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LOCAL HEIGHTS OF TORIC VARIETIES OVER
NON-ARCHIMEDEAN FIELDS

by

Walter Gubler and Julius Hertel

Abstract. — We generalize results about local heights previously proved in the case of discrete
absolute values to arbitrary non-archimedean absolute values. First, this is done for the induc-
tion formula of Chambert-Loir and Thuillier. Then we prove the formula of Burgos—Philippon—
Sombra for the toric local height of a proper normal toric variety in this more general setting.
We apply the corresponding formula for Moriwaki’s global heights over a finitely generated field
to a fibration which is generically toric. We illustrate the last result in a natural example where
non-discrete non-archimedean absolute values really matter.

Résumé. — (Hauteurs locales des variétés toriques sur un corps ultramétrique complet) Nous
généralisons des résultats concernant les hauteurs locales prouvés précédemment pour une valua-
tion discréte au cas d’une valeur absolue ultramétrique quelconque. Nous traitons tout d’abord
le case de la formule de récurrence de Chambert-Loir et Thuillier. Ensuite nous généralisons la
formule de Burgos—Philippon—Sombra pour la hauteur locale torique d’une variété torique nor-
male propre. Nous appliquons la formule correspondante de Moriwaki pour les hauteurs globales
sur un corps de type fini au cas d’une fibration qui est génériquement torique. Nous illustrons ce
dernier résultat par un exemple naturel ou des valuations non discrétes jouent un role important.

Introduction

The height of an algebraic point of a proper variety X over a number field F' measures the
arithmetic complexity of its coordinates. It is a tool to control the number and distribution
of these points which is essential for proving finiteness results in diophantine geometry like
the theorems of Mordell-Weil and Faltings (see, for example, [5]). More generally, there is a
height of (sub-)varieties which might be seen as an arithmetic analogue of the degree used in
algebraic geometry. In [18], Faltings made this precise writing the height of X with respect
to a hermitian line bunde £ as an arithmetic degree using the arithmetic intersection theory
of Gillet-Soulé [21].
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Key words and phrases. — Toric geometry, local heights, berkovich spaces, Chambert-Loir measure, heights
of varieties over finitely generated fields.



6 Local Heights of Toric Varieties over Non-archimedean Fields

In the adelic language introduced by Zhang [44], a hermitian line bundle can be seen as a
line bundle L over X endowed with a smooth metric at every archimedean place and with
a metric induced by a global model of the line bundle for every non-archimedean place of
F. This flexible point of view allows to consider more generally semipositive (continuous)
metrics which are obtained from uniform limits of semipositive hermitian metrics or even
DSP metrics which are differences of these semipositive continuous metrics. A remarkable
application of Zhang’s heights is his proof of the Bogomolov conjecture for abelian varieties
over a number field in [45].

Following Weil and Néron, it is more convenient to define the height as a sum of local
heights. Here, “local” means that we consider the contribution of a fixed place and work over
the corresponding completion. Local heights of subvarieties can be studied for any field with
a given absolute value which was systematically done in [24, 25, 27]. By base change, we
may assume that our base field is an algebraically closed field K endowed with a non-trivial
complete absolute value. The local height )‘(fo, 50)n(Tms Sn)(X ) of the n-dimensional proper

)

variety X over K with respect to DSP-metrized line bundle Ly, ..., L, depends also on the

choice of non-zero meromorphic sections s; of L; for j = 1,...,n and is a well-defined real
number under the assumption that
(0.1) |div(sg)| N ---N|div(s,)| = 0.

In [14], Chambert-Loir introduced a measure c1(L1) A+ -+ Aci(Ly,) on the analytification X2,
It plays an important role for equidistribution theorems. For details about the theory of local
heights and Chambert-Loir measures, we refer to Section 1.

The main result in Section 1 is the following induction formula which generalizes a result of
Chambert-Loir and Thuillier [15, Thm. 4.1].

Theorem I (Induction formula). — Under the hypotheses above, the function log ||so|| is
integrable with respect to c1(L1) A -+ Aci(Ly) and we have

)\(ZO,SO),,,,,(ZH,Sn)(X) = )\(Zl,sl),,,,,(fmsn)(CYC(SO)) - /Xanl()g [[soll Cl(fl) ARERRA Cl(zn)
where cyc(so) is the Weil divisor associated to s.

In fact, we will show in Theorem 1.4.3 a more general result involving pseudo-divisors.
Chambert-Loir and Thuillier proved the formula under the additional assumptions that K
is a completion of a number field and sq,..., s, are global sections such that their Cartier
divisors intersect properly. The heart of the proof is an approximation theorem saying that
log ||so|| can be approximated by suitable functions log ||1|,, where || - ||, are formal metrics
on the trivial bundle Ox. To show this over any non-archimedean field K, we use techniques
from analytic and formal geometry.

In Section 2, we deal with local heights of toric varieties. Toric varieties are a special class
of varieties that have a nice description through combinatorial data from convex geometry.
So they are well-suited for testing conjectures and for computations in algebraic geometry.
Let K be any field, then a complete fan ¥ of strongly convex rational polyhedral cones
in a vector space INg ~ R™ corresponds to a proper toric variety Xy, over K with torus
T ~ Spec K[z1!, ..., z;!]. The torus T acts on Xy and hence every toric object should have
a certain invariance property with respect to this action in order to describe it in terms of
convex geometry. We recall the classical theory of toric varieties in Section 2.1.
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Walter Gubler and Julius Hertel 7

A support function on ¥, i.e. a concave function ¥: Ng — R which is linear on each cone of
> and has integral slopes, corresponds to a base-point-free toric line bundle L on Xy together
with a toric section s. Moreover, one can associate to ¥ a polytope Ay = {m € Mg | m > U}
in the dual space Mg of Ng. Then a famous result in classical toric geometry is the degree
formula:

degL(Xg) = n!volM(Aq,),
where vol,; is the Haar measure on My such that the underlying lattice M ~ Z" has covolume
one. As mentioned above, the arithmetic analogue of the degree of a variety with respect
to a line bundle is the height of a variety. Burgos, Philippon and Sombra proved in the
monograph [11] a similar formula for the toric local height. In the non-archimedean case, they
assume that the valuation is discrete. It is the goal of Section 1 to remove this hypothesis.
The problem is that the valuation ring is not noetherian and hence the usual methods from
algebraic geometry do not apply.
Let K be a field endowed with a non-trivial non-archimedean complete absolute value and
value group I' as a subgroup of R. Let Xy, be the proper toric variety over K associated to
the complete fan ¥ and let L be a toric line bundle on Xy together with any toric section s.
Let ¥ be the corresponding support function and let Ay be the dual polytope. In Section 2.2,
we recall the theory of toric schemes over the valuation ring K° given in [32]. In particular,
a strongly convex I'-rational polyhedral complex II induces a normal toric scheme 27 over
K°. Assuming that the recession cones in II give the fan X, the toric scheme 277 is a K°-
model of Xy. Generalizing the program from [11], we describe toric Cartier divisors on 27y in
terms of piecewise affine functions on II (see Section 2.3). To describe local heights, we may
additionally assume that K is algebraically closed. A continuous metric || - || on L is toric if
the function p — ||s(p)| is invariant under the action of the formal torus in T?". We will give
the following classification of toric metrics:

Theorem II. — Let V be a support function on 3. Then there is a bijective correspondence
between the sets of

(i) semipositive toric metrics on L;
(ii) concave functions 1» on Ng such that the function |¢p — U| is bounded;

(iii) continuous concave functions ¥ on Ay.

For the first bijection, one associates to the toric metric || - || the function 1) on Nr given by
¥(u) = log||s o trop~t(u)||, where trop: Ng — T?" is the tropicalization map from tropical
geometry (see 2.4.5). The second bijection is given by the Legendre—Fenchel dual from convex
analysis (see A.7).

This theorem was proven by Burgos, Philippon and Sombra in [11] if the absolute value on K
is discrete or archimedean. We will prove our generalization in Theorem 2.5.8. Essential for
the proof are characterizations of semipositive formal metrics developed in [33] and some new
results for strictly semistable formal schemes shown in Appendix B. Note that the concave
function ¢ = ¥ defines a canonical metric on L which will be used later.

In Theorem 2.5.10, we will show that the measure c1(L)"", induced by a semipositive toric
metrized line bundle L = (L, || - ||) on the n-dimensional proper toric variety Xy, satisfies the
following formula

trop, (c1(L)"") = nIMa (),
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8 Local Heights of Toric Varieties over Non-archimedean Fields

where v is the concave function given by || - || and Mjs(v)) is the Monge—Ampére measure of
Y (see A.17).

Now all ingredients from the program in [11] are generalized to show the formula for the local
toric height. Let Xy, be an n-dimensional projective toric variety over K and L a semipositive
toric metrized line bundle. Denote by L™ the same line bundle equipped with the canonical
metric. The toric local height of Xy, with respect to L is defined as

M (XD) = A E ) Tas) (X2) = Aoy oy (Xm),

geeey

where sg,...,s, are any invertible meromorphic sections of L satisfying the intersection
condition (0.1).

Theorem III. — Using the above notation, we have

)\%)r(Xg) = (n + 1)' A ﬁdVOlM,
v

where ¥: Ay — R is the concave function associated to (L, s) given by Theorem II.

A slightly more general version for a proper toric variety Xy will be shown in Theorem 2.6.6.
The proof is analogous to [11]. It is based on induction relative to n and uses the induction
formula (Theorem I) in an essential way.

In Section 3, we return to global heights. In [24], the notion of an M-field was introduced to
capture all situations where global heights occur. This is a field K together with a measure
space (M, p) of absolute values on K. The standard examples are number fields and function
fields, but the notion of M-field may be also used to study the characteristic function in
Nevanlinna theory which is an analogue of a global height according to Osgood and Vojta.
Let us consider a projective n-dimensional variety X over an M-field K satisfying the product
formula and a line bundle L on X. For v € M, we write X, and L, for the base change to
the completion C, of the algebraic closure of K. A DSP M-metric on L is a family of DSP
metrics || - ||, on Ly, v € M. Write L = (L, (|| - [|»)») and L, = (Ly, || - ||) for each v € M. We
consider now DSP M-metrized line bundles Lo, ..., L, on X assuming that the local heights

M — R, v»ﬁ)\( (Xy)

f0711780)7-”7(f’ﬂ,v7871)

are p-integrable for any choice of non-zero meromorphic sections sg, . . ., s, of L which satisfy
condition (0.1). Then the (global) height of X is defined as

bz, 2,0 = [ AT o (X0 dil0).

By the product formula, this definition is independent of the choice of sections. Using integra-
tion over all places, we give in Theorem 3.1.13 a global version of the induction formula. In
Section 3.1, the theory of global height is presented more generally for proper varieties over
an M-field. In the classical case of number fields or function fields, the above integrability
condition is always satisfied if the metrized line bundles are quasi-algebraic. The latter means
for L that up to finitely many places v € M, the metrics || - ||, are induced by a global model
of L. In Theorem 3.1.13, we give the induction formula for global heights.

In [40], Moriwaki defined the global height of a variety over a finitely generated field K over
Q as an arithmetic intersection number and generalized the Bogomolov conjecture to such
fields. As observed in [27, Ex. 11.22], this finitely generated extension has a 9i-field structure
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Walter Gubler and Julius Hertel 9

for a natural set of places 9 related to the normal variety B with K = Q(B). Burgos—
Philippon—Sombra proved in [12, Thm. 2.4] that the height of Moriwaki can be written as an
integral of local heights over 9. In Section 3, we will generalize their result as follows.

Let B be a b-dimensional normal projective variety over a global field F. We denote by K
the function field of B which is a finitely generated extension of F'. We define

m:=Yu || BE™,
vEMFE

where B(Y is the set of discrete absolute values corresponding to the orders in the prime
divisors of B and where B&°" is the set of absolute values induced by evaluating at generic
points of the analytification of B with respect to the place v of F. Note that the elements in
B&" may lead to non-discrete valuations.

Choosing quasi-algebraic metrized line bundles Hy, ..., H, on B, we can equip K with a
natural structure (91, u) of an M-field satisfying the product formula. Here, we assume that
the line bundles ﬁj are all nef which means that all the metrics are semipositive and that
the height of every algebraic point of B is non-negative. The measure p on 9 is given by the
counting measure on B and by p(v) ey (Hy, || - ||,) A Aci(Hy, || - ||,) on BE™ where pu(v)
is the weight of the product formula for F' in v. For more details, we refer to Section 3.2.
Let m: X — B be a dominant morphism of projective varieties over F' of relative dimension
n and denote by X the generic fiber of 7. Let Lo, ..., L, be semipositive quasi-algebraic line
bundles on X and choose any invertible meromorphic sections sq, . .., s, of Lo, ..., L, respec-
tively, which satisfy (0.1). These line bundles induce 9-metrized line bundles Lo, ..., L, on
X. We prove in Theorem 3.2.6:

Theorem IV. — The function M — R, w ATo150) e (F sn)(X), is p-integrable and
we have 7 Y

hﬂ*ﬁl,...,ﬂ*ﬁb,207.._’zn(X) :/ A

o (To.0,50)seos (T arysn) (X ) (W)

We will prove a more general version of this result in Theorem 3.2.6 where we also allow
proper varieties. Burgos—Philippon—Sombra have shown this formula in the case when F' = Q
and the varieties X, B and the occurring metrized line bundles are induced by models.
Then the measure p has support in the subset of 9t given by the archimedean and discrete
absolute values. The main difficulty in their proof appears at the archimedean place, where
well-known techniques from analysis as Ehresmann’s fibration theorem are used. In our proof,
the archimedean part and the part on B follow from their arguments, but the contribution
of B&™ for non-archimedean v is much more complicated as the support of p can also contain
non-discrete absolute values.

In Section 3.3, we will give the following application of the formula in Theorem III. This
was suggested to us by José Burgos Gil. In the setting of Theorem IV, let m: X — B be a
dominant morphism of projective varieties over a global field F' such that its generic fiber
X is an n-dimensional normal toric variety over the function field K = F(B). This field
is equipped with the 9-field structure induced by the metrized line bundles Hy, ..., Hy.
Assume that £y = --- = £,, = £ and that the induced semipositive 9-metrized line bundle
L is toric. Let s be any toric section of L and ¥ the associated support function. Then L
defines, for each w € M, a concave function J,,: Ay — R. Combining Theorems III and 1V,

Publications mathématiques de Besancon — 2017



10 Local Heights of Toric Varieties over Non-archimedean Fields

we will obtain in Corollary 3.3.4 the formula
he,,  wom, . o) = (n+ 1)!/ o () dvol(z) dp(w).
M J Ay

By means of this formula we can compute the height of a non-toric variety coming from a
fibration with toric generic fiber. It generalizes Corollary 3.1 in [12] where the global field is
Q and the metrized line bundles are induced by models over Z and hence only archimedean
and discrete non-archimedean places occur.

In Section 3.4, we will illustrate the formula in a special case with B an elliptic curve over
the global field F'. Then the canonical metric on an ample line bundle H = H; of B leads to
a natural example where non-discrete non-archimedean absolute values really matter.

Acknowledgements. — This is an extended version of the second author’s thesis. We are
very grateful to José Burgos Gil for suggesting us the application in Section 3.3 and for
his comments. We thank Jascha Smacka for proofreading and the referee for his helpful
comments. This research was supported by the DFG grant: SFB 1085 “Higher invariants”.

Terminology. — For the inclusion A C B of sets, A may be equal to B. The complement
is denoted by B\ A. A disjoint union is denoted by A LI B. A measure is a signed measure,
i.e. it is not necessarily a positive measure.

The set N of natural numbers contains zero. All occuring rings and algebras are commutative
with unity. For a ring R, the group of units is denoted by R*.

A variety over a field k is an irreducible and reduced scheme which is separated and of finite
type over k. The function field of a variety X over k is denoted by k(X ). For a proper scheme
Y over a field, we denote by Y™ the set of subvarieties of codimension n. A prime cycle on
Y is just a closed subvariety of Y.

By a line bundle we mean a locally free sheaf of rank one. For an invertible meromorphic
section s of a line bundle, we denote by div(s) the associated Cartier divisor and by cyc(s)
the associated Weil divisor. The support of div(s) is denoted by |div(s)].

A non-archimedean field is a field K which is complete with respect to a non-trivial non-
archimedean absolute value |- |. Its valuation ring is denoted by K° with valuation val:=
—log| - |, value group T':=val(K*) and residue field K := K°/K°°, where K°° is the maximal
ideal of K°.

For the notations used from convex geometry, we refer to Appendix A.

1. Local heights

In this section, we recall foundational notions and results for this work. In the first subsection,
we collect results about Berkovich spaces and admissible formal schemes in the sense of
Raynaud. In the next subsection, we will introduce formal and algebraic models of proper
algebraic varieties and their line bundles. The associated formal and algebraic metrics in
the sense of Zhang lead to local heights and Chambert-Loir measures. This is generalized
in Section 1.3 to semipositive continuous metrics on line bundles. The new results in this
section are in Section 1.4 where the induction formula for local heights of Chambert-Loir and
Thuillier is generalized to arbitrary non-archimedean fields.
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Walter Gubler and Julius Hertel 11

1.1. Analytic and formal geometry. — Let K be a non-archimedean field, i.e. a field

which is complete with respect to a non-trivial non-archimedean absolute value | - |. Its val-
uation ring is denoted by K°, the associated maximal ideal by K°° and the residue field by
K =K°/K*°.

In this subsection we recall some facts about the (Berkovich) analytification of a scheme X
of finite type over K and of an admissible formal K°-scheme X in the sense of Raynaud.

1.1.1. — The Tate algebra K(x1,...,x,) consists of the formal power series f =, a,x”
in K[xi,...,z,] such that |a,|] — 0 as |v| — oo. This K-algebra is the completion of
Kxy,...,zy] with respect to the Gaul norm || f|| = max, |a,|.

A K-affinoid algebra is a K-algebra A which is isomorphic to K(x1,...,x,)/I for an ideal I.
We may use the quotient norm from K(z1,...,z,) to define a K-Banach algebra (A, | - ||).
The presentation and hence the induced norm of an affinoid algebra is not unique but two
norms on A are equivalent and thus they define the same concept of boundedness.

1.1.2. — The Berkovich spectrum .# (A) of a K-affinoid algebra A is defined as the set of
multiplicative seminorms p on A satisfying p(f) < || f|| for all f € A. It only depends on
the algebraic structure on A. As above we endow it with the coarsest topology such that the
maps p — p(f) are continuous for all f € A and we obtain a nonempty compact space.

Roughly speaking, a Berkovich analytic space is given by an atlas of affinoid Berkovich spec-
tra. For the precise definition, we refer to [2]. Note that we here only consider analytic spaces
which are called strict in [2]. We need mainly the following construction related to algebraic
schemes:

1.1.3. — First let X = Spec(A) be affine. The analytification X" is the set of multiplicative
seminorms on A extending the absolute value |-| on K. We endow it with the coarsest
topology such that the functions X*" — R, p — p(f) are continuous for every f € A. The
sheaf of analytic functions O xan on X?" gives X" the structure of a Berkovich analytic space
(see [1, §3.4] and [11, §1.2]).

1.1.4. — For any scheme X of finite type over K we define the analytification X?" as a
Berkovich analytic space by gluing the affine analytic spaces obtained from an open affine
cover of X. For a morphism ¢ : X — Y of schemes of finite type over K we have a canonical
map ¢ : X" — Y2 defined by ¢*(p) :=p o ¢f on suitable affine open subsets.

The analytification functor preserves many properties of schemes and their morphisms. An
analytic space X?" is Hausdorff (resp. compact) if and only if X is separated (resp. proper).
For more details, we refer to [1, §3.4].

The analytification of a formal scheme is more difficult because at first we need arbitrary
analytic spaces.

1.1.5. — We call a K°-algebra A admissible if it is isomorphic to K° (z1,...,x,) /I for
an ideal I and A has no K°-torsion (or equivalently A is K°-flat). If A is admissible, then
I is finitely generated. A formal scheme X over K° is called admissible if there is a locally
finite covering of open subsets isomorphic to formal affine schemes Spf(A) for admissible
K°-algebras A.

Then the generic fiber X" of X is the analytic space locally defined by the Berkovich spectrum
of the K-affinoid algebra A = A ® o K. Moreover we define the special fiber X of X as the
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12 Local Heights of Toric Varieties over Non-archimedean Fields

K-scheme locally given by Spec(A/K°°A), i.e. X is a scheme of locally finite type over K
with the same topological space as X and the structure sheaf (’)% =0x Qo K.

There is a reduction map red : X*" — X assigning each seminorm p in a neighborhood
M (A ko K) to the prime ideal {a € A|p(a ® 1) < 1}/K°°A. This map is surjective and
anti-continuous. If X is reduced, then red coincides with the reduction map in [1, 2.4]. In this
case, for every irreducible component V' of %, there is a unique point &y € X" such that
red(&y) is the generic point of V' (see [1, Prop. 2.4.4]).

1.1.6. — Assume that K is algebraically closed and let X = Spf(A) be an admissible formal
affine scheme over K° with reduced generic fiber X", but not necessarily with reduced special
fiber. Let A = AQko K be the associated K-affinoid algebra and let A° be the K°-subalgebra
of power bounded elements in 4. Then X’ :=Spf(A°) is an admissible formal scheme over K°
with X’2" = X2" and with reduced special fiber X'. The identity on the generic fiber extends
to a canonical morphism X’ — X whose restriction to the special fibers is finite and surjective.
By gluing, these assertions also hold for non-necessarily affine formal schemes. For details,
we refer to [25, Prop. 1.11 and 8.1].

1.1.7. — Let Z be a flat scheme of finite type over K° with generic fiber X and 7 some non-
zero element in K°°. Locally we can replace the coordinate ring A by the m-adic completion
of A and get an admissible formal scheme Z over K° with special fiber equal to the special
fiber 2 of 2. The generic fiber 2 denoted by X°, is an analytic subdomain of X?"
locally given by

{p € (Spec A @ K)*" | p(a) <1Vae A}.
If 2 is proper over K°, then X° = X®" and the reduction map is defined on the whole of
X If 2 s reduced, then each maximal point of 2 has a unique inverse image in X°. We
refer to [32, 4.9-4.13] for details.
If K is algebraically closed and X is reduced, then the construction in 1.1.6 gives us a formal
admissible scheme X over K° with generic fiber X*"* = X° and with reduced special fiber kS
such that the canonical morphism X — 2 is finite and surjective.

1.2. Metrics, local heights and measures. — From now on, we assume that the non-
archimedean field K is algebraically closed. This is no serious restriction because we can
always perform base change to the completion of the algebraic closure of any non-archimedean
field and local heights and measures do not depend on the choice of the base field.

Let X be a reduced proper scheme over K and L a line bundle on X. This defines a line
bundle L*" on the compact space X?".

In this subsection, we introduce algebraic (resp. formal) models of X and L and their associ-
ated algebraic (resp. formal) metrics on L*". After introducing metrized pseudo-divisors, we
can study local heights of subvarieties and Chambert-Loir measures.

Definition 1.2.1. — A metric || - || on L is the datum, for any section s of L*" on a open
subset U C X", of a continuous function ||s(-)[|: U — Rx>q such that

(i) it is compatible with the restriction to smaller open subsets;

(ii) for all p € U, ||s(p)|| = 0 if and only if s(p) = 0;
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Walter Gubler and Julius Hertel 13

(iii) for any A € Oxan(U) and for all p € U, ||(As)(p)]| = |A(p)] - ||s(p)]]-

On the set of metrics on L we define the distance function
d(l - [, 1 1) == sup_[log(llsp(@)1I/llsp ()]
peXan
where s, is any local section of L?" not vanishing at p. Clearly, this definition is independent
of the choices of the s,. The pair L:=(L,|| -||) is called a metrized line bundle. Operations
on line bundles like tensor product, dual and pullback extend to metrized line bundles.

Definition 1.2.2. — A formal (K°-)model of X is an admissible formal scheme X over
K° with a fixed isomorphism X*" ~ X&' Note that we identify X*" with X" via this
isomorphism.

A formal (K°-)model of (X, L) is a triple (X, £, e) consisting of a formal model X of X, a line
bundle £ on X and an integer e > 1, together with an isomorphism £ ~ (L®¢)2" When
e =1, we write (X, £) instead of (X, £,1).

