that exactly the same is true of Lj(s, x),
even when y is imprimitive.) Secondly, let ai(x) (resp. az(x)) denote the number of real
places v such that v 1 foo (resp. v|foo) so that ai(x) + a2(x) = r1 and define a completed
L-function

A(s,x) = (|dk|Nfo)3/22’“2(1—3)w—(”s+a2(X))/21“(3/2)“1(X)F((1 + S)/2)a2(X)F(S)T2L(S,X)
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where dj, denotes the discriminant of k. (The I'-factors can be considered as Euler factors at

infinite places.) Then we have an identity of meromorphic functions:

im=Wr(x )
(Nfo)/?

where x~! denotes the inverse character of x (which has the same conductor) and 7(x) denotes

the Gauss sum (see e.g. [Ma]. Note that |7(x)[*> = Nfo = (—=1)2Xr(x)r(x1).)

(4) A(l - SvX) = A(va_l)

3. The Galois Viewpoint

3.1. Set-Up. — Suppose now that K is a finite, Galois extension of the number field k£ such
that G := Gal(K/k) is abelian. Class-field theory associates to K/k a cycle f = g/, with the
following properties:

(i) A real place v of k divides f iff one (hence any) place above v in K is complex.
(ii) A non-zero prime ideal p of Oy divides fo iff p ramifies in K.
(iii) There is a well-defined homomorphism (the Artin homomorphism)

Cli(k) — G
sending [p]; to the Frobenius element of G at p for each non-zero prime ideal p { fo.

Note that fg/;, is the unique minimal cycle for k for which the description in (iil) gives a
well-defined homomorphism Cli(k) — G. It is then unique and surjective and the image of
lals (for any ideal a prime to fo) will be denoted o.

Let G denote the set of all complex irreducible characters of G, i.e. all homomorphisms
X : G — C*. Composing any such x with the Artin homomorphism gives rise to a ray-class
character Cly, (k) — C*, also denoted x. Thus f, divides fx/; and the two cycles are equal
iff x is primitive mod gz (In fact fg; is always the Lc.m. of the set {f, : x € G}.) We
have

Lic(s0 =[] @=xtep)Np™) " = J[ (1-x(op)Np~)""

p prime pgsram
F)(fK/ky()

where Sram = Sram(K/k) denotes the set of (finite) ramified primes in K/k. It is sometimes
convenient to remove further Euler factors from the R.H.S. above. We denote by So = Soo (k)
the set of all infinite places of k and by Spin = Smin(K/k) the set Syam U Sw. For any finite
set S of places containing Smin and any y € G, we define the S-truncated L-function to be

(5) Ls(s,x) = [ (1 = x(o)Np~) " = ( T <e)Np) >L<s, 9

S pes
pg pifx

which clearly has a meromorphic continuation to C. Expanding the first product gives

(6) Ls(s,x) = > x(oa)Na™* =Y x(9)¢s(s,9) for R(s) > 1
a0y, geG
(a,5)=1
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134 Equivariant L-Functions at s =0 and s =1

where (a,S) = 1 indicates that the ideal a is prime to every p € S and the partial zeta-function
Cs(s,g) is the Dirichlet series > Na~® where a ranges through all such integral ideals with
0q = g. As before, it is convergent for (s) > 1 for any g € G.

Remark 3.1. — Artin L-Functions. We consider briefly the more general situation where
K/k is Galois but G = Gal(K/k) is not necessarily abelian, where x is the character of a
d-dimensional complex representation p : G — GL(V) (but possibly d > 1) and where S
is any set of places of k containing S, (but not necessarily S;am). In this set-up the Artin
L-function may be defined for £(s) > 1 by generalising the second member of (5):

L artin(s,¥) = | [ det(1 — Np~*Agy) !
pgs

Here, B is any prime of K above p with inertia group Tig C G say, and Asp denotes the
endomorphism of VA(T%) induced by p(Frobg(K/k)) (the latter being defined only up to an
element of p(Tip)). If G is abelian and d = 1 then p = x € G and it is not hard to show
that Lg Artin(s, X) agrees with the third member in (5) (which, of course, makes sense even
if Stam ¢ S). If G is non-abelian, p does not in general give rise to-ray class characters over
k. However, Brauer induction and the formal properties of Artin L-functions allow us to re-
express them in terms of ray-class L-functions for extensions over various intermediate fields
k" with K D k' D k. For more details of Artin L-functions, the properties they enjoy and for
Stark’s conjectures in the nonabelian case, we refer to [Ta, Chs. 0,1].

3.2. The Equivariant L-Function. — The rest of this article will be concerned exclusively
with the case G abelian and S D Spin. We can now give three equivalent definitions our basic
object of study, the S-truncated equivariant L-function ©g(s) = Og g /i(s). Firstly, for K/k,
G and S as above we set

(7) Os(s) = Cs(s,9)9"

geG

This is a priori a function on {s € C : R(s) > 1} with values in the group-ring C[G]. Each
x € G extends C-linearly to a ring homomorphism y : C[G] — C and (6) gives

(8) x(05(s)) = Ls(s,x ') for every x € G.

Character theory implies that equations (8) determine ©g(s) uniquely so it follows from (5)
that ©g(s) could also have been defined by the Euler product (in C[G])

(9) Os(s) = [[ (1 =o' Np~*)~

pES

1

which makes sense and converges for R(s) > 1. Finally, we can invert equations (8) explicitly
to write ©g(s) in terms of L-functions. Let e, be the idempotent of C[G] associated to x € G,
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i€ €y = \_C1¥| deG x(9)g~!. Character theory and (5) give

(10)  Oss) =) Ls(s:x ex =) ( I3 wnNe) >L(s, £ Vex

A A4 N\ pes
xEG xEG plix

The properties of L(s, x) now show that ©g extends to a meromorphic function on C that is
analytic except at s = 1 and satisfies (10). The functions (g(s,g) for g € G therefore possess
similar extensions and equation (3) shows that they all have simple poles at s = 1 with the
same residue, namely 1/|G| times that of Lg(s,xo). Note also that ©g(s) is R[G]-valued
for s € Rsq, by (9). It follows from the meromorphic continuation that it restricts to an
R[G]-valued, analytic function on R\ {1}.

We note two important ‘functorial” properties of ©g which follow easily from (9), properties
of the Frobenius and analytic continuation. First, if S’ is a finite set of places containing S
then, clearly

(11) Og k/k(s) = H (1—0y"Np™®) O x/k

pes’
pES

Secondly, let K’ be any intermediate field with K > K’ 5 k and let 7g ks : C[G] —

C[Gal(K'/k)] be the natural ring homomorphism induced by the restriction homomorphism
G — Gal(K'/k). Then

(12) Os,x/k = Tr/K' © O5 K /K

as meromorphic functions on C.

Finally, we point out that there are at least two significant obstacles to obtaining a natural
‘functional equation’ for ©g(s) by combining (10) with (4). Firstly, the Gauss sums in (4)
depend on x. Secondly, the parenthesised ‘“imprimitivity factor’ on the R.H.S. of (10) not
only depends on x but may vanish at s = 0 for certain x. A rather complicated ‘functional
equation’ may nevertheless be constructed along lines suggested in [Sol, Rem. 2.3(iii)] by
involving also O g/ (s) for certain intermediate fields K " as above and subsets T of S.

4. Og at s =0 and Stark’s Conjecture

4.1. Motivation. — Given K/k and S as above and a certain integer > 0 depending on
K/k, S, we shall give a formulation of the Basic Abelian Stark Conjecture concerning the rth
Taylor coefficient of ©g(s) at s = 0. This is very similar to that of Conjecture A’ in [Ru] and
may be motivated by consideration of three elementary examples.