Definition 1.2.3. — To a formal K°-model (X, £,¢e) of (X, L) we associate a metric || - ||
on L in the following way: If Ll is a formal trivialization of £ and if s is a section of L?*" on
430 guch that s®¢ corresponds to A € Oxan (U) with respect to this trivialization, then

s()Il = IA(p)["/*
for all p € 42", A metric on L obtained in this way is called a Q-formal metric and, if e =1,
a formal metric
Such a Q-formal metric is said to be semipositive if the reduction £ of £ on the special fiber
X is nef, i.e. we have degE(C) > 0 for every closed integral curve C' in X.

1.2.4. — The dual, the tensor product and the pullback of (Q-)formal metrics are again
(Q-)formal metrics. Furthermore, the tensor product and the pullback of semipositive
Q-formal metrics are semipositive.

1.2.5. — Every line bundle L on X has a formal K°-model (X, £) and hence a formal
metric || - ||. For proofs of this and the following statements we refer to [25, §7]. Since K is
algebraically closed and X is reduced, we may always assume that X has reduced special fiber
(see 1.1.6). Then the formal metric determines the K°-model £ on X up to isomorphisms,
more precisely we have canonically

(1.1) L) =A{s € L™ ™) [ s(p)| <1V p € 4}
for each formal open subset i of X.

Definition 1.2.6. — An algebraic K°-model 2  of X is a flat and proper scheme over
K° together with an isomorphism of the generic fiber of 2" onto X. An algebraic K°-model
(2, Z,e) of (X,L) consists of a line bundle .# on an algebraic K°-model 2~ of X and a
fixed isomorphism .Z|x = L°.

As in Definition 1.2.3, an algebraic model (2°,.Z,e) of (X, L) induces a metric || - || on L,
called algebraic metric. Such a metric is said to be semipositive if, for every closed integral
curve C in the special fiber 2", we have deg o (C) > 0.

The following result of Gubler and Kiinnemann [33, Cor. 5.12] shows that, on algebraic
varieties, it is always possible to work with algebraic in place of Q-formal metrics.
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14 Local Heights of Toric Varieties over Non-archimedean Fields

Proposition 1.2.7. — Let L be a line bundle on a proper variety X over K and let || - ||
be a metric on L. Then, | - || is Q-formal if and only if || - || is algebraic.

1.2.8. — A metrized pseudo-divisor Don X isa triple D :=(L,Y, s) where L is a metrized
line bundle, Y is a closed subset of X and s is a nowhere vanishing section of L on X \ Y.
Then (O(D),|D|,sp):=(L,Y,s) is a pseudo-divisor in the sense of [20, 2.2]. In contrast to
Cartier divisors, we can always define the pullback of a metrized pseudo-divisor Don X by
a proper morphism ¢: X’ — X, namely

9" D:=(p"0(D), ¢~ 'D],*sp).

Example 1.2.9. — Let L be a metrized line bundle on X and s an invertible meromorphic
section of L, i.e. there is an open dense subset U of X such that s restricts to a non-vanishing
section of L on U. Then the pair (L, s) determines a pseudo-divisor

d/l;(s) = (Z, | diV(S)|, 5‘X\|div(s)\> )

where |div(s)| is the support of the Cartier divisor div(s).

Every real-valued continuous function ¢ on X" defines a metric on the trivial line bundle Ox
given by ||1|| = e”¥. We denote this metrized line bundle by O(y). Then we get a metrized
pseudo-divisor O(p) :=(O(p), 0, 1).

1.2.10. — Let Dy, ..., D; be metrized pseudo-divisors with Q-formal metrics and let Z be
a t-dimensional cycle on X with

(1.2) |Do|N---N|D N |Z| = 0.

Note that condition (1.2) is much weaker than the usual assumption that Do, e Dy intersect
properly on Z, that is, for all I C {0,...,t}, each irreducible component of Z N(;c; |D;| has
dimension ¢ — |I].

For Q-formal metrized pseudo-divisors there is a refined intersection product with cycles on
X developed in [25, §8] and [27, §5]. By means of this product, one can define the local height
)‘Do,..-,!f)t(Z) as the real intersection number of Dy, ..., D; and Z on a joint formal K°-model.

For details, we refer to [25, §9] and [27, §9]. If K° is a discrete valuation ring with value group
I' = Z and all the K°-models are algebraic, then we can use the usual intersection product.

Proposition 1.2.11. — The local height N(Z):=Xp,  p (Z) is characterized by the fol-
lowing properties:

(i) It is multilinear and symmetric in Dy, ..., D; and linear in Z.

(ii) For a proper morphism ¢: X' — X and a t-dimensional cycle Z' on X' satisfying
| Dol N -+~ |Dg| N |p(Z2")] = 0, we have

A‘P*ﬁ07~--a@*ﬁt (Z/) = Af)g,...,f),g ((p*Z/) :

(iii) Let N (Z) be the local height obtained by replacing the metric || - || of Do by another
Q-formal metric || - || If the Q-formal metrics of D1, ..., D, are semipositive and if Z
1s effective, then

(1.3) INZ) =N <Al I, 11 1) - dego(pyy... o) (Z)m.
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Proof. — The properties (i) and (ii) follow from [27, Thm. 10.6] and the last property follows
from the metric change formula in [27, Rem. 9.5]. O

1.2.12. — If Z is an algebraic K°-model of X, then there is a K°-model % of X with
reduced special fiber and a proper K°-morphism % — 2 which is the identity on X. This
follows from [9, Thm. 2.1'].

Moreover, let L, L’ be algebraic metrized line bundles on X induced by algebraic K°-models
(2, %, e) and (27,2, ¢€') respectively. Taking the closure 2" of X in 2" xgo 2’ and
pulling back ., ¥’ to 2", we obtain models inducing the same metrics on L and L’ but
living on the same model 2.

Hence, we can always assume that .Z and £’ live on a common model with reduced special
fiber. The same holds for formal models, see 1.1.6.

For global heights and archimedean local heights of subvarieties there is an induction for-
mula which can be taken as definition for the heights (see [10, (3.2.2)] and [27, Prop. 3.5]).
A. Chambert-Loir has introduced a measure on X" such that an analogous induction formula
holds for non-archimedean local heights (cf. [14, 2.3]).

Definition 1.2.13. — Let L;, i = 1, ...,d be Q-formal metrized line bundles on the reduced
proper scheme X over K of dimension d. By 1.2.12, there is a formal K°-model X of X with
reduced special fiber and, for each i, a formal K°-model (X, £;,¢;) of (X, L;) inducing the
metric of L;. We denote by X the set of irreducible components of the special fiber X. Then
we define a discrete (signed) measure on X" by

_ — 1
Cl(Ll) JANRERIVAN Cl(Ld) = el Z deg}fl,...,Ed(V) . (55‘/,

€e1... po
Vex()

where d¢,, is the Dirac measure in the unique point £ € X*" such that red(&y) is the generic
point of V' (see 1.1.5).
More generally, let Y be a t-dimensional subvariety of X, then we define

ci(Li) A~ Aer(Lg) Ady =i (cl(flyy) AREEWA Cl(ft’Y))a

where i: Y3 — X3 is the induced immersion. We also write ¢y (L1) . .. c1(L;)dy. This measure
extends by linearity to t-dimensional cycles.

1.2.14. — This measure is multilinear and symmetric in metrized line bundles. Moreover,
the total mass of c1(L1) A---Aci(L¢) Ady equals the degree degy, 1, (Y), and it is a positive
measure if the metrics of the L; are semipositive.

Proposition 1.2.15 (Induction formula). — Let ﬁo,...,ﬁt be Q-formal metrized
pseudo-divisors and let Z be a t-dimensional prime cycle with |Do| 0 --- N |Dy| N |Z] = 0.
If|Z) € |Dyl, then let sp, z = sp,|z, otherwise we choose any non-zero meromorphic section
spyz of O(Dy)|z. Let Y be the Weil divisor of sp, z considered as a cycle on X. Then we
have

A5 D) = Apyy (V) = [ 108 8021 1(@(D0)) -+ A ea(@(Di-1) A bz

Proof. — This follows from [27, Rem. 9.5] and Definition 1.2.13. O
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16 Local Heights of Toric Varieties over Non-archimedean Fields

Remark 1.2.16. — 1If |Z| C |Dy|, one might wonder why the left hand side depends on
the metrized pseudo-divisor ﬁt, which does not play a role on the right hand side, where
however an arbitrarily chosen meromorphic section of O(D;)|z occurs. This is closely related
to the refined intersection products of pseudo-divisors on formal K°-models given in [27, §5]

and the dependence of the choice of the meromorphic section fizzles out by the condition
|Do|N-+-N|Di_1| N |Z] = 0.

1.3. Semipositivity. — It would be nice if we could extend local heights to all continuous
metrics. Although the Q-formal metrics are dense in the space of continuous metrics, this
is not possible because the continuity property (1.3) in Proposition 1.2.11 only holds for
semipositive Q-formal metrics. Following Zhang, we extend the theory of local heights to limits
of semipositive Q-formal metrics which is important for canonical metrics and equidistribution
theorems.

Let X be a proper variety over an algebraically closed non-archimedean field K.

Definition 1.8.1. — Let L = (L,||-||) be a metrized line bundle on X. The metric || - || is
called semipositive if there exists a sequence (|| - || )nen of semipositive Q-formal metrics on
L such that

Jim d(]] - [|n, || - [[) = 0.

In this case we say that L = (L, || - ||) is a semipositive (metrized) line bundle. The metric
is said to be DSP (for “difference of semipositive”) if there are semipositive metrized line
bundles M, N on X such that L = M @N"'. Then L is called a DSP (metrized) line bundle

as well.

Remark 1.3.2. — If || - || is a Q-formal metric, then [33, Prop. 7.2] says that || - | is
semipositive in the sense of Definition 1.2.3 if and only if || - || is semipositive as defined in
Definition 1.3.1. So there is no ambiguity in the use of the term semipositive metric. This
answers the question raised in [11, Rem. 1.4.2].

1.8.8. — The tensor product and the pullback (with respect to a proper morphism) of
semipositive metrics are again semipositive. The tensor product, the dual and the pullback
of DSP metrics are also DSP.

1.3.4. — By means of Proposition 1.2.11, we can easily extend the local heights to DSP
metrics. Concretely, let Y be a t-dimensional prime cycle and D; = (L, || - |li, | Dil, ), @ =
0,...,t, acollection of semipositive metrized pseudo-divisors on X with |Dg|N---N|D¢|NY = 0.
By Definition 1.3.1, there is, for each ¢, an associated sequence of semipositive Q-formal
metrics || - ||;» on L; such that d(|| - |lin, || -]i) = 0 for n — co. Then we define the local height
of Y with respect to Dy, ..., D; as

(1.4) Aoy 00 (Y 3= AL -l Dol,s0), oL ol Delse) (V)

n—oo

This does not depend on the choice of the approximating semipositive formal metrics and
extends to cylces. For details, see [24, §1] or [26, Thm. 5.1.8].

Let Z be a t-dimensional cycle of X and (L;,s;), i = 0,...,t, DSP metrized line bundles
on X with invertible meromorphic sections such that |div(sg)| N ---N|div(sy)| N |Z] = 0. By
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Example 1.2.9, we obtain DSP metrized pseudo-divisors Ei;(si), 1=0,...,t. Then, we denote
the local height by

(15) )\(30750)7"'7(3757575) (Z) = )\(TRI(SO)V'W(%;(SO (Z) ’

Proposition 1.3.5. — Let Z be a t-dimensional cycle of X and Do, ... ,ﬁt DSP metrized
pseudo-divisors on X with |Do| N --- N |Dy| N |Z| = 0. Then there is a unique local height
ANZ):= A b f?t(Z) € R satisfying the following properties:

(i) If Do, ..., Dy are Q-formal metrized, then X(Z) is the local height of 1.2.10.
(i) A(Z) is multilinear and symmetric in Dy, ..., D; and linear in Z.

(iii) For a proper morphism ¢: X' — X and a t-dimensional cycle Z' on X' satisfying
| Dol N -0 Dy N |p(Z2)] = 0, we have
! !
Apt Do D\ Z) = Ay 0, (P2 27) -
In particular, )\DO D, (Z) does not change when restricting the metrized pseudo-divisors

to the prime cycle Z.

(iv) Let N (Z) be the local height obtained by replacing the metric |1l of Do by another DSP
metric || - ||. If the metrics of Du, ..., Dy are semipositive and if Z is effective, then

IMZ) = X2 <d(l- 111 ) - degopyy,.. .oy (£) -

(v) Let f be a rational function on X and let Dy = div(f) be endowed with the triv-
ial metric on O(Dy) = Ox. If Y = > pnpP is a cycle representing D;..... D..Z €
CHo (|[D1| N -0 [De| N |Z]), then

=Y np-log|f(P)|.
7

Proof. — This follows immediately from Proposition 1.2.11 and the construction in 1.3.4 and
is established in [27, Thm. 10.6]. O

Similarly, there is a generalization of Chambert Loir’s measures to semipositive and DSP line
bundles:

Proposition 1.3.6. — Let Y be a t-dimensional subvariety of X and L; = (L | - ||s),

i=1,...,t, semipositive line bundles. For each i, let (||-||in)nen be the corresponding sequence
of Q-formal semipositive metrics on L; converging to || - ||;. Then the measures
cr (L, ||+ i) A Aea(Lels [ flem) A Sy

converge weakly to a reqular Borel measure on X*". This measure is independent of the choice
of the sequences.

Proof. — This follows from [29, Prop. 3.12].

Definition 1.8.7. — Let Y be a t-dimensional subvariety of X and L; = (L;, | - |; ) =
1,...,t, semipositive line bundles. We denote the limit measure in 1.3.6 by cy(L1) A --- A
c1(Ly) A dy or shortly by c1(Ly)...c1(L¢)dy. By multilinearity this notion extends to a t-
dimensional cycle Y of X and DSP line bundles L1, ..., L;.

O
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18 Local Heights of Toric Varieties over Non-archimedean Fields

Chambert Loir’s measure is uniquely determined by the following property which is taken as
definition in [29, 3.8].

Proposition 1.3.8. — Let Ly, ..., L; be DSP line bundles on X and let Z be a t-dimensional
cycle. For j = 1,...,t we choose any metrized pseudo-divisor ﬁj with @(Dj) = fj, for
example D; = (L, X,0).

If g is any continuous function on X, then there is a sequence of Q-formal metrics (|| - ||n)nen
on Ox such that log||1||;;! tends uniformly to g for n — co and

g . Cl(zl) /\ A /\ Cl(zt) /\ 6Z = lim A(OX1||'||7L7®71)7D17---1ﬁt (Z) .

Xan n—0o0
Proof. — By [25, Thm. 7.12], the Q-formal metrics are dense in the space of continuous
metrics on Ox. This implies the existence of the sequence (|| - ||n)nen. The second part
follows from [29, Prop. 3.8]. O

Corollary 1.8.9. — Let Z be a cycle on X of dimension t and let Dy, ...,D; be DSP
metrized pseudo-divisors with |Do|N---N|D¢|N|Z| = 0. Replacing the metric ||-|| on O(Dy) by
another DSP metric ||-||', we obtain a metrized pseudo-divisor E. Then g:=1og(||sp,|/|lsp, ")
extends to a continuous function on X and

Abo,.0Z) = Appy.p,(Z) = | 9 c1(O(D1)) A+ Aer(O(Dy)) Aoz
Proof. — Clearly g defines a continuous function on X and the claim follows easily from
Proposition 1.3.8. U

Proposition 1.3.10. — Let Z be a t-dimensional cycle of X and Li,...,L; DSP line
bundles. Then the measure c1(L1) A--- Aci(Ly) A dz has the following properties:

(i) It is multilinear and symmetric in L1,...,L; and linear in Z.

(i) Let p: X' — X be a morphism of proper schemes over K and Z' a t-dimensional cycle
of X', then

O (cl(cp*fl) A Aer(p*Ly) A 5Z’) =ci(Li) A+ Aer(Ly) A,z -

(iii) If the metrics of Ly, ..., Ly are semipositive, then ci(L1) A---Aci1(Ly) NSz is a positive
measure with total mass degr, 1, (Z).

Proof. — We refer to Corollary 3.9 and Proposition 3.12 in [29]. d

Remark 1.3.11. — In the archimedean case, i.e. for K = C, there is a similar theory of
local heights and Chambert-Loir measures as presented above. Formal metrics are replaced by
smooth metrics, semipositivity means positive curvature. Then uniform limits of semipositive
smooth metrics lead to semipositive continuous metrics on the complex analytification of the
line bundle. The DSP metrics are defined as above and we get Chambert-Loir measures as
before. All of the above properties remain valid. For details, we refer to [31].
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1.4. Induction formula for DSP local heights. — It is quite difficult to generalize the
induction formula from Proposition 1.2.15 to DSP line bundles. In the case of a discrete
valuation (or an archimedean place) and properly intersecting Cartier divisors on a projective
variety, this was done by Chambert-Loir and Thuillier in [15, Thm. 4.1]. The goal of this
subsection is to generalize their result to any proper variety X over an algebraically closed
non-archimedean field K. Note that, once the algebraically closed case is settled, invariance
of the local heights by base change gives the induction formula for any non-archimedean field.

Theorem 1.4.1 (Approximation theorem). — Let L be a line bundle on X endowed
with a semipositive formal metric || - || and let s be a global section of L on X which does not
vanish identically. Then there is a sequence (|| - ||n)nen of formal metrics on the trivial bundle
Ox with the following properties:

(i) The sequence (log||1]|;1), oy converges pointwise to log||s| ™! and it is monotonically
increasing.

(ii) For each n € N, the formal metric || - ||/|| - ||n on L is semipositive.

Over a complete discrete valuation ring and for a projective variety X, this was proven
by Chambert-Loir and Thuillier [15, Thm. 3.1]. We will use a similar, but more analytic
approach.

Proof. — We fix some non-zero element 7 in K°° and define, for each n € N, the strictly
analytic domains

(L6)  Ayi=fre X™ | [|s@@)] > ="} and B,:={re X™ | [|s(2)] < |="]}.

By 1.2.5, the formal metric || - || on L is given by a (finite) G-covering {U;}icr of X*" by
strictly affinoid domains and non-vanishing regular sections t; € L*"(U;) with ||¢;|| = 1. We
refer to [6, §9] for the G-topology on rigid analytic varieties and to [2, §1.6] for the transition
to Berkovich analytic spaces. Let g;; = t;/t; € O(U; N U;)* be the transition functions.
Then the nowhere vanishing restrictions s|y,n4, may be identified with regular functions
fi € O(U; N Ay,)* satisfying f; = gi;f; on U; NU;j N Ay,. There is a unique continuous metric
|-, on Ox with
1)l = max ], ||}

Since the functions ffl e OU;NA,), 7™ € O(U; N By,) are local frames of Oxan on a G-
covering of X?" by strictly affinoid domains and since these frames have norm 1 with respect

to || - |,,, it follows from 1.2.5 that || - ||, is a formal metric on Ox. By construction, we have
sl on Ap,

(1.7) =91 !
|7|™  on B,.

Clearly, the sequence (log |[1]|,; 1)n€N is monotonically increasing and converges pointwise to
log ||s||~*. This proves (i).

To prove (ii), we show that, for each n € N, the formal metric ||- ||/, :==||-]|/]| - ||» is semipositive
on L ® Oy! = L. Note that

s 1 on Ay,
(1.8) sl = 20— { i
1] |s|| - |7=™ on By,
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20 Local Heights of Toric Varieties over Non-archimedean Fields

For the G-covering {U; N A,,U; N By }ier of X2 by strictly affinoid domains, there exists
a formal K°-model X, of X*" and a formal open covering {l; »,%;, }icr of X, such that
U, =U;N A, and 07, =U; N By, (see [8, Thm. 5.5]). We may assume that X,, has reduced
special fiber (cf. 1.2.12). Then, by 1.2.5, the formal metric || - ||/, is associated to the formal
K°-model (£, %,) of (X, L) given by

(1.9) (W) = {re LW [|Ir(@)]l, <1Vazeu™}

on a formal open subset il of X,,. Therefore, we can consider s as a global section of £/ as
we have ||s|l;, = ||s|ln/[[1]ln < 1.

Let C' C X, be a closed integral curve. If s doesn’t vanish identically on C, then
degg, (C) = deg(c1(£},).C) = deg(div(s|c)) > 0.

If s vanishes identically on C, let B,, be the union of the formal open subsets (; ,)icr. Then
it follows from (1.6) and (1.8) that %B,, = red(B,) contains C. By passing from the G-covering
{Ui}ier to the refinement {U;NA,,, U;N By, }ier and using the frame ¢; with ||¢;]| = 1 on U;N A,
and on U; N By, we see again from 1.2.5 that the formal metric || - || is given by a K°-model
£, on X,,. Moreover, £, satisfies a similar formula as in (1.9) with || - || replacing | - |/,. We
get an isomorphism £,|s, = £ |s, given by r — 7™ - r. By assumption, the formal metric
| - || is semipositive and hence £, is nef. Since B,, is a neighborhood of C, we obtain

degz, ()= degg (C)>0.

This implies the semipositivity of || - ||/|| - || proving (ii). O
Corollary 1.4.2. — We use the notations from the approzimation Theorem 1.4.1 and in
addition, we consider semipositive line bundles L1, ..., Li_1 on the t-dimensional proper va-
riety X. Let p be a (signed) Radon measure on X2 such that, for every formal metric || - ||’
on Ox,
(1.10) lim / log 1] - e1 (Ox, || - ) e1(T1) ... c1(Tet) :/ log 1] - .

n—o0 J xan Xan
Then the sequence (cl(OX,H . Hn)cl(fl)...cl(ft_l)) . of measures on X*" converges

n

weakly to .

Proof. — We define v:=cy(L,| - ||)c1(L1)...c1(Ls—1) and, for each n € N, we set p, :=
c1(Ox, || - lln)c1(L1) .. .c1(Li—1). Then, by the approximation Theorem 1.4.1 and Proposi-
tion 1.3.10 (iii), the measures

V— lup = C1 (L, ||”H”n> Cl(fl) e Cl(zt_l)

are positive with finite total mass degy , r, ,(X) independent of n. By linearity, the
equation (1.10) also holds for any Q-formal metric on Ox. By [25, Thm. 7.12], the space
{—log||1]" | || -|I" Q-formal metric on Ox} is dense in C(X?"). An easy application of the
triangle inequality shows that

lim f-(V—,un)Z/Xanf'(V_M)

n—oo [ xan

for any f € C(X?®"). This proves the claim. O
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Theorem 1.4.3 (Induction formula). — Let Z be a t-dimensional prime cycle on X and
let Do = (Lo, |Dol, 50), - -, Ds = (L, | Dt 5¢) be DSP pseudo-divisors with |Do| N --- N |Dy| N
|Z| = 0. If |Z| € |Dy|, then let sz :=si|z, otherwise we choose any non-zero meromorphic
section sz of Li|z. Let cyc(sy z) be the Weil divisor of s; 7 considered as a cycle on X.
Then the function log ||s¢ z|| is integrable with respect to c1(Lo)A -+ A c1(Li—1)A 8z and we
have

(L11) Ap 5, (Z)=Ap, b, (cyelsyz)) — /Xan log [|st,z]| - c1(Lo)A - -+ Aci(Li-1) A dz.

Remark 1.4.4. — If Ly, ..., L; have Q-formal metrics, then this result is just Proposi-
tion 1.2.15. It is also evident if L; is the trivial bundle and hence, log ||s z|| is a continuous
function on Z. The difficulties of the general case arise from the relation between the limit
process defining the measure, and the singularities of the function log ||s¢ z||.

Our proof is based on [15, Thm. 4.1] where the formula is demonstrated under the additional
assumptions that X is projective over a complete discrete valuation ring and sq,...,s; are
global sections with associated Cartier divisors intersecting Z properly. As explained at the
beginning of our proof, our more general setting of pseudo-divisors satisfying |Dg|N---N|D¢|N
|Z| = () can be reduced to the projective situation with properly intersecting global sections.
So the main difficulty is to deal with a non-discrete valuation where the main ingredient is
now our generalization of the approximation theorem.