Example 4.1. — Cyclotomic Fields. We consider the case k = Q and K = Q((y) where
(f := exp(2mi/ f) for some integer f > 2. We may assume w.l.o.g. that f # 2 (mod 4) so that

fQ(Cf)/Q = §:= fZoo and and Suin(Q((r)/Q) equals Sy := {p prime : p|f} U {oo} which we
take for S. Composing the isomorphism (Z/fZ)* — Clj(Q) of Example 2.2 with the Artin
isomorphism gives the usual isomorphism from (Z/fZ)* to G = Gy := Gal(Q(¢y)/Q) sending
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136 Equivariant L-Functions at s =0 and s =1

a to gq where g,(Cr) = (f for any integer a with (a,f) =1, and if also a > 0 then o,z = g4.
It follows that

Cs,(8,9a) = Z n %= fC(s,a/f) for0<a</f,(a,f)=1and R(s) >1

n>1
n=a mod f

where ((s,a/f) donotes the Hurwitz zeta-function (see [Wa, Ch. 4]). The computation of
€(0,a/f) in Theorem 4.2 of loc. cit. therefore gives

(13 05,0600 =~ ¥ (4-3)a' ey

1<a<f
(a,f)=1

Example 4.2. — Real Cyclotomic Fields. Take £ = Q, f and other notation as above
but now let K = Q({p)t = Q(¢s + C;l), the maximal real subfield of Q((y). We take
S to be Sy as before. (Note that Sy O Smin(Q((r)*/Q) with equality unless f = 3 or

4 i.e. Q(¢{p)T = Q.) Since Gal(Q(¢r)/Q(¢r)t) = {1,9-1} we have an isomorphism from
(Z]fZ)*]{+1} to G = G}r = Gal(Q(¢)"/Q). Thus the map m,)q,)+ of (12) sends

both g, and gy_, # g, to the same element g,, say, of G;{. It follows easily from (13) that
@Sf,Q(gf)+/@(0) =0, so we can write

(14) @Sf,Q(Cf)+/Q(S) = GTSﬂQ(Cf)Jr/Q(O)S + 0(52) as s — 0

where ©'

s, Q(Cf)Jr/Q(O) € R[G]. In fact, we have (see e.g. p. 203, paper IV of [St])

1 a —a\\|A—

/Sf,Q(gf)+/Q(0) ) Z/ log |((1 —Cf)(l —Cf ))’gal
1<a<f/2
(a.f)=1

1 .
(15) = =5 logla(ep)lg™
gEG}'

where ¢ := (1 = (f)(1 — C;l) € Q(¢p)t*. It is well known that e is a local unit at finite
places not dividing f (in fact at all finite places unless f is a prime power).

We remark that, thanks to (8) and (5), equations (13) and (15) can also be established
character-by-character, using the corresponding formulae for L(s, x) at s = 0, where x is an
odd or even primitive Dirichlet character of conductor f dividing fZoo (¢f. Example 2.2).
There are, however, complications when fo properly divides fZ.

Ezxample 4.3. — The Case K = k. In this case C[G] identifies with C and for any S

containing S.,, equation (9) gives

Orms(s)= ] (1—Np)G(s)

pES\ Soo
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Starting from the Analytic Class Number formula for (i(s) at s = 1 and the functional
equation, it follows (cf [Ta, Cor. 1.2.2]) that

_hskBsk s
K

(16) Ok /k.5(5) = +0(s®ly ass—0

where hg, is the cardinality of the S-class group Clg(k) of k and Rg, is the S-regulator of
k, defined as follows. Let Ug(k) be S-unit group of k (namely the elements of £* which are
local units at all finite places not in S). By Dirichlet’s Theorem, we can choose a Z-basis
€1,---,8|5)—1 of Us(k)/u(k) and if we choose also any [S| — 1 places v1,...,v/5—1 in S, then

S|—1
Ry i= |det (log(lleil]1,)) )
v;. Moreover Rg, is easily seen to be independent of the choices and ordering of the ¢; and

the v;.

‘ # 0, where || - [|,; denotes the normalised absolute value at

Notice that in each of the above examples, there is an integer r > 0 such that ©g vanishes
to order at least r at s = 0 and, moreover, the coefficient of s" in the Taylor series (denoted
@g) (0) for simplicity) is a Q[G]-multiple of an 7 x r determinant of ‘G-equivariant logarithms’
of S-units of K (a phrase to be made precise below). Indeed, we can take r to be the
precise order of vanishing in each example — namely 0, 1 and |S| — 1 respectively — provided
we adopt the usual convention that the 0 x 0 determinant equals 1. Stark’s Conjecture
is a precise generalisation of this observation. To formulate it, we first need to calculate
rs(x) := ords—o(Ls(s, x)) for each character y € G. Using (5), the functional equation (4),
the definition of A(s, x), properties of I'(s) and (3), we find

(17) rs(O0) =Hp € S ptiux(p) = L+ ar(X) + 72 = Oy xo

This can be restated more elegantly as follows. For any place v of k, finite or infinite, we
write D, for the decomposition subgroup of G at v, thus

Dy(K/k) if v corresponds to a non-zero prime ideal p of O,
D, :=<¢ {1,¢} if v[foo, ik is real with complex conjugation ¢, € G, and
{1} otherwise.

We also say that v splits in K iff D,, = {1}. Using equation (17) one shows easily:

Proposition 4.4. — If x € G then rs(x) = |[{v € S : D, C ker(x)}| = 0y.xo- In particular
rs(x) = rs(x’) whenever x and X' have the same kernel (i.e. they are Galois-conjugate over

Q)eg if X' =x"".
4.2. The Conjecture. — Let K/k and S be as above and let r € Z>(. Consider

Hypothesis H(K/k,S,r). — The following conditions are satisfied:

(i) There exist r distinct places vy, ..., v, € S which split in K.
(ii) S| =7+ 1.
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138 Equivariant L-Functions at s =0 and s =1

It is clear from Proposition 4.4 that H(K/k,S,r) implies rg(x) > r for every y € G and
hence, by equation (10), that there exists @g)K /k(O) € R[G] (unique) such that

(18) O,k /k(5) = O (0)s" + O(s™+) as 5 =0
For any place w of K we define the above-mentioned G-equivariant logarithm:
Log, : K* — R[G]
o= Y gealog(llg(@)]lw)g

Let S(K) denote the set of places of K lying above those in S. Because it is G-stable, the
group Ug(g)(K) — which by abuse of notation, we shall denote Ug(K) — may be regarded
as a finitely generated, multiplicative Z[G]-module (sometimes written additively). Given
wi,...,w, € S(K) there is a unique Q[G]-linear map

Regg" """ : Q®@z N\gjg Us(K) — R[G]

1

sending a ® (g1 A ... Agy) to adet (Lngi(Ej)):jzl for any a € Q and ¢y,...,e, € Ug(K).
(Note that Z[G] is commutative as G is abeli7an, so Az Us(K) is a well-defined Z[G]-
module, written additively. If » = 0 we interpret it as Z[G] and Regg as the natural injection
Q®Z[G] — R[G] with image Q[G].) The following is essentially due to H. M. Stark, although
the formulation given is Rubin’s (see Remark 4.10 below).

Conjecture SC(K/k,S,r). — Basic Abelian Stark Conjecture at s =0

Let K/k, G, S and r be as above and suppose that Hypothesis H(K/k,S,r) is satisfied.
Thus (18) holds and we may choose r distinct places vy, ...,v, € S splitting in K and a place
w; of K above v; for each i. Then

O/ (0) = Reg§™ " (n)  for some 11 € Q& Ny Us (K)

We shall call any such n a ‘solution of SC(K/k,S,r) w.r.t. wy,...,w, .
Remark 4.5. — More than r Split Places. If r + 1 places in S split in K — and

in particular if K = k — then SC(K/k,S,r) holds. Indeed, Proposition 4.4 implies that
X(@(T) (0)) = 0 for all x # xo and hence by (12) that ol (0) = ol (0)ey,- It follows

S,K/k S,K/kNY) T P Sk /k
from equation (16) of Example 4.3 that 0 is a solution of SC(K/k,S,r) unless |S| =r+1 in
which case a solution has the form 7 := —(hg,/Wi)|G|™" @ (e1 A... Aey) where &1,...,&, is
any Z-basis of Us(k)/u(k) satisfying det (log(HgiHUj))Li‘;ll > 0.
Remark 4.6. — Dependence on the Places w;. The above shows that it suffices to
consider the Basic Conjecture in the case where S contains precisely r splitting places. The
places wy, ..., w, are then determined up to replacing each w; by g;w; for some g; € G (which

changes any putative solution by the action of ¢; ...g,) and re-ordering (which affects only
its sign). Because the dependence of the Conjecture on the choice of wy, ..., w, is so simple,

one often suppresses it and writes Regg instead of Reggjl""’w".
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Remark 4.7 — Variation of S and K. Suppose that K/k, S and r satisfy the con-
ditions of SC(K/k,S,r) and that 7 is a solution of the conjecture. If S’ is a finite set
of places containing S then, clearly, H(K/k,S’,r) is satisfied and it follows from (11) that
n = Hp%ssz (1- ap_l) n is a solution of SC (K /k,S’,r). Similarly, if K’ is an intermediate field

with K p:) K' D k and G’ denotes Gal(K'/k), then H(K'/k,S,r) is automatically satisfied.
It is then a simple exercise to deduce from (12) that N x:m is a solution of SC(K'/k, S,r)
(w.r.t. the places of K’ below w1, ..., w;,) where N/ denotes the map from Q® Az Us(K)
to Q ® Azq Us(K') induced by the norm from Us(K) to Us(K').

Remark 4.8. — It is clearly possible to have rg(x) > r for all x € G even when H (K /k, S, r)
fails. In such a case equation (18) still holds and a corresponding variant of SC(K/k,S,r)
has been formulated and studied in [EP)|

4.3. Uniqueness of the Solution. — Suppose that K/k, S and r satisfy the conditions
of SC(K/k,S,r), so in particular rg(x) > r for all y € G. The solution 7 (if one exists) is not
in general unique but it may be rendered so by insisting that it lie in a certain ‘eigenspace’
of Q® /\%G] Us(K). To see this, consider a character y € G such that rg(x) = rs(x ') > r.