The induction formula 1.4.3 also holds in the archimedean case, i.e. for K = C. Indeed, this
was proven by Chambert-Loir and Thuillier in the projective situation described above and
extends to our setting as explained above.

Proof of Theorem 1.4.3. — By Proposition 1.3.5 (iii), we may assume that X = Z, especially
s¢ = 8¢ z. Furthermore, we can suppose that X is projective by Chow’s lemma and functo-
riality of the height (Proposition 1.3.5). We denote the crucial difference of local heights
by

A

(1.12) A(Do, ..., D)= Xp, 5 (X)=Ap,  p,  (cye(st)).

First note that A(Dy, ..., D;) depends continuously on the metrics (| - llg>---1l - 1l) by the
metric change formula 1.3.9. If all the metrics are formal, then the induction formula 1.2.15
holds and hence a continuity argument shows that A(f?o, ce ﬁt) only depends on Ly, ...,
L1 and D,. In fact, it is easy to see that

A A

Az T, (Dy) == A(Dy, ..., Dy)

makes sense for any DSP metrized line bundles Lo, ..., L; 1 and any metrized DSP pseudo-
divisor D; by choosing (generic) pseudo-divisors Dy, ..., D;_1 for Ly, ..., Li_1 with |Do| N
-+ N |D¢| = 0. By Proposition 1.3.5(i), Afo,...,ft_1(Dt) is multilinear in (Lo, ..., Ly_1, Dy).
Using this and projectivity, we may assume that Lg,...,L; are very ample, s; is a global
section and the metrics are semipositive.

Note that —log||s:|| is a measurable function on X?". In the following, we will integrate it
with respect to positive Radon measures on X" allowing the value oo for the integral, the
value —oo is out of question as the function is bounded from below and X®" is compact. To

Publications mathématiques de Besancon — 2017



22 Local Heights of Toric Varieties over Non-archimedean Fields

prove the theorem, it is enough to show that
(1.13) Ap, 7. (D) =— /X log |[st]l - ¢1(To) A - - A cr(Ter)

which implies also integrability of —log ||s¢||. The metric change formula 1.3.9 shows that the
last metric || - ||, may be assumed to be a semipositive formal metric. Using generic hyperplane
sections of Ly, ..., L;_1, we may assume that the local heights in the theorem and in (1.12)
are with respect to very ample pseudo-divisors Dy, ..., Dy which intersect properly.

We prove by induction on k € {0,...,t} that the theorem holds if L; is a formally metrized
line bundle for i > k. The case k = 0 is just the induction formula for formal metrics (see
Proposition 1.2.15). We assume that the statement holds for k£ and demonstrate it for k + 1.
In the following we fix a semipositive formal metric || -||" on Li. We denote the corresponding
metrized line bundle by M), and the metrized pseudo-divisor (My, |Dg|, sx) by E).. Then we
can extend ¢y, :=log ||si||'—log || sx|| to a continuous function on X" and Ox (¢x) ::fk®M,;1
is a DSP line bundle whose underlying line bundle is trivial. To emphasize that the following
line bundles are equipped with formal metrics, we will use M; := L; and E; := D; for i =
k+1,...,t. Since My, ..., M;_; are formally metrized line bundles, our induction hypothesis
implies

(114) /Xam log HStH - C1 (fo) ...C1 (fkfl) Cl(ﬁk) NN Cl(Mt—l)

= ADg Do BB CYES)) = Ap by i (X

If we apply the change of metrics formula 1.3.9 twice in (1.14) to replace Ey, by ﬁk, then
the same computation as in the proof of [15, Thm. 4.1] shows that (1.13) is equivalent to the
claim

/Xﬁn @k - C1 (fg) e cl(fk,l) Cl(MkJrl) e Cl(Mt)
= /Xan (Vo) Cl(fo) e Cl(fk—l) C1 (Mk’—i-l) ...C1 (Mt—l)écyc(st)

—/Xan 1og ||s¢]l - e1(O(or)) e1(Lo) - - - e (1) c1 (Mppq) - .. c1(My_y).

Using our reduction steps at the beginning, we can apply the approximation theorem 1.4.1:
Let (|| - [|n)nen be a sequence of formal metrics on Oy such that the functions g, :=log ||1]|,,*
tend pointwise to log||s¢||~!, the sequence (gn)nen is monotonically increasing and
(Ox,|| - |n) is a DSP line bundle. Applying Lebesgue’s monotone convergence theorem and
using Proposition 1.3.8 and 1.3.10 (i), we obtain

/Xan 10g ||St||71' C1 (O(gok)) cl(fo) ‘e cl(fk_l) C1 (Mk—i-l) ...C1 (Mt—l)

= lim gn - c1(O(er)) c1(Lo) - .. c1(Lg—1) c1(Mpp1) ... c1(My_1)

n—oo Xan

= lim A4 ~ . . . "
n—oo  O(gn),0(0k),Do,...;Dg—1,Ex 41, Fr—1
= lim A5 (X)

n=o0 O(pr),0(gn), Do D1, B i1, Br—1

= lim /Xan Yoy 01(0)(, H . Hn) Cl(ZO) .. .Cl(fk,l)cl(MkJrl) .. -Cl(Mt—l)-

n—oo
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For o5, =log(|| - 1./ - |lx), this shows that (1.13) is equivalent to the claim

n—oo

(1.15) lim /Xan Lk - Cl(OX, H . Hn) Cl(Z()) .. .Cl(zk_l) Cl(Mk—i-l) e Cl(Mt_1)

= / Pk - (Cl(fo) . Cl(zk—l) Cl(Mk—H) . Cl(Mt)
Xan

- Cl(zl) .. .cl(fk,l) Cl(MkJﬂ) ce Cl(Mt—l)(Scyc(st)) :

The induction hypothesis implies that equation (1.15) always holds if || - ||3./]| - ||x is a formal
metric. But then Corollary 1.4.2 says that this equation is also true if ¢y, is only continuous.
This shows the induction formula (1.11) and therefore the integrability of log ||s;|| with respect
to CI(LO)'--CI(Lt—l)- O

Corollary 1.4.5. — Let Ly,...,L, be DSP-metrized line bundles on the n-dimensional
proper variety X over K and let'Y be any proper closed subset of X endowed with the induced

reduced structure. Then Y has measure zero with respect to the measure c1(L1)A...Acy(Ly)
on X",

Proof. — By Chow’s lemma and Proposition 1.3.10(ii), we may assume that X is projective.
Then Y is contained in the support of an effective pseudo-divisor (L, |div(s)|,s). By the
induction formula, the function log||s|| ! is integrable with respect to c1(L1)A...Ac1(Lyn_1),
but it takes the value +o0o on |div(s)|*". Thus |div(s)|*" and the subset Y*" have measure

zero with respect to the measure ci(Li) A ... Aci(Ly,) on X", O
Corollary 1.4.6. — Let Ly, ..., L, be semipositive metrized line bundles on the n-dimen-
stonal proper variety X over K. Fori=1,...,m, let s; be a non-trivial meromorphic section

of a DSP-metrized line bundle M; with DSP-metric || - ||;. Then ¢ := max;log||s;||; is inte-
grable with respect to the measure p := c1(L1) A ... Ac1(Ly) and the function (L, ..., Ly,) —

Jxan @ dp is continuous with respect to uniform convergence of the semipositive metrics on
the fized line bundles L1, ..., L,.

Proof. — Using Chow’s lemma, we may assume that X is projective. We first handle the
case m = 1. Then it follows from Theorem 1.2.15 that log ||s|| is u-integrable and that we
may write [yan @dp as a difference of two local heights. Then continuity with respect to
uniform convergence of the metrics follows from the similar property of local heights (see
Proposition 1.3.5 (iv)).

Now we deal with the case m > 2. Let H be an ample line bundle on X. Using that M; is
the difference of M; ® H* and H* and both are very ample for k sufficiently large, we deduce
easily that s; = t;/t for t; € I'(X, M; ® H¥) and t € T'(X, H*). Moreover, we may assume
that the same k and that the same denominator ¢ work for all ¢ = 1,...,m. We endow H
with any DSP-metric and M; ® H* with the tensor metric. Using the case m = 1 handled
above, it is enough to show the claim for the function max;log [|t;|;. Hence we may assume
that all s; are global sections.

Using the case m = 1, we deduce that ¢ is a maximum of p-integrable functions and hence
¢ is also p-integrable. Since all the s; are now global sections, there is C € R such that
log ||s;i|li < ¢ < C forany i =1,...,m. A sandwich argument and the case m = 1 yield that ¢
is continuous with respect to uniform convergence of the semipositive metrics Ly, ..., L,. O
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2. Metrics and local heights of toric varieties

In this section, we study local heights of proper toric varieties with respect to line bundles
endowed with toric metrics. We generalize the program of Burgos—Philippon-Sombra [11,
Ch. 4], where they assumed to a large extend that valuations are discrete, to arbitrary non-
archimedean fields. In the first two sections, we recall the classical theory of toric varieties
and the theory of toric schemes from [32]. The first new results come in Section 2.3 where
we describe Cartier divisors on toric schemes in terms of piecewise affine functions. In Sec-
tion 2.4, we recall toric metrics, tropicalizations and the Kajiwara—Payne compactification.
In Section 2.5, the main result is the characterization of semipositive toric metrics in terms
of concave functions. Moreover, we give a formula for the Chambert-Loir measure of a semi-
positive toric metric in terms of the associated Monge—Ampeére measure. Finally, we prove in
Section 2.6 the formula for toric local heights explained in Theorem III of the introduction.

2.1. Toric varieties. — We give a short overview of the theory of (normal) toric varieties
over a field K following closely the notation in [11, 3.1-3.4]. For details, we refer to [16, 19, 38].
Let M be a free abelian group of rank n and N := M" :=Hom(M,Z) its dual group. The
natural pairing between m € M and u € N is denoted by (m,u) :=u(m). We have the split
torus T := Spec(K[M]) over a field K of rank n. Then M can be considered as the character
lattice of T and N as the lattice of one-parameter subgroups. For m € M we will write x™
for the corresponding character. If G is an abelian group, we set Ng = N ®7z G. In particular,
Nr = N ®z R is an n-dimensional real vector space with dual space M.

Definition 2.1.1. — Let K be a field and T a split torus over K. A (T-)toric variety is an
irreducible variety X over K containing T as a (Zariski) open subset such that the translation
action of T on itself extends to an algebraic action p: T x X — X.

2.1.2. — There is a nice description of normal toric varieties in combinatorial data. At first
we have a bijection between the sets of

(i) strongly convex rational polyhedral cones o in Ng,
(ii) isomorphism classes of affine normal T-toric varieties X over K.

This correspondence is given by o — U, = Spec(K[M,]), where K[M,] is the semigroup
algebra of

My,=0"NM={meM]|(m,u) >0V ucoa}.
The action of T on U, is induced by

K[My] = K[M] @ K[M,], X" = X" @x™.

More generally, we consider a fan ¥ in Ng (Definition A.4). If 0,0’ € %, then U, and U,
glue together along the open subset U,n,. this leads to a normal T-toric variety

Xy = Us.
oED

This construction induces a bijection between the set of fans ¥ in N and the set of isomor-
phism classes of normal toric varieties Xy with torus T.
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2.1.3. — Many properties of normal toric varieties are encoded in their fans, for example:

(i) A normal toric variety Xy is proper if and only if the fan is complete, i.e. |X|:=Uyex 0 =
Ng.

(ii) A normal toric variety Xy is smooth if and only if the minimal generators of each cone
o € ¥ are part of a Z-basis of V.

2.1.4. — Let Xy be the normal toric variety of the fan ¥ in Nr. Then there is a bijective
correspondence between the cones in ¥ and the T-orbits in Xs.. The closures of the orbits in
X have the structure of normal toric varieties what we describe in the following: For ¢ € ¥
we set

N(o)=N/(NnNnco), M(s)=N(o)" = Mnot, O(o) = Spec(K[M(0)]),

where o1 denotes the orthogonal space to o. Then O(c) is a torus over K of dimension
n — dim(o) which can be identified with a T-orbit in Xy via the surjection

mif 1
K[M,] — K[M(o)], x™w—s (Y "7
0 otherwise.

We denote by V(o) the closure of O(¢) in Xx. Then V(o) can be identified with the normal
O(o)-toric variety Xy, which is given by the fan

(2.1) Yo)={r+(Nno)g|T€X, 7D}
in N(o)r = Nr/ (N No)p.
Definition 2.1.5. — Let X, i = 1,2, be toric varieties with dense open torus T;. We say

that a morphism ¢: X1 — Xy is toric if ¢ maps Ty into T and ¢|r,: Ty — Ty is a group
morphism.

2.1.6. — Any toric morphism ¢: X7 — X, is equivariant, i.e. we have a commutative
diagram
Ty x X; —> X,
<p|1r1wi J{so
Ty x X; 2> Xo,

where p; and pg denote the torus actions.
Toric morphisms can be desribed in combinatorial terms.

2.1.7. — For i = 1,2, let N; be a lattice with associated torus T; = Spec K[N,'] and let ¥;
be a fan in N; . Let H: N; — N3 be a linear map which is compatible with ¥, and ¥9. That
is, for each cone o1 € X1, there exists a cone o9 € Yo with H(o1) C 09. Then H induces
a group morphism T; — Ts of tori and, by the compatibility of H, this group morphism
extends to a toric morphism pg: X5, — X5,.
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We fix N;, T; and X;, i = 1,2, as above. Then the assignment H — ¢y induces a bijection
between the sets of

(i) linear maps H: N7 — Ny which are compatible with ¥; and 3o;
(ii) toric morphisms ¢: X5, = X5,.
A toric morphism ¢p: Xy, — Xy, is proper if and only if H~1(|3s]) = [X4].

Definition 2.1.8. — A T-Cartier divisor on a T-toric variety X is a Cartier divisor D
on X which is invariant under the action of T on X, i.e. we have pu*D = p5D denoting by
p: T x X — X the toric action and by p2: T x X — X the second projection.

Torus-invariant Cartier divisors on a normal T-toric variety X = Xy can be described in
terms of support functions:

Definition 2.1.9. — A function V: |¥X| — R is called a virtual support function on X,
if there exists a set {my}secx of elements in M such that, for each cone o € X, we have
U(u) = (mgy,u) for all u € o. It is said to be strictly concave if, for maximal cones o, 7 € 3,
we have m, = m, if and only if ¢ = 7. A support function is a concave virtual support
function on a fan.

2.1.10. — Let ¥ be a virtual support function given by the data {m,},ex. Then ¥ deter-
mines a T-Cartier divisor

Dy :={(Uss X™™) Jpex

on Xy. The map ¥ — Dy is an isomorphism between the group of virtual support functions
on ¥ and the group of T-Cartier divisors on Xs. The divisors Dy, and Dy, are rationally
equivalent if and only if W; — W5 is linear.

Definition 2.1.11. — Let X be a toric variety. A toric line bundle on X is a pair (L, z)
consisting of a line bundle L on X and a non-zero element z in the fiber L, of the unit point
xg of Ug = T. A toric section is a rational section s of a toric line bundle which is regular
and non-vanishing on the torus Uy and such that s(zg) = z.

2.1.12. — Let D be a T-Cartier divisor on a normal toric variety Xy. Then there is an
associated line bundle O(D) and a rational section sp such that div(sp) = D. Since the
support of D lies in the complement of T, the section sp is regular and non-vanishing on
T. Thus, D corresponds to a toric line bundle (O(D), sp(z)) with toric section sp. This
assignment determines an isomorphism between the group of T-Cartier divisors on X and
the group of isomorphism classes of toric line bundles with toric sections.

Let ¥ be a virtual support function on Y. This function corresponds bijectively to the iso-
morphism class of the toric line bundle with toric section ((O(Dw), spy (z0)), Spy ), Which we
simply denote by (Ly, sy).

Note that a line bundle with a toric section admits a unique structure of a T-equivariant line
bundle such that the toric section becomes T-invariant. Conversely, any T-equivariant toric
line bundle has a unique toric section which is T-equivariant (see [11, Rem. 3.3.6]).
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2.1.13. — Let Xy, be a T-toric variety. We denote by Pic(Xy) the Picard group of X5 and
by Divy(Xy) the group of T-Cartier divisors. Then we have a short exact sequence of abelian
groups

M — DiV'H‘(XE) — PlC(Xz) — 0,
where the first morphism is given by m ~— div(x"™). In particular, every toric line bundle
admits a toric section and, if s and s’ are two toric sections, then there is an m € M such
that s’ = xs.

2.1.14. — Let Dy be a T-Cartier divisor on a normal toric variety Xs. Then the associated
Weil divisor cyc(sy) is invariant under the torus action. Indeed, let £(1) be the set of one-
dimensional cones in ¥. Each ray 7 € X(!) gives a minimal generator v; € 7 N and a
corresponding T-invariant prime divisor V(1) on Xy (see 2.1.4). Then we have

(2.2) cyc(sy) = Z —U (v )V (7).

rex()
2.1.15. — We describe the intersection of a T-Cartier divisor with the closure of an orbit.
Let ¥ be a fan in Ng and ¥ a virtual support function on ¥ given by the defining vectors
{m;}+ex. Let o be a cone of ¥ and V(o) the corresponding orbit closure. Each cone 7 = o
corresponds to a cone 7 of the fan (o) defined in (2.1). Since m; — my|, = 0, we have
m; —my € M(0) = M Not. Thus, the defining vectors {m, — Mg frex(o) gives us a well-
defined virtual support function (¥ —m,)(o) on %(0).
When V|, # 0, then Dy and V(o) do not intersect properly. But Dy is rationally equivalent
to Dy, and the latter divisor properly intersects V(o). Moreover, we have Dy, |v (o) =
D(y—m,)(s)- For details, we refer to [11, Prop. 3.3.14].

We end this subsection with some positivity statements about T-Cartier divisors. For this,
we consider a complete fan ¥ in Ng and a virtual support function ¥ on ¥ given by the
defining vectors {ms }sex.

2.1.16. — Many properties of the associated toric line bundle O(Dy) are encoded in its
(virtual) support function.

(i) O(Dy) is generated by global sections if and only if ¥ is concave;
(ii) O(Dy) is ample if and only if ¥ is strictly concave.

If ¥ is concave, then the stability set Ay from A.7 is a lattice polytope and {x™}menmna, is
a basis of the K-vector space I'( Xy, O(Dy)). Moreover, we have in this case

(2.3) dego(py)(Xx) = nlvoly(Ag).

2.1.17. — Assume that V¥ is strictly concave or equivalently that Dy is ample. We use
the notations and statements from A.20. Then the stability set A:= Ay is a full dimensional
lattice polytope and X coincides with the normal fan XA of A. Thus, a facet F' of A correspond
to a ray op of ¥ and we can reformulate (2.2),

cyc(sy) = Z —(Fyvp) V(or),
F

where the sum is over the facets F' of A and where v is the primitive inner normal vector
to F' (see A.21).
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2.1.18. — Assume that VU is concave, i.e. Dy is generated by global sections. Then A = Ay
is a (not necessarily full dimensional) lattice polytope. We set

M(A)=MnNLay, N(A)=M(A)Y =N/(NNLx),

where L denotes the linear subspace of Mg associated to the affine hull aff(A) of A. We
choose any m € aff(A) N M. Then, the lattice polytope A — m is full dimensional in L =
M(A)g. Let ¥ A be the normal fan of A —m in N(A)r (see A.20). The projection H: N —
N(A) is compatible with ¥ and XA and so, by 2.1.7, it induces a proper toric morphism
p: Xy — X5,. We set A’ = A —m and consider the function
Un: N(A)g — R, wur—— min (m/,u).
m/eA’

This is a strictly concave support function on ¥A. By 2.1.16, the divisor Dy, is ample and,

(2.4) Dy = ¢"Dy,, +div(x™™).

2.2. Toric schemes over valuation rings of rank one. — In this subsection we summa-
rize some facts from the theory of toric schemes over valuation rings of rank one developed
in [32] and [35].

Let K be a field equipped with a non-archimedean absolute value |-|. Then we have a valuation
ring K° with valuation val:= —log| | of rank one and a value group I' :=val(K*). As usual,
we fix a free abelian group M of rank n with dual N. Then we denote by Tg the split torus
Tg = Spec (K°[M]) over S = Spec(K°) with generic fiber T = Spec(K[M]) and special fiber
T 7 = Spec(K[M]) over the residue field K.

Definition 2.2.1. — A (Tg-)toric scheme is an integral separated S-scheme £~ such that
the generic fiber 27, contains T as an open subset and the translation action of T on itself
extends to an algebraic action Tg xg Z~ — Z over S.

Note that by [32, Lem. 4.2] a toric scheme 2 is flat over S and the generic fiber 2, is a
T-toric variety over K.

Definition 2.2.2. — Let X be a T-toric variety and 2 a Tg-toric scheme. Then 2 is
called a (Tg-)toric model of X if it comes with a fixed isomorphism 2; ~ X which is the
identity on T. If 2" and 2" are toric models of X and a: 2" — 2" is an S-morphism, we
say that a is a morphism of toric models if its restriction to T is the identity.

2.2.3. — A T'-admissible cone o in Ngr x R>¢ is a strongly convex cone which is of the form
k
o= ﬂ{(u,r) € Ng X Rxq | (mj,u) +1;-r >0} withm; e M, ; €eT,i=1,...,k.
i=1

For such a cone o, we define

K[M]"::{ > amx™ € K[M] (m,u>—|—val(am)-r>0V(u,r)GJ}.
meM

This is an M-graded K°-subalgebra of K[M] which is an integrally closed domain. Hence,
we get an affine normal Tg-toric scheme %, := Spec(K[M]?) over S. It is finitely generated
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as a K°-algebra if and only if the following condition (F) is fulfilled:

(F) The value group T is discrete or the vertices of o N (Ng x {1})

are contained in Np x {1}.

Hence %, is of finite type if and only if (F) holds. If I' is discrete or divisible, then (F) is
always satisfied.

2.2.4. — Afanin Ng xR is called I'-admissible if it consists of I'-admissible cones. Given
such a fan i, the affine Tg-toric schemes %, 0 € i, glue together along the open subschemes
corresponding to the common faces as in the case of toric varieties. This leads to a normal
Ts-toric scheme

(2.5) 3542, - U U,
cex

over S. It is universally closed if and only if ¥ is complete, i.e. \i[ = Nr x R>¢ (see [32,
Prop. 11.8]).

2.2.5. — We have the following generalization of the classification of toric varieties over a
field: By [35, Thm. 3|, ¥ 25, defines a bijection between the sets of

(i) I'-admissible fans in Ng x R>o whose cones satisfy condition (F),
(ii) isomorphism classes of normal Tg-toric schemes of finite type over S.

In this case, 25 is proper over S if and only if ¥ is complete.

2.2.6. — It is also possible to describe toric schemes in terms of polyhedra in Ng. Let o be
a cone in Ng x R>q. For r € R>(, we set

opr:={u € Ng | (u,r) € o}.

Then o — o1 defines a bijection between the set of I'-admissible cones in Nr x R>(, which are
not contained in Ny x {0}, and the set of strongly convex I'-rational polyhedra in Ng. The
inverse map is given by A — c(A), where c(A) is the closure of Ryg(A x {1}) in Ng x R>o.

2.2.7. — Let ¥ be a I'-admissible fan. Then we have two kinds of cones o in 3

(i) If o is contained in Ng x {0}, then K[M|” = K[M,,]. Hence, %, is equal to the toric
variety Uy, associated to the cone og (see 2.1.2) and it is contained in the generic fiber
of Zx.

b

(ii) If o is not contained in Ng x {0}, then A := 0 is a strongly convex I'-rational polyhedron
in Ng. It easily follows that K[M]? is equal to

K[M]A::{ > amx™ € K[M] <m,u>+val(am)20VueA}.

meM

Thus, %, equals the Tg-toric scheme % := Spec(K[M]*). The generic fiber of %y = %,
is identified with the T-toric variety Uy, = Upee(a)-
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We set X :={0g|o € ¥} and II:={0; |0 € £}. Then ¥ is a fan in Nk and II is a D-rational
strongly convex polyhedral complex in Ng. Now we can rewrite the open cover (2.5) as

(2.6) %’i = U U, U U U
cEX A€ll
using the same gluing data. The generic fiber of this toric scheme is the T-toric variety Xx

associated to X, i.e. %i is a toric model of Xs.