Equations (18) and (10) and the definition of 75(x~!) then imply eXQ(;)(O) = 0. Consequently,

(19) 0 (0) =1.69(0) = < 3 ex) 00 (0) = es,01(0)
xe@
where:

espi= D o= D e

x€EG xeG
rg(x)<r rg(x)=r

Although a priori an element of C[G], Prop. 4.4 shows that eg, actually lies in Q[G] and,
together with a little character theory, it even gives the formula

II @-IDJ'Np,) if|S|>r+1

(20)  esyr =14 wesS\{v1,...or}
(1 — \DUI_INDU) + ey.G if |S|=r+1and S\ {v1,...,v.} = {v}

where v1,...,v, € S split in K and for any finite group H we set Ng = >, .z h € Z[H].
Thus if 7 is a solution of SC(K/k,S,r) and lies in Q ® /\%G] Us(K) then so does eg,n and
equation (19) gives

Regg(es,1) = es, Regg(n) = 5,08 (0) = 01 (0)
so, in fact, eg,n is another solution lying in the eg,-component (or ‘eigenspace’) es,(Q ®
/\E[G} Us(K)). Such a solution will be called ‘canonical’. On the other hand, one can use

Dirichlet’s Theorem to show that eg,(Q ® Ug(K)) is free of rank r over eg,Q[G] and then
deduce that Regg is injective on eg,(Q ® /\Q[G] Us(K)). We conclude:

Proposition 4.9. — SC(K/k,S,r) has a solution if and only if it has a unique canonical
solution.
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The canonical solution of SC(K/k,S,r) will be denoted ng x5, or just ng, if it exists.

Remark 4.10. — Relation with Conjectures of Rubin and Stark. Conjec-
ture SC(K/k,S,r) is equivalent Conjecture A’ of [Ru| whose formulation is very similar
but requires the choice of an auxiliary finite set 1" of finite places of k, subject to certain
conditions. The choice of T" does not affect its veracity, only the value of a putative solution.
It becomes important only for Rubin’s refined, integral (as opposed to ‘basic’) abelian Stark
conjecture. This is his Conjecture B’ which requires that the solution of Conjecture A’ lie
in a certain Z[G]-lattice spanning the eigenspace over Q and depending on 7. Some more
details of the relationships between these conjectures can be found in [So2, Remark 2.8|, in
a special case.

Stark’s original conjecture was formulated in terms of Artin L-functions of characters of a
Galois extension which is not necessarily abelian. It appears as Conjecture 1.5.1 in |Tal].
However, Propositions 2.3 and 2.4 of [Ru| show that in our set-up, Conjecture A’ — and
hence SC(K /k, S,r) — are equivalent to Stark’s conjecture for all characters y € G such that

rs(x) =r.

5. Some Particular Cases of SC(K/k,S,r)

We briefly survey the known cases of the the basic Stark Conjecture and some of its integral
refinements. These will be grouped according to the value of r: 0, 1 or > 2. Let K/k be an
abelian extension with group G and S O Spin be as above.

5.1. The Case r = 0. — For anysuch K/k, S, the Hypothesis H(K/k, S,0) is automatically
satisfied and we shall see that SC(K/k, S,0) follows from results of Siegel-Klingen. First, the
interpretation of Regg in the case r = 0 (explained above) means that SC(K/k,S,0) is
equivalent to the statement that ©g g /4(0) lies in Q[G] or, indeed, in e5oQ[G] by (19). We
can assume S = Spin by (11). Now, if S, contains a split place then the conjecture holds
(see Remark 4.5). Thus we can assume K is totally complex and k totally real, which forces
|S| > 1. Also, if v € Sy, then D, = {1, ¢,} where ¢, is the complex conjugation associated to
v. Equation (20) shows that c,es0 = —es, so that ¢,0g r/k(0) = —Og r/(0) by (19). Thus
Os i /k(0) is fixed by the subgroup H := (cy,cy, : v1,v2 € So) of G. Equation (12) therefore
allows us to replace K by K i.e. we can assume H is trivial and (still) that K is totally
complex. This means that K is of CM-type i.e. ¢, equals ¢ € G (of order 2) independently of
v € Seo. In this set-up, it follows from work of Siegel [Si] and Klingen (or of Shintani [Sh1,
Cor. to Thm. 1]) that (s _, (0,9) € Q for all g € G, and the conjecture follows.

For the rest of this subsection we shall continue to assume that k is totally real, K is CM and
S = Smin. We have seen that ¢ acts by —1 on Og x/x(0) € Q[G] and therefore O g x /1 (0) €
(1 —¢)Q[G]. However, in the case of Example 4.1, it is evident from (13) that O, q(¢,)/0(0)
actually lies in (1 — ¢)W,, . \Z[G]. (Note that Wao(c,) is the Lem. of 2 and f.) We can take

Q(¢r)
this further: let Anng g (1(K))<Z[G] denote the annihilator of (K) as a Z[G]-module (which
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clearly contains W ). In Example 4.1, Anngq ) (1(Q((y))) is easily seen to be generated over
Z by the elements b — g;, for all integers b such that (b,2f) = 1. Furthermore, it follows
from (13) that (b — g5)Os; q(¢;)/0(0) has coefficients in Z, so:

Annge 1 (1(Q(¢r)))Os; 0¢)/0) = ((b—9)Os, 0)00) :bEZ, (b,2f)=1)z
(21) C ZIG¢N (1 =¢c)Q[Gyf] = (1 — ¢)Z[Gy]
The second member above is the Stickelberger Ideal of Z|G¢]. (It differs very slightly from

that of [Wa, §6.2|, for example, which is not quite contained in (1 — ¢)Z[G/|.) For any K/k
as above, we define the Generalised Stickelberger Ideal

(22) Stick(K/k) := Anng g (u(K))Os,.. x/k(0)

From what we already know, this is a Z[G]-submodule of (1 — ¢)Q[G]. However a result of
Deligne-Ribet [DR] (and, independently, of Pi. Cassou-Nogués [C-N]) gives the following
generalisation of (21) which may be seen as an ‘integral’ refinement of SC(K/k, Spin, 0).

Theorem 5.1. —
With assumptions and notations as above, Stick(K/k) is contained in (1 — ¢)Z[G].

5.2. The Case r = 1. — Assume Hypothesis H(K/k, S, 1) is satisfied i.e. |S| > 2 and there
exists v; € S splitting in K. Fix w; above vy in S(K). Any element n € Q ® A%[G} Us(K) =
Q ® Ug(k) may be written = ® ¢ with € € Ug(K) and clearly,

1
n is a solution of SC(K/k,S,1) < ©f kk(0) = ELogwl(e)

1
(23) = Crpml0:9) = —logllg(@)llw, Vg € G

Remark 5.2. — Criterion for the Canonical Solution when r =1

If |S| > 2 and n = L ®¢ is a solution of SC(K/k,S,1) then it is the canonical solution ng iff
llellw =1 for all w € S(K) not above vy. If |S| = 2 the italicised condition must be replaced
by ‘|ellw is independent of w € S(K) above v’ where S\ {v1} = {v}. We leave the proofs of
these statements as an exercise.

Stark gave an integral refinement of SC'(K/k, S,1) as follows.

Conjecture RSC(K/k,S). — Refined Abelian Stark Conjecture for r =1
Suppose K/k, and S satisfy Hypothesis H(K/k,S,1). Then SC(K/k,S,1) holds with canon-
1cal solution ng such that

(i) ns = WLK ®eg for some eg € Ug(K) (depending on choice of wy) and
(ii) the extension K(E;/WK)/k is abelian.
The arguments of Remark 4.5 extend to prove the RSC(K/k,S) if S contains a split place

other than vy e.g. if K = k. This is shown in Prop. 3.1 of [Ta, Ch. IV]. If v; is an infinite
place, the remaining proven cases of the Refined Conjecture — and indeed of SC(K/k,S,1) —
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are as follows. For v; finite, more will be said at the beginning of Section 6 and in both cases,
more details can be found in loc. cit.

(i) k = Q. Here v; = oo and K is a real, absolutely abelian field (w.l.o.g. different from Q)
so that fx /g = fZ for some f >4, f # 2 (mod 4). The Kronecker-Weber Theorem implies
K cCQ)T=Q(s+ Cf_l) For SC(K/Q,S,1), we use Remark 4.7 to reduce to the special
case K = Q({f)*, S = Smin(Q(¢r)"/Q) = Sy for which equation (15) of Example 4.2 shows
that %@z—:;l is a solution of SC(Q(¢y)*/Q, Sy, 1) with w; given by the inclusion Q({s)* < R.
The Refined Conjecture RSC(K/Q, S) can also be reduced to this special case (use Prop. 3.4
and 3.5 of [Ta, Ch. IV]). Remark 5.2 implies that %@5;1 is the canonical solution. Moreover,
Wa(¢;)+ = 2 and one checks that Q(,/zy) is contained in Q(Csy) (and even in Q(Cay) if 2| f)
so RSC(Q(¢y)™, Sy) holds.