2.2.8. — If the value group I is discrete, then the special fiber % is reduced for 2" := 25
if and only if the vertices of all A € II are contained in Nr. If the valuation is not discrete,
then % is always reduced (see [32, Prop. 7.11 and 7.12)).

2.2.9. — Conversely, if we start with an arbitrary I-rational strongly convex polyhedral
complex II, we can’t expect that

c(I) :={c(A) | A e IT} U {rec(A) x {0} | A € IT}

is a fan in Ng x R>¢. Burgos and Sombra have shown that the correspondence II — c(II)
gives a bijection between complete I'-rational strongly convex polyhedral complexes in Ng
and complete I'-admissible fans in Ng x R>g (see [13, Cor. 3.11]). We set 211 := Z1) and
we identify the generic fiber 271, with the toric variety Xiec(m)-

We end this subsection with a description of the orbits of a toric scheme. As in 2.2.7, we
consider a I'-admissible fan ¥ with associated fan ¥ :={og |0 € ¥} in Nr and with associated
polyhedral complex I1:={0; | o € X} in Ng.

Notation 2.2.10. — For A € 11, let Ly be the R-linear subspace of Ny associated to the
affine space aff(A). We set

N(A) = N/(NNLy), M(A)=N(A)Y=MnLy,
generalizing the notation in 2.1.4. Furthermore, we define
M(A)={me M(A) | (m,u) e YueA}, widetildeN(A)=M(A)".

Because of the I-rationality of A, the lattice M(A) is of finite index in M(A). We define the
multiplicity of a polyhedron A € II by

(2.7) mult(A) = [M(A) : M(A)].

Let A’ € IT and A a face of A’. The local cone (or angle) of A" at A is defined as
ZAN):={t(u—v)|ue AN veAt>0}.

This is a polyhedral cone.

There is a bijection between torus orbits of 3&% and the two kinds of cones in & corresponding
to cones in Y as well as polyhedra in II.

First, the cones in ¥ correspond to the T-orbits on the generic fiber Xy via 0 — O(o) as
in 2.1.4. We denote by (o) the Zariski closure of O(c) in Z5. Then ¥/(0) is a scheme of

relative dimension n — dim(o) over S. Moreover, we have 7 < ¢ if and only if O(c) C #/(7).
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Proposition 2.2.11. — Using the notation above, there is a canonical isomorphism from
¥ (0) to the Spec(K°[M (0)])-toric scheme over K° associated to the T-admissible fan % (o) :=
{(me xidr.,)(v) | v € ¥, v D o} in N(o)r X R>g. The associated polyhedral complex 11(o)
in N(o)r = Nr/ (N Na)y is given by

II(o) = {A +(NNo)p ‘A € II, rec(A) D O’}.

Proof. — This follows from [32, Prop. 7.14]. O

The polyhedra of II correspond to the T ;-orbits on the special fiber of ‘%i' This bijective
correspondence is given by

O: A — red(trop L (xi A)),
where red is the reduction map from 1.1.7, trop is the tropicalization map from 2.4.5 and
ri(A) is the relative interior of A from A.1l. For details, we refer to [32, Prop. 6.22 and 7.9)].
For A € II, we denote by V(A) the Zariski closure of O(A) in 25. Then V/(A) is contained
in the special fiber of 25 and has dimension n — dim(A). For A, A’ € IT and o € %, we have

(2.8) A=A < OWN)CV(A) and o =<rec(A) < O(A) C ¥ (o).

Proposition 2.2.12. — The variety V (A) is equivariantly (but non-canonically) isomorphic

to the Spec(K[M (A)])-toric variety over K associated to the fan

(2.9) M(A) = {Z(AA) + Ly | A €T, A D A}

in N(M)r = N(A)g = Ng/ (N NLp)g.

Proof. — This is [32, Prop. 7.15]. O
2.2.13. — In particular, there is a bijection between vertices of II and the irreducible com-

ponents of the special fiber of %i- For each v € TI°, the component V (v) is a toric variety

over K with torus associated to the character lattice {m € M | (m,v) € T'} and given by the
fan II(v) = {R>o(A' —v) | A" € I, A’ 5 v} in Ng.

2.3. Toric Cartier divisors on toric schemes. — We extend the theory of T-Cartier
divisors to the case of toric schemes over a valuation ring of rank one. This generalizes [11,
§3.6] where the case of discrete valuation is handled and which we use as a guideline. We
keep the notations of the previous subsection.

Definition 2.3.1. — A Tg-Cartier divisor on a Tg-toric scheme 2 is a Cartier divisor D
on 2 which is invariant under the action of Tg on 27, i.e. we have p*D = p5D denoting by
u: Tg x 2 — Z the toric action and by py: Tg x 2 — 2 the second projection.

In the following, we consider the Tg-toric scheme 2" given by a I'-admissible fan Y in Ng x
R>o with associated fan ¥:={op|c € ¥} in Nr and with associated polyhedral complex
II:={01|0 € ¥} in Ny as in 2.2.7.

2.8.2. — A function 1 : |§]] — R is called a I'-admissible virtual support function on Y if
for every o € X, there is m, € M and [, € I' such that

(2.10) Y(u,r) = (Mg, u) + lyr
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for all (u,r) € 0. By restriction to 9 = ¥ (resp. X1 = II), we get a virtual support function
1o on X (resp. a [-rational piecewise affine function ¢ on II).
Conversely, suppose that we have (mg,l,) € M x R for every o € ¥ satisfying the condition

(2.11) (Mg, u) + lor = (Mg, u) + lpr for all (u,r) € 0N o’ and all 0,0" € 3.

Then it is clear that (2.10) defines a I-admissible virtual support function on 3.

On each open subset %, the vector (m,,l,) determines a rational function o 1x~™< where
o, € K* is any element with val(ay) = l,. For o,0" € 3, condition (2.11) implies that this
function is regular and non-vanishing on %, N %, = %sn.'- By construction {02/0}065 is an
open covering of 2. Thus, 1 defines a Cartier divisor

(2.12) Dy = {(%,05x ™)}

where a, € K* is any element with val(a,) = l5. The divisor Dy, only depends on 1) and not
on the particular choice of the defining vectors and elements «,. It is easy to see that D, is
Tg-invariant.

oex’

Theorem 2.8.3. — Let & be a T-admissible fan in Ngr x R>q with corresponding Tg-toric
scheme 2" = Z5.

(i) The assignment ¥ — Dy, is an isomorphism between the group of I'-admissible virtual
support functions on X and the group of Tg-Cartier divisors on 2 .

(i) The divisors Dy, and Dy are rationally equivalent if and only if ' — 1 is affine.

For the proof, we need the following helpful lemma.

Lemma 2.3.4. — Let 0 aI'-admissible cone in Ng XxR>q. Then for each Tg-Cartier divisor
D on %, we have

D = div(ax™)
for some m € M and oo € K*.

Proof. — Using the decomposition (2.6), we may assume that %, = %, for A € II with
c(A) = o as the case 0 € ¥ is well-known. Let us consider the K°-algebra A:=0Og, (%) =
K[M]* and the fractional ideal I :=T(%y, O, (—D)) of A. Since D is Tg-invariant, the K°-
module [ is graded by M, i.e. we can write I = @,,cprs Im, wWhere I, is a K°-submodule
contained in Kx". Because K° is a valuation ring of rank one, either I,, = (0) or I, =
Koy, x™ or I, = K°au,x™ or I, = Kx™ for some m € M, a,, € K*. Since [ is finitely
generated as an A-module, we deduce

(2.13) I= @ Koomx™.
amX'meI

Now we fix a point p € O(A). Then D is principal on an open neighborhood U of p in %,.
We may assume that U = Spec(Ay,) for some h € A with h(p) # 0. Hence, D|y = div(f)|v
for some f € K(M)* = Quot(A)*. This implies

I, = Og (=D)(U) = [ - Oy (U) = f - Ap.
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In particular, f € I, and by (2.13), we can write
Ci - o
fzzh—;amixml with ¢; € K°\ {0}, k € N.
(2

Since apm,x™/f € Oy, (U) and p € U, we deduce (v, x"/f)(p) # 0 for some i. There
exists an open neighborhood W C U of p on which oy, X"/ f is non-vanishing and thus,

(2.14) div(am, x™ ) [w = div(f)|w = Dlw .

By [35, Cor. 2.12(c¢)], we have an injective homomorphism D +— cyc(D) from the group of
Cartier divisors on %) to the group of Weil divisors on %}, which restricts to a homomorphism
of the corresponding groups of Tg-invariant divisors. The Tg-invariant prime (Weil) divisors
are exactly the Tg-orbit closures of codimension one. By (2.8),

peO)C () V)n () Y1),
vellf, T€rec(IN)?!,
v=A T=rec(A)

and therefore, W meets each Tg-invariant prime divisor of %). Thus, equation (2.14) implies
cyc(D) = cyc (div(am,x™")) and hence D = div(ayy,, x™). O

Proof of Theorem 2.3.3. — (i). — Let ¢ be a I'-admissible virtual support function on 5
given by defining vectors {(mg,val(ag))}aeg. Then, by the construction in 2.3.2, Dy, is a
well-defined Tg-Cartier divisor on 2. It is easy to see that this assignment defines a group
homomorphism.

To prove injectivity, we assume that ¥ maps to the zero divisor (27, 1). Then, for each o € i,
the function o !x~™¢ is invertible on %, or equivalently,

Y(u,r) = (Mg, u) +val(as)r =0 forall (u,r) € 0.

Therefore, ¢ is identically zero and we proved the injectivity.

For surjectivity, let D be an arbitrary Tg-Cartier divisor on 2 . By Lemma 2.3.4, there exist,
for each o € 3, elements o, € K* and m, € M, such that Dly, = div(ae X™)|%, . Since D
is a Cartier divisor, we have, for o,0’ € i],

div(ae X" )%, .., = div(ae X" M,
which implies that
(2.15) val(ag)r + (Mg, u) = val(ag:)r + (mys,u)  for all (u,r) € o N’

For each 0 € ¥, we set ¢(u,r):=(—mg,u) — val(ag)r for all (u,r) € o. By (2.15), this
determines a well-defined I-admissible virtual support function ¢: Ng — R and, by (2.12),
1) maps to D.

(ii). — We claim that a Tg-Cartier divisor on 2" is principal if and only if it has the form
div(ax™) for a« € K*,m € M. Indeed, let D be any principal Tg-Cartier divisor on 2, i.e.
D = div(f) for some f € K(Z")*. The support of D is disjoint from the torus T. Therefore,
when regarded as an element of K (T)*, the divisor of f|r is zero. This implies f € K[M]*
and thus, f = ax™ for some o € K* and m € M.

Using this equivalence, statement (ii) follows easily from (i). O
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2.3.5. — Let Z be a toric scheme over S. A toric line bundle on Z is a pair (%, z)
consisting of a line bundle . on 2 and a non-zero element z in the fiber %, of the unit
point xg € Z,. A toric section is a rational section s of a toric line bundle which is regular
and non-vanishing on the torus T C .25, and such that s(zg) = z.

As in 2.1.12, each T-Cartier divisor D on 2 gives us a toric line bundle (O(D), sp(xg)) with
toric section sp. Usually, we are concerned with toric schemes 2™ := 5&% associated to a I'-

admissible fan ¥ in Ng x R. Then each I'-admissible virtual support function ¢ on ¥ defines
a toric line bundle with toric section ((O(Dy),sp,(%0)),sp,), which we simply denote by
(L 59)-

Let (Xx,Dy) be a toric variety with a T-Cartier divisor. A toric model of (Xx, Dy) is a
triple (27, D, e) consisting of a Tg-toric model 2~ of Xy associated to a I'-admissible fan by
in Ng x R>g, a Tg-Cartier divisor D on 2~ and an integer e > 0 such that D|x, = eDy.

Remark 2.3.6. — In our applications, we consider a complete I'-rational polyhedral com-
plex IT or equivalently a complete I'-admissible cone 3 = ¢(II). As in 2.2.9, we get a universally
closed Tg-toric scheme 211 := 211 In this case, the map ¢ — v, from 2.3.2 gives a bijective

correspondence between I'-admissible virtual support functions on 3 and T-lattice functions
on I

For a I'-lattice function ¢ with corresponding I'-admissible virtual support function v, 2.3.2
gives an associated Cartier divisor Dy := Dy. We conclude from Theorem 2.3.3 that ¢ — Dy,
is an isomorphism from the group of I'-lattice functions on Il onto the group of T-Cartier

divisors on 2. Moreover, the Cartier divisors Dy and Dy are linearly equivalent if and only
if ¢’ — ¢ is affine.

Theorem 2.3.7. — Suppose that the value group I' is discrete or that I' is divisible. Let
3 be a complete fan in Ng and ¥V a virtual support function on Y. Then the assignment
(I, ¢) — (Z11, Dy) gives a bijection between the sets of

(i) pairs (I1, @), where I1 is a complete I'-rational polyhedral complex in Ng and rec(Il) = X,
and ¢ is a I'-lattice function on I1 with rec(¢p) = ¥;

(ii) isomorphism classes of proper normal toric models (2, D,1) of (Xs, Dy).

Proof. — Let (II, ¢) be a pair as in (i) and let {(my, val(ap))}aen be defining vectors of ¢.
Then

Dilxs = {0 %™ My = A Ureet) x™ ™)} = Dreets) = D

Hence, (211, Dy, 1) is a toric model of (X, Dy). The statement follows from 2.2.5 and The-
orem 2.3.3. O

Now we describe the restriction of Tg-Cartier divisors to closures of orbits. But we are only
interested in the case of orbits lying in the special fiber. The other case can be handled
analogously to [11, Prop. 3.6.12].

Let 3 be a I-admissible fan in Nr x R>( with associated fan ¥ := flo in Ng and associated
polyhedral complex II:= Y1 in Ng. Let 1 be a I'-admissible virtual support function on by
and let Dy, be the associated Tg-Cartier divisor. We also consider the associated I'-lattice
function ¢ := 1 on II.
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Let A € II be a polyhedron. Then we have ¢(u) = (ma,u) +Ia on A for some ma € M and
In € T. We assume ¢|p = 0. Using Notation 2.2.10 and (2.9), we define a virtual support
function ¢(A) on the rational fan II(A) in N(A)r given by the following defining vectors
{mxr}rem(a)- For each cone 7 € TI(A), let A, € II be the unique polyhedron with A < A and
Z(A,Az) +Lp = 7. The condition ¢|5 = 0 implies that my, € L1 and (my,,u) = Iy, €T
for all w € A. Hence, my_ lies in M(A) We set my:=my_.

Proposition 2.3.8. — We use the above notation. If ¢|5 = 0, then Dy, properly intersects
the orbit closure V(A). Moreover, the restriction of Dy to V(A) is the divisor Dyy)-

Proof. — The Tg-Cartier divisor D, is given on %, by a/_\lx_m/\, where apy € K* is any
element of K* with val(ay) = I5. If ¢|p = 0, then val(ap) + (mp,u) = 0 for all u € A. Thus,
the local equation a,'x ™™ of Dy in %, is a unit in O(%) = K[M]*. Hence, the orbit
O(A) C ) does not meet the support of Dy and hence V(A) and D, intersect properly.
Furthermore,

Dylv) = {(%Aw NV(A), o) x ™ |%AwﬁV(A)) }weH(A) '

Using the non-canonical isomorphism K[U,] ~ K[%,. NV (A)], we get

Dylvay = {Ur:X""™) b rena) = Do)

proving the claim. O

Proposition 2.3.9. — Let 11 be a complete T'-rational polyhedral complex in Ng with as-
sociated Tg-toric scheme Z11 and let ¢ be a concave I'-lattice function on II with associated
Tg-Cartier divisor Dy on Z1. Let A € 11 be a k-dimensional polyhedron and v € ri(A). Then
we have

(2.16) mult(A) degD¢(V(A)) =(n-— k:)!volM(A)((?gb(v)),

where mult(A) is the multiplicity of A (see (2.7)) and 0¢(v) is the sup-differential of ¢ at v
(see A.15) which is in fact a polytope contained in a translate of M(A)r.

Proof. — It follows from Proposition 2.2.12 that V (A) is a toric variety over K and that the
associated fan II(A) is complete. We conclude from 2.1.3 that V(A) is a proper variety and
hence the degree degp, (V(A)) is well-defined. We have ¢(u) = (my,u) + Iy on A for some
mp € M and [y € I'. Then Dy is rationally equivalent to Dy, —1, and 9(¢ —mp —Ix)(v) =
0¢(v) —my. Thus, replacing ¢ by ¢ —my — I5 does not change both sides of equation (2.16)
and we may assume that ¢[y = 0.

By Proposition 2.3.8 and (2.3),

degp, (V(A)) = degp, (X)) = (n — k)!V01A~4(A)(A¢(A))-
Using Remark A.16, we have Ayp) = (96(A))(0) = d¢(v). We have
ol (Botw) = ¥z PO = it vl PO,

and hence we get the claim. Il
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2.4. Metrized line bundles on toric varieties. — In this subsection, we recall results
about toric metrics on a toric line bundle from [11, Ch. 4]. Note that in [11, §4.1-4.3] the non-
archimedean fields are not assumed to be discrete, in contrast to the rest of their Chapter 4.
We fix the following notation. Let K be field which is complete with respect to a non-trivial
non-archimedean absolute value | - |. Then we have a valuation val:=—log| - | and a value
group I':=val(K*) of rank one. We fix a free abelian group M of rank n with dual N and
denote by T = Spec(K[M]) the n-dimensional split torus over K.

Let 3 be a complete fan in Ng and Xy, the corresponding proper toric variety. Furthermore,
let ¥ be a virtual support function on ¥ and (L, s) the associated toric line bundle with toric
section.

Definition 2.4.1. — A metric || - || on L is called toric if, for all p,q € T?" satisfying
IX™(p)| = [X™(q)| for each m € M, we have ||s(p)|| = [[s(q)]]-

It easily follows from 2.1.13 that this definition is independent of the choice of the toric
section s.

Remark 2.4.2. — In [11, 4.2], the authors study the action of the analytic group T?" on
X and in particular, the action of the compact analytic subgroup

S={peT™||x™(p)|=1for all m e M}.
By [11, Prop. 4.2.15], we have for p € T?",
S-p={qgeT*" [ |x"(p)| = X" (g)| for all m € M}.

Hence, a metric || - || is toric if and only if the function p +— ||s(p)|| is invariant under the
action of S.
2.4.3. — Given an arbitrary metric || - | on L, we can associate to it a toric metric in the

following way: For o € X, let s, be a toric section of L which is regular and non-vanishing in
U,. Then we set, for p € U2",

s (P)lls == llso (D)
where p € U3" is given by
S amx™ — max X" ()]
mGMa
It is easy to check that this defines a toric metric || - ||s on L. This process is called torification
of [| - I

Proposition 2.4.4. — Toric metrics are invariant under torification. Moreover, torification
s multiplicative with respect to products of metrized line bundles and continuous with respect
to uniform convergence of metrics.

Proof. — This is established in [11, Prop. 4.3.4] and follows easily from the definition. O

2.4.5. — We have the tropicalization map trop: T?" — Ng, p — trop(p), where trop(p) is
the element of Ng = Hom(M,R) given by

(m, trop(p)) := —log |x" (p)|-

This defines a proper surjective continuous map. For details, we refer to [41, §3].
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Let || - || be a toric metric on L. Then consider the following diagram

log ||s(-
pan _ 8IOI o

7
s
trop _ 7

NRr

Since || - || is toric, log ||s(+)|| is constant along the fibers of trop. Moreover, trop is surjective
and closed, and hence, there exists a unique continuous function on Ng making the above
diagram commutative. This leads to the following definition.

Definition 2.4.6. — Let L = (L, || -||) be a metrized toric line bundle on Xy and s a toric
section of L. We define the function

Up. Ne— R, urs log|s(p)lls.

where p € T®" is any element with trop(p) = u. The line bundle and the toric section are
usually clear from the context and we alternatively denote this function by ¥y

2.4.7. — For an alternative description of 1 _, we consider the continuous map p: Ng —
T2™ defined, for each v € Ng, by the multiplicative norm
p(u): K[M] — Ry, Z am X" — max |, | exp(— (m,u)).
meM meM
Then it is easy to see that ¢; (u) = log||s(p(u))]| for all u € Ng.

We note that p is a homeomorphism of Ng onto a canonical closed subset S(T) := p(Ng)
of T?" called the skeleton of T?". Berkovich showed in [1, §6.3] that 7 := trop op is a strong
proper deformation retraction from T*" onto S(T).

Proposition 2.4.8. — Let L= (L,||-||) and L be metrized toric line bundles on Xy, with
toric sections s and s', respectively. Let o: Xsy — Xy, be a toric morphism with corresponding
linear map H as in 2.1.7. Then

wf®f”s®s/ - wZ’S + wf’7s/ ) lpf_

Moreover, if (|| - [[n)nen is a sequence of metrics on L that converges uniformly to || - ||, then
(¢||.Hn)n€N converges uniformly to ..

o, =—Yp and ¢@*f7@*s =¢f,° H.

1
,S

Proof. — This is established in the Propositions 4.3.14 and 4.3.19 in [11] and follows easily
from the definitions. 0

2.4.9. — In order to characterize toric metrics by functions on Ng, we need the Kajiwara—
Payne tropicalization of Xx introduced by [36] and [41]. This is a topological space Ny
together with a tropicalization map X&' — Nyx. As a set, Ny is a disjoint union of linear
spaces
Ny =[] N(o)r,
oceEX

where N (o) = N/ (N N o) is the quotient lattice as in 2.1.4. We refer to [41] for a description
of the topology.
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The toric variety Xy is the disjoint union of tori Ty () = Spec K[M(0)],o € %. Hence, we
can define the tropicalization map

trop: X§' — Ny

as the disjoint union of tropicalization maps trop: ']T%‘(J) — N(o)Rr as defined in 2.4.5. This

is also a proper surjective continuous map. Especially, Ns; = trop(X&") is a compact space.
By [11, 4.2.12], the canonical section p : Ng — T?" from 2.4.7 extends uniquely to a continuous
proper section py, : Ny, — X3

Proposition 2.4.10. — Let X be a complete fan in Nr and V a virtual support function
on Y. We set L = Ly. Then, for any metric || - || on L, the function .| — V¥ extends to a
continuous function on Ny. In particular, the function |@ZJ||,H — | is bounded.

Moreover, the assignment || - || = ). is a bijection between the sets of

(i) toric metrics on L;

(ii) continuous functions ¥: Ng — R sucht that 1 — U can be extended to a continuous
function on Nsy,.

Proof. — This is proved in Proposition 4.3.10 and Corollary 4.3.13 in [11]. The inverse map
is given as follows: Let ¥ be a function as in (ii) and {m,} a set of defining vectors of ¥. For
each cone o € %, the section s, = x™?s is a non-vanishing regular section on U,. Then we

obtain a toric metric || - ||, on L characterized by
(2.17) 155 (p)ls := exp((1 — mq) (trop(p)))
on U,. O

Definition 2.4.11. — Let L be a toric line bundle on Xy with toric section s and let ¥
be the associated virtual support function on . By Proposition 2.4.10, the function ¢ : =W
defines a toric metric on L. This metric is called the canonical metric of L. We denoted it by
| - [lcan and write L = (L, || - ||can)-

Remark 2.4.12. — By [11, Prop. 4.3.15], the canonical metric only depends on the struc-
ture of toric line bundle of L and not on the choice of s.