(ii) k imaginary quadratic. In this case vy is the unique (complex) infinite place and
RSC(K/k,S) is proven in the paper IV of [St]. The reader can also refer to the abridged
account given in [Ta, IV.3.9]. Again one reduces to the case where K is a certain ray-class
field for which the canonical solution is given in terms of an elliptic unit and (23) is proven

via the Second Kronecker Limit Formula.

(iii) G is 2-elementary. If G = (Z/27)" for some t then SC(K/k, S, r) holds quite generally
for any admissible S and r (see below). Taking r = 1, the Refined Conjecture RSC(K/k, S) is
proven in |Ta, IV.5.5] under the additional assumption that G is generated by the subgroups
D, for v € S. (This does not require v; to be infinite.)

As far as the author is aware, the only other cases of SC(K/k,S,1) proven to date (with vy
infinite) are due to Shintani. In [Sh2], he proves a version of SC(K/k, S, 1) in certain cases
where k is real quadratic and K is a quadratic extension of an absolutely abelian field such
that only one real place vy of k splits in K.

Remark 5.3. — Construction of Abelian Extensions.
Notice that condition (i) of RSC(K/k, S) determines eg up to an element of Ug (K )tor = p(K).
Furthermore, equation (23) now predicts

(24) llesllg=1u, = exp(Wk (s g1, (0,9)) Vg € G

Suppose vy is real. Then so is g~ lw; Vg and Wy = 2. If we could prove RSC(K/k,S) in
this case then (24) would give a transcendental formula for +eg € K*. This would thus
lead to a solution of Hilbert’s 12th Problem — the construction of abelian extensions of k
— using special values of derivatives of partial-zeta functions that are intrinsic to k. (Or,
indeed, using ray-class L-functions, via (7) and (10).) If we only assume RSC(K/k,S), one
can still use (24) and the other facts about g to identify it precisely on a computer. This
leads to a method for the algorithmic construction of certain ray-class fields which has been
implemented in PARI/GP [PARI].
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5.3. The Case r > 2. — For any r, Conjecture SC(K/k,S,r) can be proven under the
following hypothesis extending that of Remark 4.5:

(25) Yy €G, rs(x) =r = ord(y)|2

Indeed, every character of order 1 or 2 satisfies Conjecture 1.5.1 of | Ta| for the same K /k and S.
(This follows from properties of the latter under inflation, induction and addition of characters
and the case K = k. See for example [Ta, I.7.1 and I1.1.1]). Asnoted in Remark 4.10 it follows
that SC(K/k,S,r) holds whenever (25) does, and in particular whenever G is 2-elementary
(see above). If r > 2, the only proven cases of SC(K/k,S,r) without (25) come by using
induction of characters to ‘raise the base field” from known cases with r =1 (see e.g. [Po]).
This applies, for instance, in some cases where when K is abelian over Q and [k : Q] = r.

There exist two integral refinements of SC(K/k,S,r) for r > 2, both generalising
RSC(K/k,S). These are ‘Conjecture B” of Rubin mentioned in Remark 4.10 and a
version due to Popescu in [Po| which dispenses with Rubin’s auxiliary sets 7. We shall not
give full statements here but note that both imply the following, rather crude generalisation
of condition (i) of RSC(K/k,S): ng is of the form ——— & i for some 7 € A%[G] Us(K) and

mW g
some m € N whose prime factors all divide |G|. (Cases are known in which m # 1 is forced.)
Rubin’s and/or Popescu’s refinements were established for |G| = 2 in [Ru], by Sands in

some other cases where G is 2-elementary (see his article in [BPSS]) and by Popescu [Po],
Cooper |Co| and Burns (see below) in other cases by base-raising.

Two other types of evidence support SC(K/k, S,r) and its refinements. Firstly, both Rubin’s
and Popescu’s Conjectures are shown in [Bu] to follow from a particular case of the very
general Equivariant Tamagawa Number Conjecture of Burns and Flach. This was proven
for k = Q and K/Q abelian in [BG] (see also Flach’s article in [BPSS] for the case p = 2).
Since it behaves well under raising the base field, one can even establish Rubin’s and Popescu’s
conjectures for such K, any kK C K and any admissible S and r. Secondly, there is considerable
computational evidence in support of SC(K/k, S,r). We refer to Dummitt’s article in [BPSS]
for a survey concentrating on the case r = 1 (with v finite or infinite). Numerical confirmation
of some cases with r = 2, k real quadratic and vy, vo real is given in [RS1]| (along with an
analogous p-adic conjecture) and in [RS2].

6. The Brumer-Stark Conjecture and the Annihilation of Class Groups

For the rest of this article we shall assume that k is totally real, K is of CM-type and
G = Gal(K/k) is abelian with unique complex conjugation denoted ¢ and maximal real
subfield K+ = K{¢. This forces | Sin| > 1. To simplify, we shall take S = Sy, until further
notice and write © for ©g. Theorem 5.1 implies that Wx©(0) lies in (1 — ¢)Z[G]. With these
assumptions, and temporarily using a multiplicative notation for Z[G]-actions, we can state
the
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Conjecture BSC(K/k). — Brumer-Stark Conjecture (with S = Syiy)
For every fractional ideal a € I(K) there exists vq € K™ such that

(1) aVxOO) equals the principal ideal (vs),

(i) ||vallw =1 for all w € Soo(K) and

(iii) the extension K(W;/WK)/IC is abelian.

Note that conditions (i) and (ii) determine 4 up to an element of u(K'). Also, property (i)
implies that ||yq4|lw = 1 for any place w of K above v € Siam, since |Spin| > 1 implies
Np,O(0) =0 (by (19) and (20) with » = 0). In our set-up, BSC(K/k) is therefore equivalent
to the case of Conjecture IV.6.2 of [Ta] with ‘T” equal to Sy, and this implies all other cases
by Cor. 6.6 ibid..

The explanation of the name ‘Brumer-Stark’ is as follows. Firstly, one can show that
BSC(K/k) holds if and only if it holds with a = 3 for any prime ideal 3 above any prime
p of k that splits in K. (This follows from |Ta, Prop. IV.6.4] and the fact that the classes
of such B generate CI(K).) But Remark 5.2 and the relation ®i9minU{p}(0) = log(Np)©(0)
coming from (11) show that conditions (i)—(iii) with a = P are in fact equivalent to the
statement that WLK ® g is the (canonical) solution of RSC(K/k, Smin U {p}) with w; = P.
Hence BSC(K/k) is equivalent to these cases of the Refined Stark Conjecture for r = 1.
Secondly, BSC(K/k) clearly implies that Wx©(0) annihilates C1(K) as a Z[G]-module, which
had previously been conjectured by Armand Brumer. We can go further. Given any a € I(K),
it follows easily from condition (iii) of BSC(K/k) that for every z € Anngg(u(K)) there
exists yq ., € K™ with 7§ = yZZCK. It then follows from condition (i) that a®Vx®©0) = (y, Wi

and since 20(0) € Z[G] by Thm. 5.1, we must have a®®®) = (y,,). In particular, BSC(K/k)
implies the

Conjecture BC(K/k). — Brumer Conjecture (with S = Syiy)
In the above situation CL(K) is annihilated by the ideal Stick(K/k) C (1 — ¢)Z[G] defined
in (22).

Example 6.1. — Brumer and Brumer-Stark Conjectures for k = Q.

In this case, K is an imaginary abelian field and BC'(K/Q) is simply Stickelberger’s Theo-
rem. The traditional proof of the latter (see e.g. [Wal) uses the factorisation of (norms of)
cyclotomic Gauss sums attached to prime ideals 9 of Of. In fact, if P divides a rational
prime p € Q split in K and the latter is the full cyclotomic field Q(¢y) (notations as above, so
fl(p—1)) then exactly the same factorisations establish that W, th power of the Gauss sum
is (essentially) the element g appearing in BSC(Q(¢r)/Q). As explained above, this means
that vy also gives rise to the solution of RSC(Q((r)/Q,Sf U {p}) with vy = p. In this way
one also establishes BSC(K/Q) for arbitrary imaginary abelian K and also RSC(K/Q,S5)
for such K and arbitrary S D Sy containing a finite split place vy.

For arbitrary S’ D Spin one can make an ‘S’-Brumer Conjecture’ by replacing ©g_. (0) with
O4(0) in (22). This is the viewpoint of the excellent article by Greither in [BPSS]. (Of
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course, the S’'-version of BC(K/k) is weaker: it follows from our version because of (11).)
One or other version is now known in many cases, thanks to work of Greither and Wiles (see
below) and many others. For a survey, for higher analogues involving ©(—n) with n > 1 (the
Coates-Sinnott Conjecture) and for precise connections between BSC(K/k) and Rubin’s and
Stark’s Conjectures, we refer to ibid. Our focus now will be on strengthening the annihilation
statement of BC(K/k) in a different direction to that of BSC(K/k).