Proposition 2.4.13. — Let L, L' be toric line bundles on Xy, and let p: X5, — X5, be a
toric morphism. Let 0 € ¥ and v: V(o) — Xy, the closed immersion of 2.1.4. Then
mcan o fcan ® ?can ?can_ (fcan)_l ﬁcan o (p*zcan ﬁcan _ L*ann

)

Proof. — The first two statements are established in [11, Prop. 4.3.16]. The last two state-
ments are the Corollaries 4.3.20 and 4.3.18 in [11]. O

2.5. Semipositive metrics and measures on toric varieties. — We continue our study
of metrized line bundles on a toric variety. We assume that the reader is familiar with the
notation introduced in Section 2.4. We give a complete characterization of semipositive toric
metrics in terms of concave functions. Moreover, we describe the Chambert-Loir measure of a
semipositive toric metric as the Monge—Ampeére measure of the associated concave function.
In this subsection, we will use the following setup. Let K be an algebraically closed field which
is complete with respect to a non-trivial non-archimedean absolute value | - |. Then we have
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a valuation val:= —log| - | and a value group I' :=val(K*) of rank one. We fix a free abelian
group M of rank n with dual N and denote by T = Spec(K[M]) the n-dimensional split
torus over K. We consider a complete rational fan ¥ in N with associated T-toric variety
Xyx. For a virtual support function ¥ on ¥, we denote by Dy the associated T-toric Cartier
divisor on Xy and by L:=O(Dy) the associated toric line bundle.

2.5.1. — Let II be a complete I'-rational polyhedral complex in Ng with rec(II) = X, and
let ¢ be a I'-rational piecewise affine function on IT with rec(¢) = W. Let e > 0 be an integer
such that e¢ is a I'-lattice function given by the defining vectors {(mp,lp)}ren in M x T
Then e¢ defines a Tg-Cartier divisor

Deo = {(#.0xx™™)

where apy € K* with val(ay) = [, and the pair (I, e¢) defines a toric model (211, Deg, €)
of (Xx,Dy) (see Theorem 2.3.7). We write .Z = O(D,4) for the corresponding toric line
bundles. The model (21,7, e) induces an algebraic metric || - || on L (see 1.2.6).

Aell’

Proposition 2.5.2. — In the above notation, the metric || - ||.¢ is toric. Moreover, the
equalities ., =¥ and || - ||z = || - ||y hold.

Proof. — Let A € II. Recall that % := Spec(K[M]") is an algebraic K°-model of Urec(n)-
The associated formal scheme has generic fiber

Useen) =10 € U py | p(F) <1V f € K[M]*}

rec rec

Then %) is a trivialization of . on which s%e, considered as a rational section of .%, corre-
sponds to the rational function a;'x ™™ (see [32, 4.9]). Hence we have

Isw(p)|lz = layx ™ (p)|"/

for all p € U°

rec

(A)- Let u € A and p € T?*" with trop(p) = u. Lemma 2.5.3 below implies that

pE Ufec(A) and we obtain
1 1
log||sw (p)||.2 = loglay ' x ™™ (p)["/ = ~ ({ma,u) +1x) = ¢ (u).
This shows that the metric || - || & is toric. We deduce, by Definition 2.4.6, that 1., = ¥
and, by Proposition 2.4.10, that || - || = || - |- O
Lemma 2.5.3. — Let 11 be a complete I'-rational polyhedral complex in Ng and rec(Il) = X,

and let red: X3 — 2115 be the reduction map from 1.1.7. Let A € Il and p € T*". Then

rec

trop(p) € A <= p € Ugyn) < red(p) € Uns-

Proof. — By [32, Lem. 6.21], we have trop(p) € A if and only if [p(f)| < 1 for all f € K[M]*
or in other words p € U? (A)" By the description of the reduction map in 1.1.7, this is

rec

equivalent to red(p) € %, - dJ

Corollary 2.5.4. — Let ¢ be a I'-rational piecewise affine concave function on Nr with
rec(y)) = V. Then the metric || - || on L is induced by a toric model.
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Proof. — As in the proof of [11, Thm. 3.7.3], we can show that there exists a complete
[-rational polyhedral complex II in Ng such that rec(Il) = ¥ and ¢ is piecewise affine
on II. Since I' is discrete or divisible, the complex II induces a proper toric scheme Zp
(see 2.2.5). Then Proposition 2.5.2 says that || - || is induced by a toric model (211, Dey, €)
of (Xz, D\y) O

Proposition 2.5.5. — Let || - || be an algebraic metric on L. Then the function 1. is
I'-rational piecewise affine.

Proof. — There exists a proper K°-model (2,7, ¢) of (Xx, L) inducing the metric |- ||. Let
{%}ic1 be a trivialization of .Z. Then the subsets U? = red™*(%; N Z°) form a finite closed

cover of X2, On %; the rational section s®¢ corresponds to a rational function \; € K(M)*
such that on U; we have

ls() | = [Ni(p)"/*.

We write \; = % Using the continuous map p: Ng — T?" from 2.4.7, we have on
meM m

the closed subset A;:=p~ (U NT) C N,

Y (u) = log [|s(p(u))]|
= log | Xi(p(u))["/

= élog <nrglg]\§ |t | exp(— <m,U>)> - élog (gﬂgﬁ | B exp(— <m,U>)>

1 . 1 .

= Erlr?ellr\b“m’ u) + val(Bm)) — - Inin ((m,u) + val(am,)).

We see that . [a, is the difference of two I'-rational piecewise affine concave functions.
Since {A;}ics is a finite closed cover of Ny, we deduce that wll'\l is I'-rational piecewise affine

(see A.10 and A.11). O
Next we study semipositive toric metrics on L.

Proposition 2.5.6. — Let || - || be an algebraic metric on L.
(i) If || - | is semipositive, then .| is concave.
(ii) We assume that || - || is toric. Then | - || is semipositive if and only if 1. is concave.

Proof. — (ii). — Because each algebraic metric is formal (see 1.1.7), this follows from Corol-
lary 8.12 in [33].

(i). — For || - || semipositive, we have to show that ¢ is concave along any affine line. By
a density argument, we may assume that the line is I'-rational. Similarly as in [11, proof of
Prop. 4.7.1], we use pull-back with respect to a suitable equivariant morphism to reduce the
concavity on the affine line to the case of PL- and hence the claim follows from Corollary B.18
and (ii). O

Corollary 2.5.7. — Let ||-|| be a semipositive algebraic metric on L. Then the toric metric
| - |ls is also algebraic and semipositive.
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Proof. — By Propositions 2.5.6(i), 2.5.5 and 2.4.10, the function ¢ = .| is a concave I'-
rational piecewise affine function with rec(¢)) = . Then Corollary 2.5.4 says that the metric
|- lls =l |l is algebraic and Proposition 2.5.6(ii) implies semipositivity. O

Theorem 2.5.8. — Let ¥ be a support function on the complete fan ¥ in Nr and set
L = Ly. Then there is a bijection between the sets of

(i) semipositive toric metrics on L;

(ii) concave functions 1 on Nr such that the function |t — ¥| is bounded;
(iii) continuous concave functions on Ay.
The bijections are given by || - || = .| and by ¢ — V.

This theorem was proven by Burgos—Philippon—Sombra [11, Thm. 4.8.1] in the case of a
discrete or an archimedean absolute value. Note that the bijection between (i) and (ii) holds
also in case of a non-concave virtual support function ¥ as then both sets are empty. This
follows from the arguments in the proof below.

Proof. — The bijection between (ii) and (iii) follows from Proposition A.9. To prove the bi-
jection between (i) and (ii), let ||-|| be a semipositive toric metric on L. By Proposition 2.4.10,
the function [¢. — ¥[ is bounded. Furthermore, there exists a sequence (|| - [|n)nen of semi-
positive algebraic metrics converging to the toric metric || - ||. Proposition 2.5.6 (i) says that
the functions w”.”n are concave. By Proposition 2.4.8, the sequence (wHA”n)neN converges
uniformly to .| and hence the latter is also concave.

Conversely, let 1 be a concave function on Ng such that |) — ¥| is bounded. Then by
Proposition A.14, there is a sequence of I'-rational piecewise affine concave functions (1g)ren
with rec(¢y) = W, that uniformly converges to 1. Because 1) is a piecewise affine concave
function with rec(¢y) = ¥, the function 1 — ¥ continuously extends to Ny. We conclude
that ¢ — ¥ continuously to Nyx. By Proposition 2.4.10, we obtain toric metrics || - |l and
|- [y, k €N, given as in (2.17). Then the sequence of metrics (|| - ||y, )ken converges to || - |-
By Proposition 2.5.2, the metric || - ||, is algebraic and therefore, by Proposition 2.5.6 (i),
semipositive. It follows that the metric || - || is also semipositive. O

Remark 2.5.9. — Theorem 2.5.8 induces a bijective correspondence between semipositive
algebraic toric metrics || - || on L and concave I'-rational piecewise affine functions ¢ on Ny
with rec(y)) = . Moreover, such metrics always have a toric model. One direction follows
from Propositions 2.5.5, 2.5.6 (i) and 2.4.10. The converse and the last claim are a consequence
of Corollary 2.5.7.

Now we characterize the Chambert-Loir measure associated to a semipositive toric metric.
Let ¢: Ng — R be a concave function. We extend the Monge-Ampére measure M v (1) on
Ng (Definition A.17) to a measure M /(1)) on Ny by setting

My ()(E) = Mu(4) (E N Nr)
for any Borel subset E of Ny.
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Theorem 2.5.10. — Let ||-|| be a semipositive toric metric on L and v = 1. the associated
concave function on Ngr. Then

trop, (c1 (L, || - [)") = n! M ().
Moreover, we have

(L [ )™ = (px)e (n! Mar())

Proof. — In the case of an algebraic metric, the claim follows from the same arguments as
in [11, Thm. 4.7.4] based in our case on Remark 2.5.9, 2.2.13 and Proposition 2.3.9. Note
that our assumption K algebraically closed yields that I' is divisible and hence the special
fiber of a toric model 271 is reduced (see 2.2.8) and the multiplicity of a vertex of II is one
as well. This simplifies this argument a little bit.

The general case is based on the algebraic case as in [11, Cor. 4.7.5]. It is used here that the
boundary X"\ T?" is a set of measure zero with respect to ¢; (L, || - ||)" by Corollary 1.4.5. O

At the end of this subsection, we quote a result about the restriction of semipositive metrics
to toric orbits which will be useful in the proof of the local height formula. Recall that W is
a support function on ¥ with associated toric line bundle (L, s) with toric section. Let o be
a cone of ¥ and V(o) the corresponding orbit closure with the structure of a toric variety
(cf. 2.1.4). We denote by ¢: V(o) = Xx the closed immersion. Let m, € M be a defining
vector of U at o and set s, = x""”s. By 2.1.15, the divisor Dy_,,, = div(s,) intersects V(o)
properly and we can restrict s, to V(o) to obtain a toric section ¢*s, of the toric line bundle
O(D(\I;,mg)(g)) ~ *L.

Proposition 2.5.11. — Let notation be as above and denote by F, the face of Ay associated

to o (see A.20). Let || - || be a semipositive toric metric on L. Then, for all m € Fy — m,,
Z{*Z,L*so— (m) = ¢%,s (m + mo) :

Proof. — We can prove the statement as in [11, Prop. 4.8.8] since the discreteness of the

valuation doesn’t play a role in the argument. O

2.6. Local heights of toric varieties. — We prove a formula to compute the local height

of a normal toric variety over an algebraically closed non-archimedean field. Note that this
is no restriction of generality as we can always achieve that by a base extension and as
local heights are invariant under such a base extension. This generalizes work by Burgos,
Philippon and Sombra who showed this formula over fields with a discrete valuation (cf. [11,
Thm. 5.1.6)).

Let K be an algebraically closed field which is complete with respect to a non-trivial absolute
value | - | and denote by I' = — log | K *| the associated value group. We fix a lattice M ~ Z"
with dual MY = N and denote by T = Spec(K[M]) the n-dimensional split torus over K.
Let 3 be a complete fan on Ng and Xy, the associated proper T-toric variety.

Following [11, §5.1] we define a local height for toric metrized line bundles that does not
depend on the choice of sections.

Definition 2.6.1. — Let fﬂ 1=0,...,t, be toric line bundles on Xy, equipped with DSP
toric metrics. We denote by L; the same line bundle endowed with the canonical metric.
Let Y be a t-dimensional prime cycle of Xy, and let ¢: Y’ — Y be a birational morphism
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such that Y’ is projective. Recall the definition of local heights in 1.3.4. Then the toric local
height of Y with respect to Ly, ..., L; is defined as

t r = - - / —_— —-can —-can /
)\ZOO’“-aft (Y) - )\(W*Lo,so),...,(g&*LhSt)(Y ) )\(QO*LO 730)7“'7(90*1% »si)(Y )7
where sq ..., sy are invertible meromorphic sections of L with
(2.18) |div(sp)|N---N]div(s)|NY =0.
This definition extends to cycles by linearity. When Lo = --- = L; = L, we write shortly
)\%Or(Y) = )\%’r —(Y).
0y--s Lt

Remark 2.6.2. — Proposition 1.3.5.((iii),(v)) implies that the toric local height does not
depend on the choice of ¢ and Y’ nor on the choice of the meromorphic sections. When
|div(sg)], ..., |div(s¢)| intersect properly on Y, then condition (2.18) is fullfilled.

Proposition 2.6.3. — The toric local height is symmetric and multilinear in the metrized
line bundles.

Proof. — This follows easily from Proposition 1.3.5 (ii). O

Definition 2.6.4. — Let L = (L,|| - ||) be a semipositive metrized toric line bundle with
a toric section s. Let ¥ be the corresponding support function on ¥ and ¢ . the associ-
ated concave function on Ng. The roof function associated to (L, s) is the concave function
192,3: Ay — R given by

Y

19173 o Q’Z)f,s’
where 1Y denotes the Legendre-Fenchel dual (see A.7). We will denote ¥+ _ by 9., if the
L,s L,s Il

line bundle and section are clear from the context.

2.6.5. — Let notation be as above. If || - || is an algebraic metric, then, by Proposition 2.5.5
and A.12, the roof function 9. is piecewise affine concave.

Theorem 2.6.6. — Let %S be a complete fan on Ng. Let L = (L,||-||) be a toric line bundle
on Xy equipped with a semipositive toric metric. We choose any toric section s of L and
denote by W the corresponding support function on %. Then, the toric local height of Xy, with
respect to L is given by

(2.19) AN (Xy) = (n+1)! N 07, dvolys
where Ay is the stability set of ¥ and volps is the Haar measure on Mg such that M has
covolume one.

Proof. — The proof is completely analogous to [11, Thm. 5.1.6]. It is based on induction
relative to n and uses the induction formula 1.4.3 in an essential way. U

Remark 2.6.7. — The above theorem also holds in the archimedean case (see [11,
Thm. 5.1.6]). In [11, §5.1], the formula in (2.19) is extended to toric local heights with
respect to distinct line bundles in the archimedean case or in case of a discrete valuation.
Moreover, the toric local height of a translated toric subvariety and its behavior with respect
to equivariant morphisms is studied. For arbitrary non-archimedean fields, all these results
remain valid and the arguments are the same.
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3. Global heights of varieties over finitely generated fields

In this section, we apply the results about toric local heights from the previous section to
global heights. First, we recall the theory of global heights over an M-field and we give an
induction formula for global heights. In Section 3.2, we consider Moriwaki’s M-field structure
on a finitely generated field over a global field and we prove Theorem IV from the introduction.
In Section 3.3, we apply Theorem III and Theorem IV to a fibration with toric generic fiber
leading to a combinatorial formula for a suitable global height of the fibration. In the last
subsection, we illustrate this formula for projective toric varieties over the function field of
an elliptic curve.

3.1. Global heights of varieties over an M-field. — Diophantine geometry is usually
considered over a number field or a function field. Osgood and Vojta realized a stunning
similarity to Nevanlinna theory where the base field is the field of meromorphic function on
C. The characteristic function in Nevanlinna theory corresponds to the height in diophantine
geometry. Inspired by the analogy and the proof of the second main theorem of Nevanlinna
theory, Vojta found a new proof of the Mordell conjecture which was later generalized by
Faltings to prove Lang’s conjecture for subvarieties of abelian varieties.

In [24, Def. 2.1], the notion of an M-field was introduced to capture all three situations
simultaneously. In this subsection, we will recall the definition and the theory of global heights
over an M-field. This will be later applied to heights over finitely generated fields introduced
by Moriwaki.

Definition 3.1.1. — Let K be a field and (M, ) be a measure space endowed with a
positive measure . We assume that for p-almost every v € M, we fix a non-trivial absolute
value | |, on K. Then K is called an M-field if log |f|, € L'(M, ) for all f € K*. We say
that K satisfies the product formula if [, log|f|, du(v) =0 for all f € K*.

Remark 3.1.2. — In [24, Def. 2.1], a more general definition of an M-field is given which
is more suitable to uncountable fields as occurring in Nevanlinna theory. For countable fields,
the definitions are the same. For our purposes in this paper, the above definition will suffice.
We refer to [24] for the theory of global heights over the more general M-fields noticing that
this much more technical and that one reduces always to the above special case by passing
to a sufficiently large finitely generated subfield.

Ezxample 3.1.3. — Let F be a number field and Mp be the set of places endowed with

the discrete measure p given by p(v) = [%’,%T] for v € Mp with completions F, and Q,. We

denote by | |, the absolute value for the place v € Mp which extends the standard euclidean
or p-adic absolute value on Q. Then F' is an Mp-field satisfying the product formula.

Example 3.1.4. — Let us fix the function field Fy := k(C) of a regular projective curve C
over an arbitrary field k and let Mp, be the set of places of F{y corresponding to the closed
points of C. We fix ¢ € R with ¢ > 1. For vy € Mp,, we choose the standard absolute value
given by

(3.1) |o¢|v0 = q_ordvo(o‘)

for a € Fy. We endow Mp, with the discrete measure given by p(vg) = [k(vo) : k]. Then Ej
is an Mp,-field satisfying the product formula.
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More generally, we consider a finite extension F of Fy. Then F is the function field of a regular
projective curve Z over C'. Let Mp be the set of places corresponding to the closed points of
Z. For v € Mp, we use the representative | |, which extends | |,, to K, where vy := v|g,.
We endow F' with the discrete measure given by

B [Fy : Fou]
p(v) = ﬁuo(vo)-

Then F' is an Mp-field satisfying the product formula.

3.1.5. — A global field F is either a number field or a finite extension of the function field
of a fixed regular projective curve over a finite field k. We endow F' always with the Mp-field
structure given in Examples 3.1.3 and 3.1.4. In the latter case, we choose ¢ as the number of
elements of k. In fact, we never use that k is finite and we could choose any constant ¢ > 1.
For some results of the next subsection, it is required that k is countable (otherwise one has
to state them differently restricting to a countable subfield of k).

Definition 3.1.6. — Let K be a field with an absolute value | |,. We denote by C, the
completion of an algebraic closure of the completion of K with respect to v € M. Note that
C, is a minimal algebraically closed complete field extending (K| |,) with residue field equal
to an algebraic closure of K (see [6, Prop. 3.4.1/3, Lem. 3.4.1/4]). By abuse of notation, we
denote the absolute value of C, also by | |s.

Let X be a variety over K. We set X, := X X Spec(C,). If v is archimedean, then C, = C
and we denote by X3" = X, (C,) the complex analytic space associated to X. If v is non-
archimedean, then X2" is the Berkovich analytic space associated to X, over C, as defined
in 1.1.4. We call X3" the analytification of X with respect to v (or |- |,).

3.1.7. — In the following, K is always an M-field. Our goal is to define an M-metric on
a line bundle L over the proper variety X over K. For p-almost every v € M, we have
an associated absolute value | |,. An (M-)metric on L is a family of metrics || - |, on L3"
for p-almost every v € M as above. The corresponding metrized line bundle is denoted by
L= (L, [lo)v)

An M-metric on L is said to be semipositive if || - ||, is semipositive for p-almost all v € M
(cf. Definition 1.3.1 and Remark 1.3.11). Moreover, a metrized line bundle L is DSP if there

are semipositive metrized line bundles M, N on X such that L = M ® N

3.1.8. — Let Z be a t-dimensional cycle on X and (L;, s;), i = 0,...,t, DSP metrized line
bundles on X with invertible meromorphic sections such that | div(sg)|N- - -N| div(s)|N]Z] = 0.
For v € M, we set for the local height at v,

)\(ZO,So),...,(Zt,St) (Z7 U) T )\&;/(So)vv--,(/l;/(st)v (Zv) ’
where div(s;), is the pseudo-divisor on X,, induced by div(s;) (cf. Example 1.2.9).

3.1.9. — A t-dimensional prime cycle Y of X is called integrable with respect to DSP

metrized line bundles L;, i = 0,...,t, on X if there is a birational map ¢: Y’ — Y from
a projective variety Y’ and invertible meromorphic sections s; of ©*L;, i = 0,...,t, with
div(sp),...,div(s;) intersecting properly, such that the function

/
(3'2) M—R, v— A(SO*ZO:SO):--w(‘P*Zt,St)(Y ,U)
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is p-integrable on M. A t-dimensional cycle is integrable if its components are integrable.

3.1.10. — Let Y be a prime cycle. Then there exists a generically finite surjective morphism
¢:Y' — Y from a proper variety Y’ and invertible meromorphic sections s; of ©*L;, i =
0,...,t, satisfying

|div(sg)| M-+ N |div(se)| = 0.

By Chow’s lemma, we may even assume that Y is projective, ¢ is birational and that
div(sg),...,div(s;) intersect properly, but we don’t want to make these additional assump-
tions here. Then Y is u-integrable with respect to Lo, ..., L; if and only if the u-integrability
of (3.2) holds. Moreover, the notion of integrability of cycles is closed under tensor product
and pullback of DSP metrized line bundles. This follows from [27, 11.4, 11.5].

Definition 3.1.11. — Let X be a proper variety over an M-field K and Y a ¢-dimensional
prime cycle on X which is integrable with respect to DSP metrized line bundles Ly, ..., L; on

X. Let Y and sq, ..., s; be as in 3.1.9. Then the global height of Y with respect to L,. .., L;
is defined as

hfo,---7fz(y) - /M )\(¢*fo,so),---a(<ﬁ*fz,st)(Y/’ U) d'u(v)'

By linearity, we extend this definition to all t-dimensional cycles on X.
Using Corollary 1.3.5(iii), the archimedean analogon mentioned in Remark 1.3.11 and the
product formula of K, we see that this definition is independent of the choice of the sections.

Proposition 3.1.12. — The global height of integrable cycles has the following basic prop-
erties:

(i) It is multilinear and symmetric with respect to tensor products of DSP metrized line
bundles.

(ii) Let ¢: X' — X be a morphism of proper varieties over K and let Z' be a t-dimensional
cycle such that p.Z' is integrable with respect to DSP metrized line bundles Ly, . .., Ly
on X. Then we have

h‘P*ZOw-a‘P*Zt (Zl) = hfo,...,zt (SD*ZI) .

Proof. — Using 3.1.10, we get the results by integrating the corresponding formulas stated
in Proposition 1.3.5. O

Theorem 3.1.13 (Global induction formula). — Let X be a d-dimensional proper va-
riety over the M-field K. Let Ly, ...,Lq be DSP metrized line bundles on X and let sq be
any invertible meromorphic section of Lq. If X is integrable with respect to Ly, . .., Lq and if
cyc(sq) is integrable with respect to Lo, ..., Lq_1, then

P(v) := /Xan log ||salla,0 ¢1(Low) A -+ Act1(La—1,)

v

is in L'(M, p) and

hi, . 7,(X)=hg 7, (cyc(sq)) —/ o(v) du(v).

Mp
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Proof. — We may assume that K is infinite as otherwise M has measure zero and all heights
are zero as well. By Proposition 3.1.12 and Chow’s lemma, we may assume that X is projective
and there are invertible meromorphic sections s; of L; for j = 0,...,d with

| div(so)| N---N|div(sq)| = 0.
Then the claim follows from Theorem 1.4.3. O

Definition 3.1.14. — Let F be a global field with the structure (M, ) of an Mp-field as
in Example 3.1.5. Let X be a proper variety over a global field F' and £ a line bundle on X.
We call an Mp-metric on £ quasi-algebraic if there exist a finite subset S C Mp containing
the archimedean places and a proper algebraic model (27, %, e) of (X, L) over the ring

Fg={aecF|lal, <1Vv ¢S},
such that, for each v ¢ S, the metric || - ||, is induced by the localization

(2 xpg SpecCy, .2 @pg Cy, e).

Proposition 3.1.15. — Let X be a proper variety over a global field F'. Then every d-
dimensional cycle of X is p-integrable with respect to DSP quasi-algebraic Mp-metrized line
bundles Loy, ..., Ly on X.