First, we localise: let p be a prime number and write CI(K),, for the p-Sylow subgroup of C1(K)
considered as a module for R, := Z,[G]. If Stick(K/k), denotes the Z,-span of Stick(K/k)
inside (1 — ¢)R,, then, clearly, BC'(K/k) is equivalent to the following local statement for all
p, which we denote BC(K/k),:

CI(K), is annihilated by Stick(K/k),

We assume henceforth that p # 2 which implies that R, is a product of rings R; X R, =
(14+¢)Rp x (1 = ¢)R, and, correspondingly, CI(K), = CI(K),; @ CI(K), := (14 ¢)CI(K), ®
(1—¢)CI(K),. Since Stick(K/k), is an ideal of R, it automatically annihilates C1(K )} which
is isomorphic to CI(K), (since p # 2). This means firstly that BC(K/k), tells us nothing
interesting about the class groups of totally real fields (at least, not directly). Secondly,

(26) BC(K/k), <= Stick(K/k), C AnnR;(Cl(K)g)

7. Exact Annihilators and Fitting Ideals

We shall examine first the obvious question of whether one should actually expect equality on
the R.H.S. of (26). There are at least two reasons why this cannot hold in general, the first
being that AnnR; contains |CI(K), | so is of finite index in R, but Stick(//k), may not be,
essentially because of ‘trivial zeroes’ of Spi,-truncated L-functions at s = 0. Indeed, ©(0) and
hence Stick(K/k), are killed by (1 — ¢)Np, for any v € Spin (see above) which is a non-zero
element of R, whenever ¢ ¢ D,. To get around this, we need to enlarge Stick(K/k),. One
way to do this is to define

(27) Stick(K/k), == Y coresk, (Stick(K'/k),)

KDK'Dk
Here, K’ runs through intermediate (CM) sub-extensions of K/k and coresk, : Z,[Gal(K'/k)] —
Zp|G] = Ry is the Zy-linear map sending ¢’ € Gal(K’/k) to the sum of its pre-images under
Tx k- 1t is not hard to show that S/t\la{(K /k)p is an ideal of finite index in R, con-
taining Stick(K/k), and, moreover, that if BC(K'/k), held for every K’ then one would
have S/ac/k(K/k)p C AnnR;(Cl(K);). Other ‘enlargements’ of Stick(K/k), appear in the
literature, mostly variants of (27) which agree with m(K /k)p when p 1 |G|.
However, one still cannot always have equality for another reason which becomes particularly
clear for [K : k] = 2, when all enlargements coincide with the basic Stick(K/k),. We explain
briefly, leaving details to the reader. In this case, we can identify R, = Zp(1 — ¢) with Z,
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and evaluate ©(0) precisely using the Analytic Class Number Formula for (i (s) and (;(s).
We get:

(28)  If [K : k] = 2 then Stick(K/k), = Stick(K/k), = (hx /h1.)Zp = |CUK), |Z,

This proves that S/t\la{(K/k)p C AnnR;(Cl(K);) (and hence BC(K/k),) in this case but
equality clearly holds if and only if CI(K), is a cyclic abelian group. This fails, for example,
when p = 3 and K/k = Q(v/—974)/Q so that CI(K); = CI(K)3 = (Z/3Z)>.

Instead of comparing S/‘aa{(K /k)p with AnnR; (CI(K), ) — which is generated by the exponent
of CI(K), as an abelian group when [K : k| = 2 — equation (28) suggests that one should in
general compare it with an ideal of R, which, in some sense, measures the ‘size’ of CI(K ); as
an R, -module. The most obvious candidate is the (initial) Fitting ideal Fitt - (Cl(K), ). We
briefly recall its definition and make some general remarks, referring to [No|, the appendix
of [IMW] or Greither’s article in [BPSS| for more details. For any finitely generated module
A over a commutative (noetherian) ring R one can choose a presentation

REM Rt s A0

where s,t € N and M is a ¢ X s matrix with coefficients in R. One then defines Fittr (A) to be
the ideal of R generated by all ¢ x ¢ minor-determinants of M (which is zero if s < t). It turns
out that this is independent of the choice of s,¢ and M and that Anng(A)! C Fittg(A) C
Anng (A) for any possible ¢. If A is cyclic over R we can take ¢t = 1 so Fittg(A) = Anng(A).
Now suppose A is finite. If R = Z or 7Z, one can take s = ¢t and the theory of elementary
divisors gives Fittg(A) = |A|R. If R = Zy[H] for a finite abelian group H, then s > t
is forced and Fittg(A) contains |A| so is an ideal of finite index in R. Moreover, one can
show that s = t is possible if and only if A is a cohomologically trivial H-module. In this
case, Fittg (A) is clearly principal, generated by det(M). (For a converse, see Prop. 2.2.2 of
Greither’s article in [BPSS]). If p { |H| then A is always cohomologically trivial and Z,[H]
is a product of unramified extensions of Z, corresponding to @p-valued characters of H. One
can decompose everything using such characters so that the Fitting ideal behaves much like
the case R = Z,. If, however, p||H| then the Fitting ideal can be non-principal and is, in
general, a far more subtle invariant.

We are interested in the case H = G where all the above remarks remain true with R =R,
a direct factor of Z,[G]. In particular, FittR;(Cl(K )p ) is an ideal of finite index in Rp,

contained in AnnR; (CI(K), ) and one can ask:
(29) is Stick(K/k), equal to Fitt— (CI(K),)?

Positive answers to this question were obtained by various authors under different hypotheses.
For example, when p t |G|, characters are used to treat the case k = Q in [MW] and
k # Q (totally real) in [Wi] (under an additional hypothesis on characters). Without the
assumption p { |G|, three other large classes with k& = Q are treated in [Kul] (using a
different enlargement of Stick(K'/k),) and [Grl]| treats the case in which K/k is ‘nice’ (a
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condition which implies S/t\la{(K /k)p = Stick(K/k), among other things). In each case we can
deduce BC(K/k), using (26). One should also mention certain ‘higher Stickelberger ideals’
defined by M. Kurihara in the case p 1 |G| and k totally real. Using characters and Euler
Systems, he shows in [Ku2| how these can give more information on the R, -structure of
CI(K ); , essentially determining the latter under certain hypotheses.

Nevertheless, in 2006 Greither showed that the Equivariant Tamagawa Number Conjecture
(ETNC) mentioned in Section 5 predicts a result that runs somewhat counter to (29): If Aisa
finite R,-module let us write A for the Pontrjagin dual Homgz (A4, Q/Z) = Homgz, (A, Qp/Zy) of
A made into an R,-module by defining (gf)(a) to be f(ga) for any f € A geq. (This makes

sense because G is abelian and clearly A~ 2 A~ as R, -modules.) Theorem 8.8 of [Gr2] can
now be stated as

Theorem 7.1. — Suppose K/k and p satisfy our current assumptions, that G = Gal(K /k)
and in addition that

(i) ppeo (K) is G-cohomologically trivial and

(ii) the ETNC holds for the pair (K/k, h°(K))

—

Then SKu(K/k), = Fitty (CUK)y).

Here, SKu(K/k), is a variant of m(K/l@)p satisfying
Stick (K /k), C SKu(K/k), C Stick(K/k),

If p 1 |G| then on the one hand SKu(K/k), = S/‘aai(K/k:)p and on the other, any finite R,-
module A is isomorphic to A as an Rp-module. So Thm. 7.1 predicts a positive answer to
question (29) in this case, agreeing with Wiles’ results. However, if p||G| things get decidedly
more complicated. On the one hand one can have SKu(K/k), # S/‘aa{(K/k)p On the
other, one can easily construct finite R, -modules A with A % A. In this case, one still

~ A

has FittR;(A) C Anng (A) = AnnR;(A) so, in particular, Thm. 7.1 supports BC(K/k)p.
However, Fitty (A) and FittR;(A) will differ unless a special condition holds, e.g. A is
cohomologically trivial or G is p-cyclic. (The sufficiency of the latter follows from [MW,
Appendix, Prop. 1].)

An explicit counter-example to (29) was finally given by Greither and Kurihara. Taking
p = 3 they found an extension K/k with k = Q(v/29), ppe(K) = {1} and G = (Z/2Z) x
(Z/37)? for which Stick(K/k), — and a fortiori any enlargement of it — is not contained in
Fitty - (CI(K), ). (See |[GK, §3.2] for more details, noting that our K is their K;.) In the
function-field case, counter-examples had previously been given by Popescu. We also mention
the recent, unconditional results of [GP] concerning Fitting ideals of duals in the function-field
case. Analogues for number fields may be forthcoming.