Proof. — This is [11, Prop. 1.5.14]. O

Remark 3.1.16. — In the situation of Proposition 3.1.15 and with dim(X) = d, the hy-
potheses of the global induction formula 3.1.13 are always satisfied for any invertible mero-
morphic section s4 of L4 and hence there is only a finite number of v € Mg such that

[, 108 lsullaw e1(Bou) A+ A (Ba-s) #0

v

and the global induction formula holds.

Proposition 3.1.17. — Let F be a global field and F' a finite extension of F with the
induced structure of an Mg/ -field (see Example 3.1.5). Let X be an F-variety, L;, i =0,...,t,
quasi-algebraic DSP metrized line bundles on X and Z a t-dimensional cycle on X. We denote
by m: X' — X the morphism, by Z' the cycle and by 7*L; the Mp-metrized line bundles
obtained by base change to F'. Then

hW*ZQ,...,W*Zt (Z,) = hZO,...,Zt (Z) '
Proof. — This follows from [11, Prop. 1.5.10]. O

Definition 3.1.18. — Let F be a global field and let Zfbe a quasi-algebraic Mp-metrized
line bundle on the proper variety X over F'. We say that L is nef if || - || is semipositive and,

for each point p € X'(F), the global height h(p) is non-negative.

Example 3.1.19. — Let L = (L, (|| - [l,)») be a semipositive quasi-algebraic metrized line
bundle. We assume that L is generated by small global sections, i.e. for each point p € X' (F),
there exists a global section s such that p ¢ [div(s)| and sup,ec yan [|$(z)[ly < 1 for all v € Mp.

Then L is nef.

The idea of the following proof was suggested to us by José Burgos Gil.
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Lemma 3.1.20. — Let V be a d-dimensional subvariety of X and let L1,...,Lq be nef
quasi-algebraic Mp-metrized line bundles on X. Then,

th,‘..,Zd(V) 2 O *

Proof. — We may assume that V' = X and, by Chow’s Lemma and Proposition 3.1.12 (ii),
that there is a closed immersion ¢: X — Pp. Consider the line bundle ¢*Opn (1) on X,
equipped with the metric $¢*(| - ||can,s, at one place vy € Mp and with the metric ¢*|| - ||can,
at all other places v # vg. This Mp-metrized line bundle is denoted by L. For each point
p € X(F) with function field F(p), there exists a homogeneous coordinate z;, considered as
a global section of Opr (1), such that p ¢ |div(¢*z;)| and hence,

(3.3) h=(p) = — Z p(w)log ||z o @ (p)||can,w + Z p(w)log2 >log2 > 0.
WEMp () WEMp ()
w|vo

We extend the group of isomorphism classes of Mp-metrized line bundles on X by Q-
coefficients and write its group structure additively. For ¢ = 1,...,d, and a positive rational
number ¢, we set £; . :=L; + L. Since L; is nef, we obtain, by (3.3) and the multilinearity
of the heights, for each point p € X(F),

(3.4) hz _(p) =hz,(p) + ehz(p) = clog2 > 0.

Now, we distinguish between number fields and function fields. First, let ' be a number field.
Since Z@é— is semipositive quasi-algebraic, there exists a sequence (Zi,e,k)keN that converges
to ZLE and that consists of Mp-metrized line bundles which are induced by vertically nef
smooth hermitian Q-line bundles ?i,g,k, k € N, on a common model 27, over the ring of
integers Op. By Proposition 1.3.5(iv) we have, for all k € N and all p € X(F),

hz @) =z )] < D p@) A ik |- llisw)-
vEMPp
Note that the sum is finite and does not depend on p. Hence, by (3.4), there is a ko € N such
that for all k£ > kg and all p € X(F),

hy () =hz,  (p)>0.

Thus, for all £ > kg, we have nef smooth hermitian Q-line bundles ?1757;9, e ,?d@k. By a
result of Zhang (see Moriwaki’s paper [40, Prop. 2.3(1)]), the proposition holds for such line
bundles and hence we get

(3.5) hor

L1 e ks Lde k

() (X) = 0.

- gl,a,k:-“vgd,a,k

Next, let F' be the function field of a smooth projective curve C over any field. Since £; .
is semipositive quasi-algebraic, there exists a sequence (Zi@k) ren that converges to Zif and
that consists of Mp-metrized line bundles which are induced by vertically nef Q-line bundles
ZLiek, k € N, on a common model 7. ;: 2, — C. As in the number field case, we can
deduce, for sufficiently large k’s and for all p € X (F),

(3.6) bz, ,(p) > 0.

By [30, Thm. 3.5(d)], the height with respect to such algebraic metrized line bundles is given
as an algebraic intersection number of the associated models. So, the inequality (3.6) just
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says that the line bundles 2| . ,..., £y on the model 2 are horizontally nef. Using
that they are also vertically nef, it follows from Kleiman’s Theorem [39, Thm. III.2.1] that

(3.7) hz i Zan (X)) = dege (e p)(c1(L1en) - c1(Laer))) = 0.
Finally, by (3.5) for number fields and by (3.7) for function fields, continuity of heights in the

metrized line bundles yields
h= = (X)Zh_I)Hh* (X) = lim lim h;

Elv---wcn e—0 »cl,sv---v['d,s e—0k—o00 1,5,k7"'7£d,6,]€

(X) =0,
proving the lemma. O

3.2. Relative varieties over a global field. — Let F' be a global field with the canonical
Mp-field structure from Example 3.1.5. Let B be a b-dimensional normal proper variety over
F with function field K = F(B).

We first endow the field K with the structure of an 9i-field where 91 is a natural set of places
and where the positive measure is induced by fixed nef quasi-algebraic Mp-metrized line
bundles H;, ..., H, on B. This generalizes the 9i-fields obtained by Moriwaki’s construction
in [40, §3] where the function field of an arithmetic variety and a family of nef hermitian line
bundles on B are considered (see also [27, Ex. 11.22] and [12, §2]).

We consider a dominant morphism 7: X — B of proper varieties over F of relative dimen-
sion n. The generic fiber X = X xp Spec(K) of 7 is a proper variety over K. Then we
prove the main result of this section (Theorem 3.2.6) showing that the intersection number
hr*ﬁl,..l,w*ﬁbfe,...,zn(‘X ) with respect to DSP quasi-algebraic Mp-metrized line bundles £; is
equal to the height hfo,...,fn (X) with respect to induced 9-metrized line bundles L;. Note
that the first height is a sum of local heights over Mpr whereas the second is an integral over
9. This generalizes Theorem 2.4 in [11] where the global field is a number field and only
hermitian line bundles are considered. Our more general assumptions above on the metrics
of the polarizations Hy,. .., Hp lead to the problem that also non-discrete non-archimedean
places in 9T have to be considered leading to considerable difficulties in the proof of the
theorem.

3.2.1. — Let Hq,...,Hy be nef quasi-algebraic line bundles on B. By Lemma 3.1.20, we
deduce, for every one-codimensional prime cycle V on B,

Let BM be the set of prime cycles of B of codimension 1. By (3.8), the cycle V € BW induces
a non-archimedean absolute value on K given, for f € K, by

(3.9) ‘f|v —e hﬁl ,,,,, ﬁb(V) ordy (f)

)

where ordy is the discrete valuation associated to the regular local ring Op . We equip B @
with the counting measure pgy.
Let us fix a place v € M. Then we define the generic points of B" as

en _ an an
B8 = B\ U yan,
veB®)

Since each V € B(M is contained in the support of the divisor of a rational function, a point
p € B3" lies in BE" if and only if, for each f € K*, p does not lie in the analytification (with
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respect to v) of the support of div(f). Thus every p € B&" defines a well-defined absolute
value on K given by

(3.10) [flop = £ (P)]-

If v is non-archimedean, then this absolute value is just p. Let u(v) be the weight of the
product formula for F' in v as given in Example 3.1.3 and Example 3.1.4. On B3" we have
the positive measure

po = p(v) - c1(Hip) Ao Aci(Hpw),

which is a weak limit of smooth volume forms in the archimedean case (cf. [11, Def. 1.4.6]) and
defined as in Definition 1.3.7 in the non-archimedean case. Each V", V ¢ BW has measure
zero with respect to u, by Corollary 1.4.5 (non-archimedean case) and by [15, Cor. 4.2]
(archimedean case). Since F is countable, the set B() is also countable and therefore B2 \
BEg" has measure zero with respect to u,. So we get a positive measure on B£®", which we
also denote by .

In conclusion, we obtain a measure space

(3.11) ) = (BO, i) ( L] B, | uv>

’UGMF ’UGMF

which is in bijection with a set of absolute values on K.
The following shows that (K, 9, ) is an 9M-field:

Proposition 3.2.2. — Let f € K*, then the function M — R, w + log |f|, is integrable
with respect to pu and we have the product formula

/ log |flw du(w) =
m

Proof. — Let f € K* be a non-zero rational function on B. Then for almost every V € B(),
we have f € OF v~ Hence, the function on BW given by V ~ log | flv is pan-integrable.

For every v € M r, the function on B&™" given by p +— log|f(p)| is p,-integrable (see Theo-
rem 1.4.3). Since the trivially metrized line bundle Op and Hy,..., H, are quasi-algebraic,
there is, by Remark 3.1.16, only a finite number of v € My such that

/Bge“ log | f(p)| dp(p) # 0.

Summing up, the function MM — R, w — log|f|w, is p-integrable.
By the global induction formula 3.1.16,

[ Jog /1 du(w) = 3= —ordy(Nhg, 7,V + ¥ / log |£(p)| dus(p)

VveB®) vEMp
= —hy g (eye(P) + 3 / log |/ (p)] dyzu(p)
vEMp
~ho, ..., (B)
pu— 07
which concludes the proof. Il
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3.2.8. — Let L = (L,(|| - ||o)») be an Mp-metrized line bundle on X. Then £ induces an
M-metric on the line bundle L = L ® K on X given as follows:

For each V € BW| consider the non-archimedean absolute value | - |;, on K from (3.9) and let
Cy be the completion of an algebraic closure of the completion of K with respect to | - |{,. We
get a proper C{,-model (Xy, Ly ):= (X xp SpecCy,, L ® C},) of (X, L). By Definition 1.2.6,
the model (Xy, L) induces a metric || - ||y on the analytification L over X{" with respect
to |- |y

Let ué/ fix a place v € Mp. By (3.10), a generic point p € B2 induces an absolute value
| -],, on K. We denote by C,, the completion of an algebraic closure of the completion of K
with respect to | - \y’p and by X37 the analytification of X with respect to | - \v’p. Then the

?p
projection &, x g, SpecC, , — &, induces a morphism

(3.12) ip: Xop = A0

Note that i, is injective if v is an archimedean place (cf. [12, (2.1)]), but not necessarily in the
non-archimedean case. The analytification L%, of L with respect to | - | »p can be identified
with the line bundle iy £3" and we equip it with the metric || - ||, :=y|| - |, This leads to an
M-metrized line bundle

(3.13) L= (L, (Il lhw)weam)

on X.

Lemma 3.2.4. — Let m,: X" — Bi" be the morphism of C,-analytic spaces induced by

m: X — B and let ip: X34, — X3 be the morphism from (3.12). Then we have
ip(Xg,I;a) = ng(p).

Proof. — We only show this for a non-archimedean place v, the archimedean case is estab-
lished at the beginning of [12, §2]. We may assume that B = Spec(A) resp. X = Spec(C)
for finitely generated F-algebras A and C. Then 7 corresponds to an injective F-algebra
homomorphism A — C and we have X = Spec(C ®4 K) with K = F(B) = Quot(A).

Let ¢ € &Y™, that means ¢ is a multiplicative seminorm on C' ®r C, satisfying ¢|c, = | |,-
Then q lies in i,( X)) if and only if it extends to a multiplicative seminorm § on €' ®4 C,
with glc,, = |- [, ,- This is illustrated in the following diagram,

A®pC—>C,,

|

CorC,—C®4C,

S
/
/Q2
/
¥

RZO .
On the one hand, if we have such a commutative diagram, then

WU(Q) = qu@Cv = ‘ : |v,p’A®Cv =Dp.

On the other hand, if m,(q) = p, then we have a multiplicative seminorm ¢ given by

C®4Cyp = (C&FCy) ®asc,) Cop — H(q) B r(p)Cop — Rxo,
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where y is some element of the non-empty Berkovich spectrum .# (% (q) @,%(p)cv,p) (cf. [17,

0.3.2]). It follows easily that we obtain a commutative diagram as above. This proves the
result. U

We need the following projection formula for heights. This formula is possible because we
have one more line bundle H; on the base B than usual (compare with Theorem 3.2.6).

Proposition 3.2.5. — Let m: W — V' be a morphism of proper varieties over a global field
F of dimensions n+b—1 and b — 1 respectively, with b,n > 0. Let H;, i =1,...,b, and L;,
j=1,...,n, be DSP quasi-algebraic line bundles on V and W respectively. Then

Doy Hy LB V) = ey e, W) b, 5, (V)
where W, denotes the generic fiber of m. In particular, if dim(m(W)) < b — 2, then
hﬂ'*ﬁla”wﬂ-*ﬁbyzlr'wzn (W) = 0'

Proof. — The proof is similar as for [12, Prop. 2.3] and we only sketch the additional con-
tributions. By continuity of the height, we may assume that the metrics in H; and £; are
smooth or algebraic for all ¢, j. We prove this proposition by induction on n. The case n =0
follows from functoriality of the height (Proposition 3.1.12). Let n > 1. We choose any in-
vertible meromorphic section s, of £, and denote by || - |n = (|| - [[nw)o the metric of L.
Then the global induction formula 3.1.16 implies

hW*ﬁl,-uyﬂ'*ﬁb,zl,...,Zn (W) = hﬂ*ﬁl,...ﬂr*ﬁb,zl,,,.,Zn,1 (CyC(Sn))
b

n—1
= S n) [ 108 lsullan A e Hi) A er(Zi).
j=1

vEMp Wi i=1

If v is archimedean, then AY_; ¢ (H;,) is the zero measure on V2 since dim(V2") = b — 1.
Thus, the measure in the above integral vanishes and so the integral is zero.

If v is non-archimedean, then the metrics in H;,, i = 1,...,b, are induced by models % of
Hf : on a common model ¥ of V,, over Spec C;. By linearity, we may assume that e; =1 for
all i. Analogously, the metrics in £;,, j = 1,...,n, are induced by models .Z; of L;,, on a
common model # of W,,. Moreover, we may assume that the morEhism Ty Wy — V, extends
to a morphism 7: # — ¥ over SpecC;. Since the special fiber 7" of ¥ has dimension b — 1,
the degree with respect to J4, ..., 5% of a cycle of ¥ is zero. Hence, for every irreducible
component Y of the special fiber of #', we have by means of the projection formula,

degT*%ﬂlP_,T*%vﬁ7__75;%1(Y) = deg%’._’%(n(cl(iﬂl) c.c1(Znh-1)Y)) =0.
Therefore, for each v € My, the measure in the above integral vanishes and so the integral is
Zero.
Finally, we obtain by the induction hypothesis,
hﬂ*ﬁl:“wﬂ'*ﬁb,zl,m,zn (W) = hw*ﬁl,...,w*ﬁb,Zl,,..,Zn,l (CyC(Sn))
=degg, c, ,(cye(sn)y) by, 77, (V)
= degﬁl,...,ﬁn (Wn) hﬁl,,..,ﬁb(v> )

proving the result. O
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Theorem 3.2.6. — Let B be a b-dimensional normal proper variety over a global field F'
and let Hy,...,Hy be nef quasi-algebraic line bundles on B. Let K = F(B) be the function
field of B and (I, ) the associated structure of an M-field on K as in (3.11).

Let m: X — B be a dominant morphism of proper varieties over F' and X the generic fiber of
w. Let Y be an n-dimensional prime cycle of X and Y its closure in X. For j =0,...,n, let
fj be an M-metrized line bundle on X which is induced by a DSP quasi-algebraic line bundle
L; on X as in (3.13).

Then'Y is integrable with respect to Ly, ..., Ly, and we have

(3.14) hp 2 (V)=h_.% 772,

Proof. — By Chow’s lemma (e.g. [22, Thm. 13.100]) and functoriality of the height (Propo-
sition 3.1.12(ii)), we reduce to the case when the proper varieties are projective over F'. Then
7 is also projective. By (multi-)linearity of the height (Proposition 3.1.12(i)), we may assume
that the line bundles £; are very ample and their Mp-metrics are semipositive. Making a finite
base change and using Proposition 3.1.17, we may suppose that B and X are geometrically
integral.

We prove this theorem by induction on the dimension of Y. If dim(Y) = —1, thus Y = 0,
then Y is integrable since the local heights of Y are zero. Equation (3.14) holds in this case
because ) is empty as well.

From now on we suppose that dim(Y") = n > 0. Then the restriction 7|y : Y — B is dominant.
By Proposition 3.1.12 (ii), the height does not change if we restrict the corresponding metrized
line bundles to ). So we may assume that ) = X, Y = X and n = dim(Y) = dim(X).

Let sg, ..., s, be global sections of Ly, ..., L, respectively, whose divisors intersect properly
on X, and let p: 9 — R be the function given by

0750|X)7---7(fn73n‘X)(
We must show that p is u-integrable and that
L pw)anw) =bg, w7, (),

By the induction formula of local heights (Theorem 1.4.3), there is a decomposition p = p1+p2
into well-defined functions p1, p2: 9T — R given by

pr(w) = ATo01501x )Tt 251 x) (cyc(snlx), w)
and

pa(w) = [ 1oglsalxallnty o1 Tow) A+ Aer(Turin).
Moreover, we can write the cycle cyc(sy,) in X as

cyc(sn) = Cyc(sn)hor/B + Cyc(sn)vert/Ba

where cyc(sp)nor/p contains the components which are dominant over B and cyc(sn)vert/B
contains the components not meeting X.
By the induction hypothesis, the function p; is u-integrable and

[ ) dutw) =hg, 7 (eyo(salx))

(3.15) =h g, T, T T (CYC(S0)hor/B) -

Publications mathématiques de Besancon — 2017



54 Local Heights of Toric Varieties over Non-archimedean Fields

If w=V € B, then we deduce as in the corresponding part of the proof of [12, Thm. 2.4]
that

(3.16) p2(V) = Z hy g, (V)ordw(sn)dege, ., (Wv),

wex®

T(W)=V
where Wy denotes the generic fiber of 7|yy: W — V. This formula implies the integrability
of pa on BW with respect to the counting measure pg, because there are only finitely many
W e XM such that ordyy(s,) # 0. The same arguments as in the corresponding part of the
proof of [12, Thm. 2.4] show that

(3.17) [ o) dusn(w) = bz, 7, (Cve(sn)ny )
Now, let v be a place of Mr and p a generic point of B3". We claim that the function
n—1 o
(3.18) polp) = [ togipllsallal A cr(5E5)
v,p 7=0

is integrable with respect to p, = p(v)-c1(H1,y) A+ Ac1(Hp,y). Furthermore, we claim that

n—1
(3.19) [ e i) = ) [ Togsallzh A AN e o).
By g =0 i=1

This two claims will be shown in a rather elaborate argument below.

Assuming these two claims, we will first show that the theorem now follows easily. By Propo-
sition 3.1.16, the integral in (3.19) is zero for all but finitely many v € Mp because the
line bundles 7*H 1, ..., Hy, Lo, ..., L, are quasi-algebraic. We conclude that the function
p = p1+p2 is p-integrable and obtain, by using the induction hypothesis (3.15), (3.17), (3.19)
and the global induction formula 3.1.16,

hZO,,__ / p1(w) dp(w +/( )pz w) dpgn (w) + Z /genpg ) dpsy ()

vEMp
= hw*ﬁl,...,ﬂ*ﬁb,zo7._,,zn71(Cyc(sn)hor/B)
+ hﬂ*ﬁl,...,n*ﬁb,Z(),.__,Zn_l (Cyc(sn)vert/B)
n—1 b
+ Z :u / IOgHSanv /\ Cl(zj,v) A /\ C1<7T*Fi,v)
vEMp 7=0 =1

=h_ .7, F Lo LX)

proving the theorem.

We will prove more generally that for any non-trivial s,, € I'(&X,,, £,), the function ps in (3.18)
is p,-integrable and that (3.19) holds. If v € Mp is an archimedean place, then the proof
of [12, Thm. 2.4] shows that py is u,-integrable on BE™ and that the equation (3.19) holds.
From now on, we consider the case where v € Mg is non-archimedean. We first assume that,
for each 5 = 0,...,n—1and i =1,...,b, the metrics on £L;, and H;, are algebraic. Then
the function po is u,-integrable because u, is a discrete finite measure.

We choose, for each j, a proper model (2}, 2}, e;) of (X, L;,) over Spec C, that induces the
metric of Zjﬂ,. Note that we omit the place v in the notation of the models in order not to

Publications mathématiques de Besangon — 2017



Walter Gubler and Julius Hertel 5%

burden the notation. By linearity, we may assume that e; = 1 for all j. Furthermore, we can
suppose that the models 2 agree with a common model 2 with reduced special fiber (cf.
Remark 1.2.12). In the same way, we have a proper C)-model £ of B,, with reduced special
fiber and, for each i =1,...,b, a model JZ of H;, on % inducing the corresponding metric.
As in the proof of Proposition 3.2.5, we can asume that the morphism m,: X, — B, extends
to a morphism 7: 2~ — % over C;.

To construct a suitable model of X, , = X xg SpecC, , over C;
tative diagram

v.p» We consider the commu-

SpecC,, B

.

SpecC, —— Spec F.

By the universal property of the fiber product, we have a unique morphism SpecC,, —
B,. Because £ is proper over C; and by the valuative criterion, this morphism extends to
SpecCy ,, — #. Let 2 be the fiber product 2" x 4 SpecCy, ,. This is a model of X, ; over

Cop We denote the special fibers of #, 2" and %), by % % and 5&” respectively. By 1.1.7,
there exists a formal admissible scheme X, over CO with generic fiber X3" = X[ and

with reduced special fiber % such that the canomcal morphism ¢: 1{ — 3?,” is ﬁmte and
surjective. We obtain the followmg commutative diagram

= ip Ty
an an an an
Xop Xob X —— B2

(2

red \L red i red \L red \L

-%p lp (@; Jp g’&}’ T éj :

where red is the reduction map from 1.1.5 and 1.1.7. We have 5&”; = ffxé; Spec @v,p-
By Definition 1.2.13, the left-hand side of equation (3.19) is equal to

n—1 b
320 [ ( [, 10l A alZin) Aelo)

j=0 i=1

S (X boslstic@Dlnbdes, g g (V) des (D),
= =) Ez787 70zl
Ze$) Vex,,

where £z (resp. &y) denotes the unique point whose reduction is the generic point of Z
(resp. V).

First, we consider the inner sum. Let Z be an irreducible component of % with generic pomt
nz = red({z). For V € %g ), we consider the irreducible component W := ¢¢, (V) of 5&”52
and the irreducible component Y := j¢, (W) of 2. Tt follows from the compatibility of the

reduction with morphisms of models that i¢, (§1/) is the unique point &y of X" with reduction
equal to the generic point of Y. We conclude that

(3.21) 10g [[55 (i, (6v)) e = Log lI5n(&v) [l
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Applying the projection formula in [25, Prop. 4.5], we deduce that

(3.22) (te,)+(cye(Re,)) = cye(Ze,)

Now the geometric projection formula, (3.21) and (3.22) yield

(323) > logllsn(ic, (&v))llny deg( it Z) (V)
~(0) €767k k=0,....n—1
Ve%§Z
= 3 tollselh mV T deg ) (W),
k=0,...,n—1

wez
£z

where m(W, 2,) denotes the multiplicity of W in 2, and where Y = j¢,(W). By [23,
Ch. 0, (2.1.8)], there is a bijective map

(3.24) vezO|#v)=2} — 20, Y+,

nz >

The special fiber of # is reduced and hence, applying [1, 2.4.4(ii)] and using the compat-

ibility of reduction and algebraic closure, we get C, &2 = H(&z) = k(nz). Thus, jKEZ =
XX = 5 Spec C, & 1s the base change of the fiber %,Z =2 X 5 Speck(nz) by k(nz) — k(nz).
Thus by [43, Lem. 32.6.10], we obtain a surjective map

. _
(3.25) 20— 20

Composing the maps (3.24) and (3.25), we get a canonical surjective map

20— {y e 20 #(v) = 2}

with finite fibers. More precisely, for each irreducible component Y in 2 with 7(Y) = Z,
the scheme Y;, =Y Xz SpecC, ¢, is a finite union of (non-necessarily reduced) irreducible

components of ,éi‘”;(zo). Since i¢, (&w) = &y for W e Yf(?, we deduce

(3.26) > logllsn(&e, ) llnw m(W, Le,) deg, . = (W)
o Z (]SZX >k:0 o
wezl® TR
Z log [|sn( fY)H deg( ) (Ye,)
YGJ(O) k=0,..., n—1
#(Y)=2

Let Y be an irreducible component of 2 with generic point ny such that 7(Y) = Z. It follows
from the definitions in algebraic intersection theory that we have

deg g.... 201, (Y) = deg, 5 Foit, Ta (Yo,)degs . m(2).
Since the degree is stable unter base change, we deduce
(3.27) deg g, . 2 1oty (V) = deg o it % - (Yey)degys, 4 (2).