In view of Thm. 7.1, it seems reasonable to ask whether one can use ©g to construct an

—

ideal related to Fitty - (CI(K), ) rather than Fitt (CI(K)p ). A result of this type is given

in [KM]| for £ = Q but doesn’t seem to generalise. We shall return to this question in §9.1.
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8. @5&13821

8.1. Plus- and Minus-Parts. — We maintain the above notations and assumptions on
K /E but once more allow S to contain Sy, properly. A character x € G is called (totally)
even or odd according as x(c¢) =1 or —1. If R is a commutative ring in which 2 is invertible,
we write e and e~ respectively for the idempotents 3(1 + ¢) and (1 — ¢) of R[G] and
A* for e* A where A is any R[G] module, so A = AT @ A~. The meromorphic functions

Of(s) :=eTOg(s) and @g(s) = e‘@s(s) take values in C[G]|T and C[G]~ respectively and

Os(s) = O (s) = > Ls(s.x Dex + > (s, x Hey
xeG xeG
X even xodd

by (10). Now, if y is even, then D, C ker(x~!) for all v € Sy so that ords—o(Ls(s,x 1)) =
rs(x~*) > 1 by Prop. 4.4 (for x = xo, use [S| > 2). Thus ©£(0) = 0 so that the value
©5(0) studied in Sections 6 and 7 is naturally equal to ©¢(0). In contrast, equations (3)
and (2) show that ords—;(Lg(s,x 1)) = —dy., for both odd and even x. Thus, even if we
subtracted the pole due to the trivial character, @; would still make a non-zero contribution
to the value of ©g at s = 1 and one, moreover, which we can expect to be of a very different
nature from that of ©g. Indeed, the functional equation (4) for L-functions and the case
r > 1of SC(K/k,S,r) mean that the former should — in a vague sense — ‘contain non-trivial,
transcendental regulators’. On the other hand, since 7(x) is always algebraic, one can use the
case r = 0 of SC(K/k,S,r) —i.e. ©4(0) € Q[G]~ — and the functional equation to show that
Og(1) € 7"Q[G]~, where we recall that n = [k : Q.

In the rest of this article we shall therefore consider only the minus-part ©¢(1), follow-
ing [Sol|, [So2] and [RS2|. More precisely, we shall study

by = b i = (i/m)"O5 (1) = (i/m)" lim e Os(s)" € QUG

where * : C[G] — C[G] is the C-linear involution sending g € G to g~!. The non-vanishing of
the L-functions at s = 1 shows that bg lies in (Q[G]7)* and the limit (with s € R¢) shows
that it has coefficients in ¢"R. We also have have the following more precise algebraicity
result.

Proposition 8.1. — If fg NZ = [fZ with f € Zxo then the coefficients of \/@bg lie in
both Q((y) and the normal closure of K over Q.

The proof is essentially that of [RS2, Prop. 2|. The latter also contains an integrality result
for the coefficients and assumes that n = 2 and that .S is a particular set of places. However,
for the properties we want, the proof adapts immediately to our more general situation since
Vdbg equals v/ dka[?/*kﬁ = die” [[qes\ s, (1 —Ng 'oq)®k/(0)*, where undefined notations
are as in ¢bid. and [So2, eq. (9)].

2. A p-adic Logarithmic Map. — Let p # 2 be a prime number as before, and hence-
forth take S = S,(k)U Smin where S,(F') denotes the set of places dividing p in a number field
F. We sometimes drop S from the notation. Fixing an embedding j : Q — @p, we may apply
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it to the coefficients of b~ to get j(b~) € Q,[G]~. We shall use this to construct a p-adic map
Sk /k,p ON (an exterior power of) the p-semilocal units of K.

For each B € S)(K), let Ko denote the completion of K at % (containing K'). Let Of,, denote
its ring of valuation integers and let K, denote the product H‘Be S, (K) Kq with the product
topology. The diagonal map K — K, extends Q)-linearly to a ring isomorphism K ®Q, = K,
which we regard as an identification. The natural action of G on K therefore gives rise to an
action (by continuous ring automorphisms) on K, which ‘mixes up’ the factors Kyz. We write
UYK,) for presp(K) UN(Kyp) C K, where U'(Ky) denotes the group of principal units of
K, i.e. 1 +POk,,. The multiplicative Z-action on Ul(Kp) extends by continuity to Z, so
we may regard U'(K,) as a module for R, = Z,[G]. Now, every 7 € Gal(Q/Q) gives rise to a
ring homomorphism (jo7) ®1: K, — Q,. We write simply j7 for its restriction to U'(K,).
This map factors through the projection onto U'(Ks) (where B is determined by j o 7) and
takes values in the disc {z € Q, : |z — 1|, < 1} on which the p-adic logarithm log,,, defined
by the usual power-series, converges. We may therefore define a ‘p-semilocal, G-equivariant
logarithm’, Log_ ,,, by

LOgT7p : Ul(Kp) — QP[G]
u = Ygeclog, (7(gu))g

(compare with Log,, of Section 4). It is continuous and Z[G]-linear, so R,-linear. Now fiz a
choice T1,. .., T, of left-coset representatives of Gal(Q/k) in Gal(Q/Q). This gives a unique
Rp-linear p-semilocal regulator
Regp — Reg;'hm,m . /\%p Ul(Kp) N @p[G]
n

sending u; A ... Auy, to det (Log,, ,(u;)) -1 Finally, we make the

Definition 8.2. — Let 5, = 52}',’6'7’;" be the Rp-linear map

Sp ¢ /\%pUl(Kp) — Q[G]”
0 — j(b_)Regp(H)

and let &, = Sy be its image in Q,[G]™.

Of course, s, factors through the projection e~ onto /\%p UY(K,)~. In particular, it van-
ishes on /\%p UYK,)". Also, changing the choice and ordering of 71, ..., 7, only multiplies
Reg,!~™, and hence sg ;. ,, by &g for some g € G, so has no effect on S/, The following
is proved in [So2, Props. 2.16, 2.17| using results of [Sol].

Proposition 8.3. — With notations as above,

(i) s, is independent of j and takes values in Qpy[G] ™.

(i) &, is a fractional ideal of Qp[G]™, that is, a finitely generated Z,-submodule spanning
Qp[G]~ over Q.

(ifi) ker(sp) N A%, UYK,)~ is precisely the Zy-torsion submodule of Ax, UNK,)™.
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Example 8.4. — The Case K/k = Q((yt)/Q for ¢t > 1. In this case S = {oo,p} and
Sp(K) = {P} where P := (1 — () is totally ramified over p. Thus j induces an isomorphism
K, = Ky — Qpu(j(¢pr)) which we treat as an identification, allowing us also to identify
G = Gal(Ky/Q,) with Gal(Q,(j(¢pt))/Qp). From now on, we suppress j and write ¢ for (p,
identified with j((,t). Computing ©~ (1) directly (see e.g. [So2, Lemma 7.1]) we find

1 ¢
()
pt;e; 1-¢

Now take 71 to be 1 € Gal(Q/Q) so that Log,, ,(u) becomes simply Y, log,(hu)h~! for
any u € U'(Kp) = U'(Q,(¢)). Since n = 1, this coincides with Reg,(u). Therefore, assuming
w.lo.g. that u € U*(K,,)~ and multiplying out, we get

(30)  s,(u) = b Reg,(u) = é(%h’(&)h’) (%bgp(hu)h—l) _ g;a(g(u))g—l

where, for any v € U'(Q,(¢)) we have set

a(v) = 5Trg,(0)/q, (%C logp(v)>

To take this example further, we observe that the coefficient a(v) appears in the explicit reci-
procity law of Artin and Hasse (see [AH]). More precisely, the reciprocity map of local class
field theory sends any « € K% = Qp(¢)* to an element so = s, Ky /q, SAY, Of Gal(K%’/qu)

where K%b denotes a given abelian closure. If 5 also lies in K;E then any p‘th root g/ ' lies
in K%b because K, hence Ky, contains the p'th roots of unity. For our purposes the Hilbert

symbol (Oz,ﬂ)Kfp pt can therefore be defined as Sa(ﬁl/pt)/ﬁl/pt, a p'th root of unity in K de-
pending only on o and 3. Now if v lies in U'(Q,(¢)) and a(v) is as above, the Artin-Hasse
law states firstly that a(v) € Z, and secondly that

(31) (1= 0) gy pr = 0
The first fact implies s,(u) € Z,[G] for all u € U(K,)~, in other words
(32) Sa,/ar € Ry

Finally, we note that in this example, results of [Iw]| allow one to calculate &, exactly. Indeed,
it is shown in [So3| that

Sq(¢,)/ap = Stick(Q(Gyr)/Q)p

where Stick(Q((,t)/Q)p, is as in Section 6. One can also show Stick(Q((,)/Q), =
FittR; (CHQ(¢pt)), ); using [Kul, Thm. 0.5] for example. Thus we get

(33) GQ(Cpt)/QJ) = FittR; (CHQ(Gp))p )

We now consider some possible generalisations of equations (31), (32) and (33).
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9. Conjectures at s =1

We maintain the notations and assumptions on K/k, p and S introduced in §8.2.

9.1. The Ideal &,: Integrality and Fitting Ideals. — The following generalisation of
(32) was conjectured in [Sol], [So2|

Conjecture IC(K/k,p). — Integrality Conjecture (with S = S,(k) U Swin)
In the above situation, Sy, is contained in R, .

We summarise the current evidence for this conjecture. First, it is proven in [Sol| whenever
p is unramified in K and also whenever p splits completely in k. The latter case is consider-
ably harder than the former and requires a minor auxiliary condition. Next, the conjecture
is established in [So2| whenever p 1 |G|. Results of A. Jones in [Jo| imply that a somewhat
stronger statement than IC'(K/k,p) follows from a certain case of the ETNC (see below).
Since the latter is known whenever K is abelian over QQ, the conjecture is then proven uncon-
ditionally. (For a direct proof in this case, not using the ETNC but imposing a mild condition
if k # Q, see [So2, Sec. 8|.) Finally, as a by-product of the computations in [RS2] (see below)
one gets actual proofs of IC(K/k,p) in a dozen cases not otherwise covered, all with k real
quadratic and p = 3 or 5.

We now assume that IC'(K/k,p) holds and ask what might replace the finer statement (33) in
the general case. The results of Jones mentioned above show that if the ETNC holds (so, in
particular, if K is absolutely abelian) then &(K/k), is contained in Fitt (Clm(K), ) where
Clyn(K) is a certain ray-class group. For more details and an unconditional result when p 1 |G|,
we refer to [So2], §4.2, §4.3 and Remark 6.2. The latter hints that the appearance of Cly,(K)
—rather than its quotient C1(K) — is explained by the imprimitivity of the L-functions making
up O (1). This does not lead to trivial zeroes as it does at s = 0 but still suggests enlarging
S(K/k), to 6(K/k),, say, using intermediate fields as in (27). The above-mentioned results
then prompt the

Question. — Does one have &(K/k), = Fitt (CU(K), ) whenever pipe(K) = puyoe (Kp) ™ ?

Here, p(K)p) denotes the R -module [[g pipo (Kq). (The given condition therefore fails,
for instance, whenever p, C K and |S,(K )| > 1 and one would like to relax it.) An obvious
first test is the extension K/Q(1/29) mentioned in Section 7, for which Greither and Kurihara
showed Stick(K/k), ¢ Fitty - (CI(K), ) when p = 3. Unpublished computations of X. Roblot
and the author show that indeed &(K/k), = &(K/k), = Fitt (CI(K), ) in this case (so
Stick(K/k), ¢ &(K/k),). However the above question is still open even for general abelian K
and k = Q. It is equally possible that some other enlargement of &(K/k),, perhaps analogous

to SKu(K/k),, should replace &(K/k),.
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9.2. The Map s5,: a Conjectural Explicit Reciprocity Law for ng. — Continuing to
assume that IC(K/k,p) holds, we now discuss a refinement in a different direction that makes
a connection between sy, ,, in the minus-part and the conjectural solution of SC(K T /k,S,n)
in the plus-part which was discussed in §4 and §5. As motivation, we first take K/k = Q((yt)/Q
and reformulate equations (30) and (31) using the notations and conventions of that example.
For any & € p,e we write Ind,:(€) for the unique element x € Z/p'Z such that C;f = ¢. Thus
the Hilbert symbol gives rise to a bilinear pairing

[olpe US(K+)><U1(K) — (Z/p'2)[G]
(34) (o, ) — Zlnd ( @, 98) Ky pt ) g !
geG

This ‘extends’ naturally so that the first (global) variable may lie in Z,) ® Us(K*) where
Z(yy denotes the local subring {a/b : a,b € Z,p t b} of Q. Since Us(K™) has no p-torsion,
Zpy @ Us(K™) injects into Q ® Us(K ™). Recall from Example 4.2 and Subsection 5.2 that
the canonical solution of SC(K*/Q,S,1) in Q® Us(K™) is

1
M xceie = 5 @ (1= 61— G

where w; is given by the inclusion KT <+ R. (The reader can check that this holds even
if p© = 3 when K™ = Q.) Since p # 2 we can therefore regard ns,k+/Q as an element of
Zpy @ Us(K *) and one checks easily that equations (30) and (31) amount to the congruence

(35) s,(u) = s, x+ /0 ulpr 0 (Z/p'Z)[G], for all u € U'(K,)

(Use the fact that (o, 8) ey ¢ = 1if a, 8 both lie in UY(K,)~ orin UY(K,)" so, in particular,
both sides of (35) vanish if u € U(K,)".)

The Congruence Conjecture of [So2| generalises (35) for K/k, p and S as considered in this
section with the additional assumption that p,, C K for some given ¢t > 1. Thus if @ = (csp)p
and 3 = (Byp)gp lie in K° we can regard (s, Oq) iy pt € Hpt (Kgp) as an element of pi,e for
each P and define

(OQB)Kp,pt = H (O“Bvﬁm)lﬁppt = H (6‘)37 O“B)[_{}p pt € Hpt
PESp(K) PESH(K)

Remark 9.1. — The second equality comes from the skew-symmetry of the Hilbert symbol.
It shows that if o lies in K™ (regarded as a subgroup of K, by the diagonal embedding) then
(@, B)k,pt = (wﬁ(al/pt)/al/pt)_l where a!/?" € K> and Yp € Gal(K®/K) is the image of
B under the composition of the natural embedding K < Id(K) with the global reciprocity
map Id(K) — Gal(K?*/K).

We now take a € Us(K™) and 8 € U'(K),) and define |, 8]+ € (Z/p'Z)[G] just as in (34)
but replacing (o, gf3) Ko pt DY (v, 98) K, pt for each g € G. Let Rk denote the homomorphism
Gal(Q/Q) — (Z/p'Z)* given by v(€) = £*0V) for all € € p,e. The restriction of & to Gal(Q/k)
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clearly factors through a homomorphism G — (Z/p'Z)* also denoted %. One checks that
[, B¢ is (Z-)bilinear and also G-semi-bilinear in the sense that

(36)  [gov, hBl,e = R(g)g ‘hla, Bl for all a € Us(K™), 8 € UYK)) and g,h € G

Taking g = h = ¢, one deduces [a,e” f],: = [a, ],:. Writing G* for Gal(K*/k) = G/(c), it
also follows from (36) that there exists a unique pairing

Hic/rpt * Nojg+ Us(KT) x N, UNEKy) — (Z/p'Z)[G]~

satisfying Hp /g pt(E1 A Aep, ur A Auy) = det ([g5,w] ) for any €1,...,&, € Us(K™)

il=1
and wuy,...,u, € U'(K,). Note also that Hic/kpt 18 Ry-linear in the second variable and
factors through the projection e~ onto /\%p UY(K,)™, just like Sk /kp- As before, we extend
it naturally so that the first variable may lie in Z,) ® /\%[G qU s(K™T).

For each i = 1,...,n the restriction of 7; to KT corresponds to real place w; lying above a
distinct place v; of k which splits in K*. Since S O Sp(k) U Sx (k) = Sp(k)U{v1,...,v,}, the
hypotheses of Conjecture SC(K*/k,S,n) are satisfied. We shall assume that it holds and has
canonical solution ng € Q ® /\%[Gﬂ Us(K™) w.r.t. the choice of places wy, ..., w,. We would
like to apply Hp gt to ng but for n > 2 we cannot simply treat the latter as an element of
Zpy ® Ngjg+ Us(KT). Indeed, if also p||G™| then the map vs : Zg,) ® Ajje+) Us(KT) — Q®
/\Z[Gﬂ Ug(K™) may not be injective. Furthermore, in these circumstances Rubin’s Conjecture
B’ does not imply ng € im(vg) (see §5.3). To get round this, we define in [So2, § 2.2| a
certain lattice Ag g = Ao s(K1/k) CQ® /\&[Gﬂ Us(K™) such that ZAg s contains im(vg),
and also a natural ‘extension’ Hy ¢ (there denoted ‘Hy . g,") of the pairing Hpp pt to
ZpyDo,s x Ny, UY(K,) such that for each 0 € A, UY(K,) the diagram

(37) Zip) ® Nzjg+ Us(K™)

HK/k,pt ('79)

vs (Z/p*Z)[G]

e pt (40)

Zp)Mo,s
commutes. (This follows from [So2, eq. (20)]. Note that the vertical map is an isomorphism
whenever p t |G|.) Finally, we show in [So2, Rem. 2.8] that the full version of Rubin’s
Conjecture B’ (for varying auxiliary sets 7') implies that ng lies in Z,)Ags (in fact, in
%AO,S). We can at last state the

Conjecture CC(K/k,p'). — Congruence Conjecture (with S = S,(k) U Spin)
Suppose that K/k, p and S are as in §8.2 and in addition that

(i) IC(K/k,p) holds,
(ii) ppe C K for somet > 1,
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(iii) SC(K™*/k,S,n) holds and the canonical solution ng w.r.t. the choice of places
Wy, .. Wy lies in Zy) Ao s

Then, for all 0 € /\;Lzp UYK,), we have the congruence

(38) 5p(9) = R(T1 ... Tn)HK/k,pt(nSye) in (Z/ptZ)[G]_
We recall that the choice of the coset representatives 7, ..., 7, affects both the definition
of 5, and of the places wi,...,w,, hence of ng. However, one checks easily that the factor

R(T1...7,) in (38) makes the Conjecture independent of this choice.