Je,
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Combining the equations (3.20), (3.23), (3.26) and (3.27), we obtain

n—1 b
+% -1 kT IT7
([ tomillsnlil A 15250) A er(Fon))

v,p 7=0 =1

= > > logllsa(Ey)llnn deg sy e ()
ZeB0) ye ' (0)

FV)=2
= > loglsa(&v)lne deg g 2\ oo, (V)
yez (0
n—1 o b o
= [ togllsallzh A es(Bi) A A ea(w T,
2 =0 i=1

using in the next-to-last equality that, for an irreducible component Y of 2 with dim(7(Y)) <
b — 1, the degree is zero. This proves equation (3.19) in the algebraic case.

In a next step, we assume that, for each j = 0,...,n, the metric | - ||;, on L;, is algebraic,
but that the metrics on H;,, ¢ =1,...,b, are not necessarily algebraic. For this case, we once
again show that po is u,-integrable and that the equality (3.19) holds.

As in the previous case, we may assume that, for each j = 0,... n, there is a proper model
(&, Z) of (L, Xy) over Cj inducing the corresponding metric. We choose any projective
model # over C; of the projective variety B, and suppose, as in the previous case, that
Ty Xy — B, extends to a proper morphism 7: 2= — . Because X, is projective over
C, and by [27, Prop. 10.5], we may assume that 2" is projective over CJ and thus, 7 is
projective. Using Serre’s theorem (see [22, Thm. 13.62]), the line bundle .%; is the difference
of two very ample line bundles relative to 7. By multilinearity of the height, we reduce to the
case where %} is very ample relative to 7. Because 4 is projective over C;, we deduce by [22,

Summary 13.71(3)] that there is a closed immersion f;: 2~ — ng such that & ~ f;‘OPNj (1).
.gg

For projective spaces PYi, j =0,...,n, let P:=PNo x ... x PN be the multiprojective space
and let Op(e;) be the pullback of Opw; (1) by the j-th projection. Since B is geometrically
integral, we have the function field K, = C,(B,) and we define X, = &, xp, Spec K,, and
Lij, = Lj, ® K,. The product of fy,..., f, is a closed immersion f : 2 — Pg with
L ~ f*Op,(e;) for j =0,...,n. We obtain the following commutative diagram

2 x g SpecCj , CL Pcs |

| 7

c 9p
Xv7p PCv,p

i /

hp % C ng .

e 7

X, c 9 Pk,

Note that each horizontal arrow is a closed immersion because f is a closed immersion and
the other morphisms are obtained by base change.
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Let p € B§™". Then the metric || - [[vp =iyl - [lo on Ljuvp = 508, (e;) is induced by
o = Jpf Orglej) = fOprce (€5).

Hence, Lj,, = g;@pcv,p(ej), where @Pcv,p(ej) is endowed with the canonical metric. By
Proposition 3.2.2, the field K, together with (BS™, pu,) is a B£"-field in the sense of Def-
inition 3.1.1. Therefore, [26, Prop. 5.3.7(d)] says that every n-dimensional cycle on Pk, is
p-integrable on B with respect to Op, (eo),. .., Opy, (e,). Since integrability is closed
under tensor product and pullback (see 3.1.10), the local height p is u,-integrable on BE".
By the induction hypothesis, we deduce that pa = p — p1 is also u,-integrable on B&".

For proving the equality (3.19), we study p in more detail. We may always replace s,, by Asy,
for a non-zero A € C, and hence we may assume that s, € I'(Z",.%,). Using .Z; ~ f*Op,,(e;)
and by possibly changing the closed immersion f, we may assume that s, = ¢g*t,, for a global
section of Op, (e,). We choose global sections t; of Op, (e;), j =0,...,n — 1, such that

Idiv(to)| N -+ N |div(ty)| N X, = 0.

Note that the original so,...,s,_1 do not play a role anymore and so we may set s; := g*t;
for  =0,...,n — 1. By Proposition 1.3.5, we get

p(p) = /\(ZMO),,,,,(ZMS”)(Xvap)
(3.28) s g X
- (OPCU (60)7t0)7“~a(OJP’CU (en)gtn) ( ’U7p) ’

We can express p in terms of the Chow form of the n-dimensional subvariety X, of the multi-
projective space P, . This is a multihomogenous polynomial Fx, (&, ..., &, ) with coefficients

in K, and in the variables §; = (§o,--.,&;n;) viewed as dual coordinates on P%ﬁ) (see [26,
Rem. 2.4.17] for details). By (3.28) and [26, Ex. 4.5.16], we obtain

(3.29) p(p) = 1og |Fx, lop — log | Fx, (b0, -, tn)lup

where in the first term we use the Gauss norm and in the second term t; denotes the dual
coordinates of ;.

For each i =1,...,n, we choose a sequence of algebraic semipositive metrics (|| - ||; % )ken on
H;, that converges to the semipositive metric || - ||;, on H;. Denote H; px = (Hiw, || - i k)
and set

o = (V) c1(Hipg) A Act(Hpwg) -

By Corollary 1.4.6, we obtain

(3.30) lim p(p) Aty (p) = / p(p) dpw(p) -

k—o0 Bgen B%‘en

Analogously we can show this for the local height p; and hence we get

(3.31) tm [ o) dpor(e) = [ oa(p) dnalp):

k—00 B%en Bgen
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On the other hand, Corollary 1.4.6 again shows

n—1 b
(3.32) hm/ log [5nllns A ¢1(Zin) A A c1(m Hi g )
7=0 i=1

n—1

- /X g llsallan A 1(Zi) A A Hi).

v 7=0 =1

Thus, the equality (3.19) for semipositive metrics on H; , and algebraic metrics on £;,, follows
from (3.31), (3.32) and the algebraic case.

In the last step, we assume that the metrics on H;, and L;, are semipositive and not
necessarily algebraic. We choose, for each j = 0,...,n—1, a sequence of algebraic semipositive
metrics (|| - ||ju,k)ken on L, that converges to || - ||j.. For p € BE™, we set

n—1
poslp)i= [ togipllsallit i A\ 1)

v,p 7=0

By the induction formula 1.2.15 and Proposition 1.2.11 (iii), we obtain for each k,l € N,
|p2’k(p) o pz’l(p)‘ - ‘ )\(fo,k,so)v--w(fn,msn)(X”’p) o )\(ZO,I@750)7---7(Zn—1,k73n—1) (cyc(snlx, ), p)

- A(Zo 1’30)»"'7(Zn,l:3n)(X p)+ /\(Loz 50)5e(Ln—1,1,5n-1) (cye(snlx.):p) ’
| -

<2 dl

5 ) degLo,...,L]'_l,Lj_‘_l,‘..,Ln (X’U)

n—1

+ Z d(H ' Hj:v7k7 H ' Hj:v7l) degL(),...,Lj,1,Lj+1,...7Ln,1(Cyc(sn‘xv)) :
=0

Hence, the sequence (p2 ;) ren converges uniformly to ps on B5". Because the measure j, has
finite total mass and, by the previous case, the functions psj are p,-integrable, we deduce
that pg is u,-integrable and that

lim p2,5(p) dpo (p) = / p2(p) dpw(p).-
k‘—}OO B%cn B%cn

Thus, using (3.19) for the functions pyj, and the induction formula 1.4.3, the equality (3.19)

also holds in the case when all the metrics are semipositive. O

3.3. Global heights of toric varieties over finitely generated fields. — Following [12,
§3] closely, we use our preceding results to get some combinatorial formulas for the height of a
fibration with generic toric fiber. Indeed, our non-discrete non-archimedean toric geometry is
necessary since the measure space 91 from (3.11) contains arbitrary non-archimedean absolute
values, in contrast to the measure space considered in [12, §1].

As usual, we fix a lattice M ~ Z" with dual MY = N and use the respective notations from
the sections on toric geometry. At first, we consider an arbitrary M-field K with associated
positive measure pu. Let 2 be a complete fan in Vg and let Xy, be the associated proper toric
variety over K with torus T = Spec K[M].
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3.3.1. — Let L be a toric line bundle on Xy. An M-metric || - || = (|| - [[v)verm on L is
toric if, for each v € M, the metric || - ||, on L, is toric (see Definition 2.4.1). The canonical
M -metric on L, denoted || - ||can, is given, for each v € M, by the canonical metric on L, (see
Definition 2.4.11). We will write Z" = (L, || - ||can)-

Let s be a toric section on L and ¥ the associated virtual support function. Then a toric
M-metric (|| - [|)» on L induces a family (%7571))” ey of real-valued functions on Ng as in
Definition 2.4.6. If | - || is semipositive, then each ¢ _ is concave and we obtain a family

(9 40) pepy Of concave functions on Ay called v-adic roof functions (cf. Definition 2.6.4 which
works the same way in the archimedean case). When L and s are clear from the context, we

also denote ¢ . by ¥, and ¥, by ¥,.

Proposition 3.3.2. — For each i =0,...,t, let L; be a toric line bundle on Xy, equipped
with a DSP toric M-metric and denote by L; " the same toric line bundle endowed with the
canonical M-metric. Let Y be either the closure of an orbit or the image of a proper toric

morphism of dimension t. Then Y is integrable with respect to Lgan, .. ,L?an and

(333) hfgan7...7zgan (Y) = 0

Furthermore, if Y is integrable with respect to Ly, ..., Ls, then the global height is given by
(3.34) by, ()= [ N 2 (Vo) duo),

where ALLO;,...,E (Y,v) = )\%’;U,m’fw(%) is the toric local height from Definition 2.6.1.

Proof. — The first statement and equation (3.33) can be shown using the same arguments
as in [11, Prop. 5.2.4]. The proof is based on an inductive argument using the local induction
formula from Theorem 1.2.15. The second equation follows easily from the first one. O

Corollary 8.8.8. — Let L = (L,(||*||v)v) be a toric line bundle on X, equipped with a semi-
positive toric M-metric. Choose any toric section s of L and denote by W the corresponding
support function on X. If Xy, is integrable with respect to L, then

h(Xs) = (n + 1)! / 97, dvolys du(v).
M JAgy

Proof. — This is a direct consequence of Proposition 3.3.2 and Theorem 2.6.6 which holds
also in the archimedean case by [11, Thm. 5.1.6]. O

Now we consider the particular case of an 9M-field which is induced by a variety over a global
field as in Section 3.2. Let B be a b-dimensional normal proper variety over a global field
F and let Hy,..., Hy be nef quasi-algebraic metrized line bundles on B. This provides the
function field K = F(B) with the structure (91, 1) of an M-field as in (3.11). Let X be an
n-dimensional normal proper toric variety over K with torus T = Spec K[M], corresponding
to a complete fan ¥ in Ng. We choose a base-point-free toric line bundle L on X together
with a toric section s and denote by ¥ the associated support function on .

Let m: X — B be a dominant morphism of proper varieties over F' such that X is the generic
fiber of . We equip L with a toric 9-metric || - || such that L = (L, || - ||) is induced by a
semipositive quasi-algebraic Mp-metrized line bundle £ on X as in (3.13). Then it follows
easily that L is also semipositive and so, for each v € 9, the function v, is concave.
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The following result generalizes Corollary 3.1 in [12], where the global field is Q and the
metrized line bundles are induced by models over Z. It is based on our main Theorems 2.6.6
and 3.2.6.

Corollary 3.3.4. — Let notation be as above. Then the function

(3.35) M— R, wr— / V7 , ., (m)dvoly(m)
Ay TP
1s integrable with respect to p and
(336) b ez 2(X) = hp(X) = (D[ du(m)dvolas(m) da(w).
v
Proof. — By Theorem 2.6.6 (non-archimedean case) and [11, Thm. 5.1.6] (archimedean case),
we have
__ )\ tor

(n+1)! N Yy, dvolys = )‘foo,w,...,fn,w (Xu).-
Hence, Theorem 3.2.6 implies the p-integrability of the function (3.35). The first equality
of (3.36) is Theorem 3.2.6. The second follows readily from (3.34) and (3.35). O
Proposition 3.3.5. — We use the same notation as above.

(i) For each m € Ay, the function M — R, w —— Yy (m) is p-integrable.

(ii) The function
Ui Aw — R, mr— /Em 97 . (m)dpu(w)

L,s,w

1s continuous and concave.

(iii) The function Mx Ay — R, (w, m) — 9, (m) is integrable with respect to the measure
X volyy.

(iv) We have

b, a2, 2(X) =bhp(X) = (n+1)! /A U7 (m) dvoly(m),
w

where Vg _ is the function in (ii).

Proof. — The proof of (i)—(iii) respectively (iv) is analogous to [12, Thm. 3.2 resp. Cor. 3.4]
using Corollary 3.3.4 in place of [12, Cor. 3.1]. It utilizes in an essential way that 9,, is concave
(see Theorem 2.5.8). O

3.4. Heights of projectively embedded toric varieties over the function field of an
elliptic curve. — Similarly as in [12, §4], we consider the formulas in Section 3.3 in the case
where X is the normalization of a translated subtorus in a projective space using canonical
metrics. Then we illustrate the resulting formulas in the case of the function field K of an
elliptic curve which is a natural example where the canonical polarizations at a place of bad
reduction lead to non-discrete valuations on K.

Let B be a b-dimensional normal proper variety over a global field F and let Hy, ..., H; be
nef quasi-algebraic Mp-metrized line bundles on B. We equip K = F(B) with the structure
(M, 1) of an M-field as in (3.11).
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For r > 1, let us consider the projective space Pz = P X p B over B and Serre’s twisting sheaf
Opr (1). We equip Opr, (1) with the metric obtained by pulling back the canonical Mp-metric

of Opr (1) and denote this metrized line bundle by O(1) = Opr, (1).
For m; € Z" and f; € K*, j=0,...,r, we regard the morphism

Gmgx — Pk, tr—(fot™ :---: fit"™"),
where f;t™i = fjtTj’l - -tn?™. For simplicity, we suppose that mo = 0, fo = 1 and that
my,...,m, generate Z™ as an abelian group. Let Y be the closure of the image of this

morphism. Then Y is a toric variety over K, but not necessarily normal.

Let Y be the closure of Y in P; and let m: ) — B be the restriction of P — B. Our
goal is to compute the height hﬂ*ﬁl,-nJr*ﬁb,m,m,m(y) using formula (3.36). Since Y is
not necessarily normal, we consider the normalization X of Y and the induced dominant
morphism X — B which we also denote by 7. Then the generic fiber X = X xp Spec K

is a normal Gy, x-toric variety over K. Let L be the pullback of O(1) via X — P; and let
L be the induced 9M-metrized line bundle on X as in (3.13). Then L is a toric semipositive
M-metrized line bundle on X.

Analogously to [12, Prop. 4.1], we can explicitly describe the associated w-adic roof functions
as follows:

Proposition 3.4.1. — We keep the above notations and let s be the toric section of L
induced by the global section xo of O(1). Then the polytope A associated to (L, s) is determined
by

A = conv(myg,...,m,).
For w € M, the graph of the w-adic roof function 9,: A — R is the upper envelope of the
polytope A, € R™ x R which is given by

A — {COHV((mg‘, —hg, 1, (V)ordv(fi))j=o,..r);, ifw=VeBY,
7 eonv((my,log | £;(p)|v)j=0,...+), ifw=pe BI" ve Mp.

Now we differ from the setting in [12, §4] and consider the special case of the function field
of an elliptic curve equipped with a canonical metrized line bundle. Note that in this case
non-discrete non-archimedean absolute values naturally occur.

3.4.2. — From now on, we assume that B is an elliptic curve E over the global field F
and let H be an ample symmetric line bundle on F. We choose any rigidification p of H,
i.e. p € Hyo(F) \ {0}. By the theorem of the cube, we have, for each m € Z, a canonical
identification [m|*H = H ®m? of rigidified line bundles. Then there exists a unique Mp-metric
-1, = (- lpw)v on H such that, for all v € Mg, m € Z,

2
) Nl =11+ 1557

For details, see [5, Thm. 9.5.7]. We call such an Mp-metric canonical because it is canonically
determined by H up to (|a|y)ven, for some a € F*. By [28, 3.5], the canonical metric | - ||,
is quasi-algebraic and, since H is ample and symmetric, it is semipositive.

The global height associated to H = (H, || - ||,,) is equal to the Néron-Tate height hg (see [5,
Cor. 9.5.14]). In particular, it does not depend on the choice of the rigidification p. Since H
is ample, we have hz = hy > 0.
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For each v € Mp, the canonically metrized line bundle H induces the canonical measure
c1(Hy) = c1(Hy, || - ||p,0) which does not depend on the choice of the rigidification (cf. [29,
3.15]) and which is positive. It has the properties

ci(Hy)(E™) =degy(E) and [m]*ci(H,) = m?ci(H,) for all m € Z.

For a detailed description of these measures, we have to consider three kinds of places v € Mp.

(i) The set of archimedean places is denoted by Mz°. For v archimedean, E3" = E(C) is a
complex analytic space which is biholomorphic to a complex torus C/(Z+ Z1), ST > 0.
We have c1(H,) = deg (E) pifaar for the Haar probability measure piyaa; on this torus.

(ii) The set of non-archimedean places v with E of good reduction at v is denoted by M#.
For such a v, the canonical measure c1(H,) is a Dirac measure at a single point of E2".
Since E has good reduction at v, there is a smooth proper scheme &, over C; with
generic fiber E,. The special fiber &, is an elliptic curve over C,. Let &, be the unique
point of E2" such that red(,) is the generic point of &,. Then ¢ (H,) = degy (E ) O¢,, -

(iii) The set of non-archimedean places v with E of bad reduction at v is denoted by M.
Then EZ" is a Tate elliptic curve over C,, i.e. E5" is isomorphic as an analytic group to
G/ q%, where Gm,v is the multiplicative group over C, with fixed coordinate = and
q is an element of Gy, ,(C,) = C;X with |g], < 1 (see, for example, [6, 9.7.3]). Denote
by trop: Gy, — R, p = —logp(z), the tropicalization map and set A, := —log |q|,Z
Then we obtain a commutative diagram

trop

an
Ghy—R

|

Eg‘n trop R/A
Consider the continuous section p: R — G§}',, of trop, where p(u) is given by
(3.37) Z ama™ — max |t | exp(—m - u)
meZ

as in 2.4.7. Using E" = G,/ q”, this section descends to a continuous section p :
R/A, — E2" of trop. The image of p is a canonical subset S(E3") of E3" which is
called the skeleton of E5". By [1, Ex. 5.2.12 and Thm. 6.5.1], this is a closed subset of
E3™ and trop restricts to a homeomorphism from S(E3") onto R/A,. By [29, Cor. 9.9],
the canonical measure c1(H,) on E2" is supported on the skeleton S(E2") and we have
c1(H,) = degy (F) pifaar for the Haar probability measure pipaar on R/A,.

Let my =0 € Z™" and my...,m, € Z™ generating Z™ as a group and let fo,... f, €
K* = F(E)* with fo = 1. Recall that we consider the morphism

G&,K — Plhey,  t— (fot™0 - fit™r).

The closure of the image of this morphism in P’ is denoted by Y.
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Corollary 3.4.3. — With the assumptions and notations from 8.4.2, we have

1
(0 D degy ) = 1000

degH / x) dvol(z) + Z /Cv)/Aﬁp(x)dvol(x) ditHaar (P)

veEME®

+ Z /195 ) dvol(z) + Z //AU/Aﬁp(u)(x) dvol(z) dpaar (@),

veEME, vEME,

U‘

where C C EW) is the set of irreducible components of the divisors cyc(fy),...,cyc(fr) and
vol is the standard measure on R™.

Proof. — We have hﬂ*ﬁ,m,wm(y)
under normalization. We get the result by Theorem 3.2.6, Corollary 3.3.3, Proposition 3.4.1
and the description in 3.4.2. O

=h, .77 7. 7(&) because the global height is invariant

Appendix A. Convex geometry

In this appendix, we collect the notions of convex geometry that we need for the study of
toric geometry. We follow the notation of [11, §2] and [32] which is based on the classical
book [42].

Let M be a free abelian group of rank n and N:= M" :=Hom(M,Z) its dual group. The
natural pairing between m € M and u € N is denoted by (m,u) :=u(m). If G is an abelian
group, we set Ng:= N ®7z G = Hom(M, G). In particular, Ng = N ®z R is an n-dimensional
real vector space with dual space Mr = Hom(/NV,R). We denote by I' a subgroup of R.

A.1. — A polyhedron A in Ng is a non-empty set defined as the intersection of finitely many
closed half-spaces, i.e.

-
(A1) A= ﬂ {u € Ngr | (m;,u) >1;} where m; € Mg,1; € R.

i=1
A polytope is a bounded polyhedron. A face A’ of a polyhedron A, denoted by A’ < A, is
either A itself or of the form AN H where H is the boundary of a closed half-space containing
A. A face of A of codimension 1 is called a facet, a face of dimension 0 is a vertex. The relative
interior of A, denoted by ri A, is the interior of A in its affine hull.

A.2. — Let A be a polyhedron in Ng. We call A strongly convex if it does not contain any
affine line. We say that A is I'-rational if there is a representation as (A.1) with m; € M
and [; e T. If I' = Q, we just say A is rational. We say that a polytope in My is lattice if its
vertices lie in M.

A.3. — A polyhedral cone in Ny is a polyhedron ¢ such that Ao = ¢ for all A > 0. Its dual
is defined as

o’ :={m € Mg | (m,u) >0V ucoa}.
A polyhedral cone is strongly convex if and only if dim(c¥) = 0. We denote by o the set of
m € Mg with (m,u) = 0 for all u € 0. The recession cone of a polyhedron A is defined as

rec(A):={u € Ng |u+ A C A}.
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If A has a representation as (A.1), the recession cone can be written as
s
rec(A) = ﬂ{u € Ng | (m;,u) > 0}.
i=1

A.4. — A polyhedral complex II in Ng is a non-empty finite set of polyhedra such that
(i) every face of A € II lies also in II;
(ii) if A, A’ € II, then AN A’ is empty or a face of A and A’.

A polyhedral complex II is called I'-rational (resp. rational, resp. strongly convez) if each
A € 1I is T'-rational (resp. rational, resp. strongly convex). The support of II is defined as the
set |II|:=Upen A. We say that II is complete if |II| = Ng. We will denote by IT* the subset
of k-dimensional polyhedra of II.

A fan in Ng is a polyhedral complex in Ng consisting of strongly convex rational polyhedral
cones.

A.5. — Let II be a polyhedral complex in Ng. The recession rec(II) of II is defined as
rec(II) = {rec(A) | A € II}.

If 1T is a complete I-rational strongly convex polyhedral complex, then rec(II) is a complete
fan in Ng.

A.6. — Let C be a convex set in a real vector space. A function f: C' — R is concave if

(A.2) fltur + (1 —t)ug) > tf(ur) + (1 —t)f(u2)

for all uq,uo € C and 0 <t < 1.
Note that we use the same terminology as in convex analysis. In the classical books of toric
varieties [38], [19], [16], our concave functions are called “convex”.