The motivation of both the Integrality and Congruence Conjectures came from the author’s
article in [BPSS]| although neither is explicitly mentioned there. Their statements appear first
in [So1| but that of the latter conjecture is rather awkward. An improved formulation appears
in [So2| for any S containing Sp(k) U Spmin but it is shown in Prop. 5.4 loc. cit. that this is
implied by the special case S = Sp(k) U Smin which is all we have given above. We summarise
the current evidence for CC(K/k,p'). Firstly, no connection with the ETNC is known but
in [So2| a generalisation of the Artin-Hasse law due to Coleman is shown to imply the CC in
the case k = Q, and also for K absolutely abelian (but with the same mild condition as for
the IC if k # Q). It is also shown that the congruence (38) holds as ‘0 = 0" whenever p 1 |G|
and 6 is a Zy,-torsion element. M. Bovey considered the case k = K, i.e. |G| = 2. The CC
is then trivial unless |S,(k)| = 1. In this case conditions (i) and (iii) hold and both the map
s, and the element ng can be written down in terms of certain S-class-numbers and S-units
of K and k etc. (See Rem. 4.5 for ng.) Nevertheless, the congruence (38) seems to be new
and unknown. A weakening of it is proven in [Bo|. A variant with p = 2 is also stated and
one congruence or the other is fully numerically verified in over 100 cases. Finally, in the case
where k is real quadratic but K /Q is not abelian, one cannot usually prove SC(K™/k,2)
but high-precision computation allows one to identify the solution ng with virtual certainty.
This was done in [RS2] allowing the verification of IC'(K/k,p) and CC(K/k,p') in nearly 50
such cases with varying p and t =1 or 2.

References

[AH] E. Artin and H. Hasse, ‘Die beiden Ergénzungssétze zum Reziprozititsgesetz der ["™-ten Poten-
zreste im Korper der [™-ten Einheitswurzeln’, Abh. Math. Sem. Univ. Hamburg, 6, (1928), p. 146-162.

[BG] D.Burns and C. Greither , ‘On the Equivariant Tamagawa Number Conjecture for Tate motives’,
Inventiones Mathematicae, 153 (2003), p. 303-359.

[Bo] M. Bovey, ‘Explicit reciprocity for p-units and a special case of the Rubin-Stark Conjecture’,
PhD. Thesis, King’s College London, 2009.

[BPSS] D. Burns, C. Popescu, D. Solomon, J. Sands eds.,‘Stark’s Conjectures: Recent Work and New
Directions’, Contemporary Mathematics 358, American Mathematical Society, 2004.

[Bu| D. Burns, ‘Congruences between Derivatives of Abelian L-functions at s = 0, Inventiones Math-
ematicae, 169 (2007), p. 451-499.

[C-N] Pi. Cassou-Nogués, ‘Valeurs aux Entiers Négatifs des Fonctions Zéta et Fonctions Zéta p-
Adiques’, Inventiones Mathematicae, 51 (1979), p. 29-59.

Publications mathématiques de Besangon - 2010



David Solomon 155

[Co] A. Cooper, ‘Some Explicit Solutions of the Abelian Stark Conjecture’, PhD. Thesis, King’s
College London, 2005.

[DR] P. Deligne and K. Ribet, ‘Values of Abelian L-functions at negative integers over totally real
fields’, Inv. Math. 59, (1980), p. 227-286.

[EP] C. Emmons and C. Popescu, ‘Special values of Abelian L-functions at s = 0’, Journal of Number
Theory 129, (2009), p. 1350-1365.

[GK] C. Greither and M. Kurihara, ‘Stickelberger elements, Fitting ideals of class groups of CM-fields
and dualisation’, Math. Zeitschrift 260, no. 4 (2008), p. 905-930.

[GP] C. Greither and C. Popescu, ‘Fitting ideals of ¢-adic realizations of Picard 1-motives and class
groups of curves over a finite field’, preprint, 2009.

[Grl] C. Greither, ‘Some cases of Brumer’s conjecture for abelian CM extensions of totally real fields’,
Math. Zeitschrift 233, (2000), p. 515-534.

[Gr2] C. Greither, ‘Determining Fitting ideals of minus class groups via the Equivariant Tamagawa
Number Conjecture’, Compositio Math., 143, no. 6 (2007), p. 1399-1426.

[Iw] K. Iwasawa, ‘On Some Modules in the Theory of Cyclotomic Fields’, J. Math. Soc. Japan, 20,
(1964), p. 42-82.

[Jo] A. Jones, ‘Dirichlet L-functions at s = 1’, PhD. Thesis, King’s College London, 2007.

[KM] M. Kurihara and T. Miura, ‘Stickelberger ideals and Fitting ideals of class groups for abelian
number fields’, preprint, 2009.

[Kul] M. Kurihara, ‘Iwasawa theory and Fittting ideals’, J. Reine Angew. Math. 561, (2003), p. 39-86.

[Ku2] M. Kurihara, ‘On the structure of ideal class groups of CM fields’, Documenta Mathematica
Extra Volume Kato (2003), p. 539-563

[La] S. Lang, ‘Algebraic Number Theory’, Graduate Texts in Math. 110, Springer-Verlag, New York,
1986.

[Ma] J. Martinet, ‘Character Theory and Artin L-functions’, in ‘Algebraic Number Fields’, A. Frohlich
ed., Academic Press, New York, 1977.

[MW] B. Mazur and A. Wiles, ‘Class fields of abelian extensions of Q’, Inventiones Mathematicae,
76 (1984), p. 179-330.

[No| D.G. Northcott, ‘Finite Free Resolutions’, Cambridge Tracts in Mathematics 71, CUP, 1976.

[PARI] C. Batut, K. Belabas, D. Bernardi, H. Cohen and M. Olivier, PARI/GP System, available at
http://pari.math.u-bordeaux.fr

[Po] C. Popescu, ‘Base Change for Stark-Type Conjectures “Over Z”’, J. Reine angew. Math., 542,
(2002), p. 85-111.

[RS1] X.-F. Roblot and D. Solomon, ‘Verifying a p-adic Abelian Stark Conjecture at s = 1’, Journal
of Number Theory 107, (2004), p. 168-206.

[RS2] X.-F. Roblot and D. Solomon, ‘Testing the Congruence Conjecture for Rubin-Stark Elements’,
preprint, 2008.

[Ru] K. Rubin, ‘A Stark Conjecture “Over Z” for Abelian L-Functions with Multiple Zeros’, Annales
de I'Institut Fourier 46, No. 1, (1996), p. 33-62.

[Sh1] T. Shintani, ‘On Evaluation of Zeta Functions of Totally Real Algebraic Number Fields at
Non-Positive Integers’, J. Fac. Sci. Univ. Tokyo, Sec. 1A, 23, no. 2 (1976), p. 393-417.

[Sh2] T. Shintani, ‘On certain ray class invariants of real quadratic fields’, J. Math. Soc. Japan, 30,
no. 1 (1978), p. 139-167.

[Si] C. L. Siegel, ‘Uber die Fourierschen Koeffizienten von Modulformen’, Nachr. Akad.Wiss Géttin-
gen, 3 (1970), p. 15-56.

[Sol] D. Solomon, ‘On Twisted Zeta-Functions at s = 0 and Partial Zeta-Functions at s = 1’, Journal
of Number Theory 128, (2008), p. 105-143.

Publications mathématiques de Besancon - 2010



156 Equivariant L-Functions at s =0 and s =1

[So2] D. Solomon, ‘Abelian L-Functions at s = 1 and Explicit Reciprocity for Rubin-Stark Elements’,
to appear in Acta Arith.

[So3] D. Solomon, ‘Some New Ideals in Classical Iwasawa Theory’, preprint, 2009.

[St] H. Stark, ‘L-Functions at s = 1 LILIILIV’, Advances in Mathematics, 7, (1971), p. 301-343, 17,
(1975), p. 60-92, 22, (1976), p. 64-84, 35, (1980), p. 197-235.

[Ta] J. T. Tate, ‘Les Conjectures de Stark sur les Fonctions L d’Artin en s = 0’, Birkh&user, Boston,
1984.

[Wa] L. Washington, ‘Introduction to Cyclotomic Fields’, 2nd Ed., Graduate Texts in Math. 83,
Springer-Verlag, New York, 1996.

[Wi] A. Wiles, ‘On a Conjecture of Brumer’, Annals of Math., 131, No. 3, (1990), p. 555-565.

February 26, 2010

Davib SorLoMON, Department of Mathematics, King’s College, Strand, London WC2R 2LS, U.K.
E-mail : david.solomon@kcl.ac.uk

Publications mathématiques de Besangon - 2010