A.7. — Let f be a concave function on Ng. We define the stability set of f as
Ay:={m € Mg | (m,-) — f is bounded below}.

This is a convex set in Mg. The (Legendre—Fenchel) dual of f is the function
fYi Ay — R, mr—— uign]\f]R((m, u) — f(u)).

It is a continuous concave function.

A.8. — Let f: Nr — R be a concave function. The recession function rec(f) of f is defined

as
rec(f): Ng — R, wu+— lim f(w) .
A=oo A

By [42, Thm. 13.1], rec(f) is the support function of the stability set Ay, i.e. it is given by
pu— 1 f
rec(/)(w) = inf (m.)

for u € Ng.
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Proposition A.9. — Let X be a complete fan in Ng and let V: Ng — R be a support
function on ¥ (Definition 2.1.9). Then the assignment ¢ — ¥ gives a bijection between the
sets of

(i) concave functions 1» on Nr such that [t — V| is bounded,

(ii) continuous concave functions on Ay.

Proof. — This follows from the Propositions 2.5.20(2) and 2.5.23 in [11]. O

A.10. — A function f: Ngp — R is piecewise affine if there is a finite cover {A;};c;r of Nr
by closed subsets such that f|,, is an affine function.

Let II be a complete polyhedral complex in Nr. We say that f is a piecewise affine function
on II if f is affine on each polyhedron of II.

A.11. — Let f: Ng — R be a piecewise affine function on Ng. Then there is a complete
polyhedral complex IT in Nk such that, for each A € II,
(A.3) fla(w) = (mp,u) +1x  with (my,ly) € Mg x R.

The set {(ma,lx)}acr is called defining vectors of f. We call f a I'-lattice function if it has a
representation as (A.3) with (mp,ly) € M x T for each A € II. We say that f is a I'-rational
piecewise affine function if there is an integer e > 0 such that ef is a I'-lattice function.

A.12. — Let f be a concave piecewise affine function on Ni. Then there are m; € Mg,
l; R, i=1,...,r, such that f is given by
flu) = .nilin (mj,uy +1; foru € Ng.
i=1,...,
The stability set Ay is a polytope in Mg which is the convex hull of mq,...,m,.
The recession function rec(f) has integral slopes if and only if the stability set Ay is a lattice

polytope.

A.13. — Let f be a piecewise affine function on Ng. Then we can write f = g — h, where
g and h are concave piecewise affine functions on Ng. The recesssion function of f is defined
as rec(f) = rec(g) — rec(h).

In Theorem 2.5.8 we need the following assertion.

Proposition A.14. — Let " be a non-trivial subgroup of R. Let W be a support function on
a complete fan in Ny (Definition 2.1.9) and 1) a concave function on Nr such that |¢p — V|
is bounded. Then there is a sequence of I'-rational piecewise affine concave functions (V¥r)ken
with rec(vy) = W, that uniformly converges to 1.

Proof. — Since V¥ is a support function with bounded [i) — ¥|, the stability set Ay is a lattice
polytope in Mg with Ay = Ay,. Thus, by Proposition [11, Prop. 2.5.23 (2)], there is a sequence
of piecewise affine concave functions (¢)reny with Ay, = Ay, that converges uniformly to .
Because the divisible hull of I' lies dense in R, we may assume that the ’s are ['-rational.
Finally, Proposition 2.3.10 in [11] says that Ay, = Ay implies rec(¢) = V. O
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A.15. — Let f be a concave function on Ng. The sup-differential of f at u € Ng is defined
as

Of(u):=={m € Mg | (m,v—wu) > f(v) — f(u) for all v € Ng}.

For each u € Ng, the sup-differential df(u) is a non-empty compact convex set. For a subset
E of Ny, we set

Of(E):= U Of(u).

uekE

Remark A.16. — Let f be a concave function on Ng which is piecewise affine on a complete
fan. Then the stability set Ay is equal to the sup-differential 0f(0). This follows easily from
the definitions.

A.17. — We denote by voly; the Haar measure on Mg such that M has covolume one.
Let f be a concave function on Ng. The Monge-Ampére measure of f with respect to M is
defined, for any Borel subset FE of Ny, as

My (F)(E) :=vola (Of (E)) .
We have for the total mass My;(f)(Nr) = volpr(Ay).

Proposition A.18. — Let (fi)ren be a sequence of concave functions on Nr that converges
uniformly to a function f. Then the Monge—Ampére measures Myr(fr) converge weakly to

Mo (f).
Proof. — This follows from [11, Prop. 2.7.2]. O

Proposition A.19. — Let f be a piecewise affine concave function on a complete polyhedral
complex II in Ng. Then

Mu(f) = D vola(9f(v)) b,
velll
where &, 1s the Dirac measure supported on v.

Proof. — This is [11, Prop. 2.7.4]. O

A.20. — Let A be an n-dimensional lattice polytope in Mg and let F' be a face of A. Then
we set

op:={u€ Ng|{(m—m'ju) >0foralmeA, meF}.
This is a strongly convex rational polyhedral cone which is normal to F'. By setting ¥ A :={oF |
F < A}, we obtain a complete fan in Ng. We call ¥ A the normal fan of A. The assignment

F — o defines a bijective order reversing correspondence between faces of A and cones of
Y A. The inverse map sends a cone o to the face

(A.4) Fy={meA|{m —m,u)>0forallm € A, ueo}.

For details, we refer to [16, §2.3].

We also use the notation F, in the following situation. Let 3 be a fan in Ng and ¥ a support
function on ¥ with associated lattice polytope Ay. For ¢ € X, we denote by F, the face of
Ay given as in (A.4).
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A.21. — Let A be a lattice polytope in Mg. We denote by aff (A) the affine hull of A and by
LA the linear subspace of Mg associated to aff(A). Then M (A):=M NLa defines a lattice
in La. The measure voly;a) on La = M(A)g (see A.17) induces a measure on aff(A) which
we also denote by volpsa)-

If A is n-dimensional and F' is a facet of A, we denote by vp € N the unique minimal
generator of the ray op € XA (see A.20). We call vp the primitive inner normal vector to F'.

Proposition A.22. — Let f be a concave function on Ny such that the stability set Ay is
a lattice polytope of dimension n. With the notations in A.21 we have

— [ raMu() = 1) [ dvol + X (Fror) [ 1Y dvoluyqry.
f F

Ng

where the sum is over the facets F' of Ay.

Proof. — This is [11, Cor. 2.7.10]. O

Appendix B. Strictly semistable models

In this appendix, we will see that the theory of strictly semistable models has strong similar-
ities to the theory of toric schemes and we will use that to prove a semipositivity statement
on a toric scheme of relative dimension 1 which will be useful in Section 2.5. On the way, we
will prove some new results for formal models related to regular subdivisons of the skeleton
of a given strictly semistable formal scheme.

In this appendix, K is an algebraically closed field endowed with a complete non-trivial

non-archimedean absolute value | |, valuation val:=—1log| | and corresponding valuation
ring K°.
B.1. — A strictly semistable formal scheme X is a connected quasi-compact admissible

formal scheme X over K° which is covered by formal open subsets 4 admitting an étale
morphism

(B.1) ¢ @ s — Spf (K° (zo,...,xq) /(®0...xp — 7))

for r < d and 7 € K* with |r| < 1.
A strictly semistable formal model over K° of a proper algebraic variety X is a strictly
semistable formal scheme which is a formal K°-model of X.

B.2. — Let Vi,...,Vgr be the irreducible components of the special fiber of a strictly
semistable formal scheme X over K°. Then the special fiber X has a stratification, where
a stratum S is given as an irreducible component of (;c; Vi \ U;g Vi for any I C {1,..., R}.
We get a partial order on the set of strata by using S < T if and only if S C T.

A formal open subset 4 as in B.1 is called a building block if the special fiber 4l has a smallest
stratum. This stratum is called the distinguished stratum of the building block (. It is given
on 8 by ¢p~Y(xg = --- = 2, = 0) in terms of the étale morphism ¢ in B.1. We note from [31,
Prop. 5.2] that the building blocks form a basis of topology for the strictly semistable formal
scheme X.
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B.3. — Berkovich showed in [3] and in [4] that for a formal strictly semistable scheme X
over K° there is a canonical deformation retraction 7: X, — S(X) to a canonical piecewise
linear subspace S(X) of X, called the skeleton of X. We sketch the construction referring
to [31, §5] for details.

In the construction of S(4) for a building block 4, one uses the skeleton S(D) of the closed
affine torus D in G%! given by the equation zg ...z, = 7. Note that the skeleton S(D) can
be canonically identified with {u € R"™™! | ug + --+ + u, = val(m)} and hence it contains
A(r,7) x {0} € R x R4~ for the T-rational standard simplex

(B.2) A(r,m):={ue R’;[')l | up + -+ + up, = val(m) }
associated to 4. Then we define S({):=v"1(A(r,m) x {0}). One further notices that S(4)

depends only on the stratum S of X which contains the distinguished stratum of the building
block L. We call S(L) the canonical simplex associated to S and we denote it by Ag. We note
that any stratum of X contains the distinguished stratum of a suitable building block as a
dense subset. We use the canonical homeomorphism

Val: Ag — A(r,7), x+— (val(zg),...,val(x,))

to see Ag as a I'-rational simplex. Now the skeleton S(X) is defined as the union of all S(¢) and
hence it is a compact subset of X,,. The piecewise linear structure is given by the closed faces
Ag and we have the order-reversing correspondence Ag C Ar if and only if 7" < S for strata
S, T of X. It is clear that the integral structure is preserved on overlappings. The retraction
map 7: X, — S(X) is given on i, by Val and the natural identification Ag = A(r, 7). It is
shown in [3, Thm. 5.2] that 7 is a proper strong deformation retraction. The stratum—face
correspondence is an order-reversing bijective correspondence between the strata S of X and
the canonical simplices Ag of S(X) given by

ri(Ag) = 7(red™1(S)), red(r '(ri(Ag))) = S.

Moreover, we have dim(S) = d — dim(Ag). In particular, we get a bijective correspondence
between the irreducible components of X and the vertices of S(X). A vertex u means a
canonical simplex of dimension 0 and we will denote the associate irreducible component

by Y.

B.j. — For every smooth projective curve X over K and every admissible formal K°-model
Xo of X, there is a strictly semistable formal model X over K° such that the canonical
isomorphism on the generic fibers extends to a morphism X — Xg. This is proved in [7, §7].
In the case of a curve, the skeleton is also called the dual graph of X.

B.5. — Let X and X’ be strictly formal schemes over K°. A morphism ¢: X’ — X of formal
schemes over K° induces the map 7o ¢: S(X') — S(X) which is integral I'-affine on each
canonical simplex (see [4, Cor. 6.1.3]). Here, integral I'-affine means that the map is a translate
of a linear homomorphism of the underlying integral structure by a I'-rational vector.

Let L be a line bundle on the proper algebraic variety X over K. We consider a strictly
semistable formal K°-model X of X with a line bundle £ which is a formal model of L. This
model induces a formal metric || - ||¢ on L (see Section 1.2).

Proposition B.6. — Let s be an invertible meromorphic section of L and let ¢ be the
restriction of —log ||s||¢ to the skeleton S(X).
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(i) Then v is a well-defined function on S(X).

(ii) Any canonical simplex Ag is covered by finitely I'-rational polyhedra A; such that 1/1]A].
s a I'-lattice function.

(iii) If s is a nowhere vanishing global section, then the restriction of ¥ to Ag is even a
I-lattice function and we have ¥ o T = —log ||s||¢ on X" = X,

Proof. — Since the building blocks form a basis, we may assume that X is a building block 1
and that £ = Ox. Then s is a meromorphic function on X and 1 is the restriction of — log | f]|
to S(X). Then the claim follows from the proofs of Propositions 5.2 and 5.6 in [34]. O

Proposition B.7. — For a strictly semistable formal K°-model X of the proper algebraic
variety X, there are canonical isomorphisms between the following groups:

(i) the group {|| - ||¢ | £ formal model of Ox on X} endowed with ®;

(ii) the additive group of functions 1: S(X) — R which are T'-lattice functions on every
canonical simpler Ag;

(iii) the group of Cartier divisors on X which are trivial on the generic fiber X,,.

Proof. — Since the special fiber Xofa strictly semistable formal scheme is reduced, it follows
from [25, Prop. 7.5] that the map D |- [[o(p) is an isomorphism from the group in (iii)
onto the group in (i).

By Proposition B.6 and using the canonical invertible global section s:=1 of Ox, we get a
homomorphism || - || + ¢ := —log||s||¢ from the group in (i) to the group in (ii).

Next, we will define a map ¢ — D, from the group in (ii) to the group in (iii). Let { be a
building block given as in (B.1). Let S be the unique stratum of X containing the distinguished
stratum of ¢l in X. Then there is ma € Z™t! and ax € K* such that ¢(u) = (m,u)+val(aa)
for all u € A:==Ag = A(r,n). Using the coordinates xg,...,x, from B.1, we define the
equation aa®*(20)™0 ... 9" (x,)™ on L. We claim that this defines a Cartier divisor Dy, on
X. By construction, the absolute values of the equations agree on overlappings and hence the
equations are equal up to units as claimed. It is clear from the construction that D, is trivial
on the generic fiber.

Our goal is to show that all these homomorphisms are isomorphisms. Let us consider the
formal metric || - ||, for a line bundle £ as in (i) and let ¥ :=1¢. We claim that £ = O(Dy)
as formal models for Ox. We cover X by building blocks 4. Then the Cartier divisor div(1)
associated to the meromorphic section 1 of £ is given on Y by some v € O(4l,)*. Let S be
the unique stratum of X containing the distinguished stratum of 4l and let A:=Ag. We use
the same equations for the Cartier divisor Dy, as above. It follows from [29, Prop. 2.11] that
v agrees with aa*(xg)™0 ---¢*(x,)™ up to multiplication by a unit in K°. This proves
div(1) = Dy and hence £ = O(Dy).

Conversely, if D is a Cartier divisor on X which is trivial on X,), then we always find a covering
of X by building blocks Y such that D is given on i by v € O(i,)*. Let S be the unique
stratum of X containing the distinguished stratum of 4l and let A :=Ag. Then as above, we
may assume that v = axth*(20)™ ... ¢*(x,)™ for suitable ma € Z™! and ap € K*. Let
Y1 S(X) — R be the restriction of —log ||spllo(p) to S(X). By construction, we have Dy = D
on 4 and hence all maps between the groups in (i)—(iii) are isomorphisms. O
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B.8. — Let X be a strictly semistable formal model of X over K°. We consider a reqular
subdivision 2 of the skeleton S(X) which means the following:

(i) Every A € 2 is a subset of a canonical face of S(X) and is integral I'-affine isomorphic
to a standard simplex of the form (B.2).

(ii) For every canonical face Ag of S(X), the set {A € 2 | A C Ag} is a polyhedral complex
with support equal to Ag.

We will show that the regular subdivision & induces a canonical strictly semistable formal
model X" of X over X with skeleton S(X”) = S(X) as a subset of X*" with 7/ = 7 for the
canonical retractions and with canonical simplices of S(X") agreeing with the subdivision 2.
We recall the construction of X” from [31, 5.5, 5.6]. Let 4 be a building block of X as in B.1
and let S be the unique stratum of X containing the distinguished stratum of §l. Then Ag
denotes the associated canonical simplex of S(X). Let A € Z with A C Ag. We identify
Ag = A(r,m) as in (B.3). Using the relation ug = val(r) —u; — - - - — u,, the simplex A(r, )
leads to the simplex

Ag(r,m) ={u €RE, |0 <uy + -+ +up <val(m)}

and A induces a I'-rational simplex Ag C Ag(r, 7). This allows us to work with the T'-toric
schemes %Zn, and %y x), where Ty is the split affine torus over S of rank r with coordi-
nates x1,...,2,. Let Ux, and U ) be the associated formal schemes obtained by p-adic
completion for some non-zero p € K°°. Since Ay C Ag(r,7), we have a canonical morphism
01 Ua, = HUag (- Let B = Spf(K°(2r11,...,24)) be the formal ball of dimension d —r.
We may skip the coordinate z¢ in (B.1) by the relation zg ...z, = 7 and then 1) may be seen
as a morphism £ — L ) X B4-". We form the cartesian square

Y’ P

1 $la, X BT fa,
(Bg) Y lb LLl
4 —r
1 LLAO(M) x B Lqu(r,ﬂ')

where p; is the first projection. This defines the building block " of X”. We glue the building
blocks 4" along common faces of the subdivision 2 and then along overlappings of the building
blocks {4 which leads to a formal model X” of X over K°. By construction, we have a canonical
morphism ¢g: X” — X extending the identity on X. Since Ay is isomorphic to a standard
simplex of the form (B.2) and since ¢/ is étale, we conclude that X" is strictly semistable. It
follows from the above construction and the definitions in B.3 that S(X”) = S(X) as a set,
that the canonical faces of S(X”) agree with the regular subdivision 2 and that 7"/ = 7.

B.9. — Let ¢: X’ — X be a morphism of strictly semistable models of the proper algebraic
variety X over K extending the identity on X. Berkovich gave in [4, Thm. 4.3.1] an intrinsic
characterization of the points of S(X) as the maximal points of a certain partial order on
Xan = X2 depending canonically on the strictly semistable formal model X. He mentioned
after the definition at the beginning of [4, §4.3] that this partial order is compatible with
morphisms of formal schemes which implies immediately that S(X) C S(X’) in our situation
above and that the contractions agree on S(X).
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It follows from the projection formula in [25, Prop. 4.5] that every irreducible component
Y of X is dominated by exactly one irreducible component Y’ of X’. Moreover, in this case
the induced morphism Y’ — Y is a proper birational morphism. We conclude from the
stratum—face correspondence in B.3 that the vertices of S(X) are vertices of S(X’). It follows
from B.5 that every canonical simplex of S(X’) with relative interior intersecting S(X) is in
fact contained in a canonical simplex of S(X). Putting these two facts together, we get a
regular subdivision 7 :={A’ C S(X) | A’ canonical simplex of S(X’)} of S(X).

B.10. — Let ¢ : X’ — X be a morphism of strictly semistable formal schemes over K°
extending the identity on X and let 2 be the regular subdivision of S(X) constructed in B.9.
We apply B.8 to this subdivision Z and we get an associated strictly semistable formal scheme
X" and a canonical morphism ¢ : X" — X extending the identity on X. Now let us consider
a line bundle L on X which has a formal model £ on X. In this situation and for £ a formal
model of L on X', we define the following formal metric | - || o/ (x) on L: By Proposition B.7,
the metric || - ||o//| - || corresponds to a piecewise linear function ¢' on S(X’). Let ¢ be the
restriction of ¢’ to S(X). Then 9 is also piecewise linear function satisfying the requirements
of Proposition B.7(b) for the strictly semistable model X" from B.8. By Proposition B.7, we
get an associated vertical Cartier divisor Dy, on X” and we define

To get a geometric idea of this definition, we note that the value of 1 in a vertex u of S(X")
is the multiplicity of the Weil divisor associated to D, in the corresponding irreducible

o5 = low,) @l lle-

component Y, of X”. We have a similar description for the Weil divisor of Dy in the vertices
of the skeleton S(X’) and hence we may view D, as some sort of push-forward of Dy,. This
could be made more precise if the identity on X extends to a morphism X’ — X, but we will
not need it.

Proposition B.11. — Under the hypotheses from B.10, we have the following properties:
(i) The definition of || - ||£/7S(3€) is independent of the choice of £.
(i) There is a formal model £ of L on X" with || - [|gn = || - || &/ s(x)-
(iii) The line bundle £" in (i) is unique up to isomorphism.
(iv) The construction of the metric || - ||y gy is additive in £

(v) If there is a morphism o1 : X' — X" extending the identity on X and factorizing through
o with £ = p1(£1) for a line bundle £1 on X", then £" = £;.

Proof. — Let £1 and £9 be two formal models of L on X. For ¢ = 1,2, we denote by 1
the corresponding piecewise linear function on S(X) constructed in B.10. Then the canonical
vertical Cartier divisor D on X with O(D) = £ ® £; ! corresponds in Proposition B.7 to
the piecewise linear function 11 — 9 on S(X). By linearity, this proves (i). By construction,
we get (ii). Property (iii) follows from [25, Prop. 7.5] using that a strictly semistable formal
scheme has reduced special fiber. Property (iv) and (v) are obvious from the construction. [
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Remark B.12. — Let ¢ : X’ — X and ¢: X — ) be morphisms of strictly semistable
formal models of X extending the identity on X. We assume that the line bundle L on X
has a formal model on 2). For the line bundle £” on X" with |- [|¢v = || - [|¢ g(x), We have
the transitivity property

Il sy = 11 ller,sc)-
This follows easily from S(X”) = S(X) and the construction in B.10.

B.13. — Now we return to the case of a proper algebraic curve X over K with strictly
semistable formal K°-model X. Then the skeleton S(X) is the dual graph which is canonically
a metrized graph using lattice length on each segment. For a function ¢: S(X) — R which is
piecewise affine on each segment, we define the formal sum

div(y):= Y > detp(v)

veS(X) esv

on S(X), where e ranges over all edges containing v and where d.(¢)(v) is the slope of ¢ at
v along the edge e. We view div(¢) as a divisor on the dual graph. For any P € X (K), we
define 7. ([P]) :=[7(P)] and we extend the map 7, linearly to all cycles of X.

The following result is due to Katz, Rabinoff and Zureick-Brown. Note that they use another
sign in the definition of div(1)).

Theorem B.14. — Let X be a smooth proper curve over K and let X be a strictly semistable
formal model of X over K°. Let s be an invertible meromorphic section of the line bundle L
on X with formal model £ on X. Then —log||s||g restricts to a piecewise linear function
on S(Z") and we have the slope formula

7u(div(s)) + div(y) = Y deg(Lly,)[v],

where v ranges over the vertices of the dual graph S(X).
Proof. — See [37, Prop. 2.6]. O

Proposition B.15. — Let p: X' — X be a morphism of strictly semistable formal K°-
models of the proper curve X extending the identity. We assume that the line bundle L has
a formal model on X and that £ is a formal model of L on X'. For the canonical retraction
7: X* — S(X), we have

Telcr(Ls [ - Mle) = ca(Ls [ - Ml er sx)) -

Proof. — We first assume that £ = ¢*(£) for a formal model £ of L on X. Then the pro-
jection formula (Proposition 1.3.10(ii)) shows that ci(L, || - ||¢/) = ci(L, || - ||¢)- By Proposi-
tion B.11(v), we have || - [|o/ (x) = || - || and since the Chambert-Loir measure c1(L, || - [[¢)
is supported in the vertices of S(X), we get the claim in this special case.

Now we handle the general case. Using the above and the linearity of the constructions, we
may assume that L = Ox. Moreover, the above special case and Proposition B.11(v) show
that we may replace X and X’ by models associated to compatible I'-rational subdivisions
of the dual graphs S(X) and S(X’). Hence we may assume that the piecewise linear map
7: S(X') = S(X) from B.5 maps vertices to vertices.

Now we consider a vertex u' of S(X’) which is not contained in S(X). We claim that any
edge ¢’ of S(X') with vertex v’ is contracted by 7. To prove that, we note that the projection
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formula shows that the irreducible component Y, of X/ corresponding to v’ is mapped to
a closed point by ¢. By the stratum-face correspondence in B.3, this point is contained in
the dense open stratum of the irreducible component Y, of X’ corresponding to the vertex
u = 7(u'). In particular, we deduce that the double point corresponding to the edge €’ is
mapped to this open stratum and hence the whole edge is mapped to u.

Since the dual graph S(X’) is connected, we conclude that u' is connected by an edge-path
to the vertex u = 7(u') in S(X). Since 7 is a retraction, we conclude that 7=1(u) N S(X’) is
a tree with finitely many edges e; for i = 0,...,r. We denote the vertices of e; by v; and w;
using some orientation. Let o = c1(L, || - [|g g(x)) and let p = 1 (L, [| - [[o)-

Let ¢' be the restriction of —log||1]|er to S(X’). We have seen in Theorem B.14 that ¢’ is
affine on each edge of S(X’). Moreover, for a vertex w # u in the tree, we have

() = X de/0) + 3 det/o

and

) = X det/ )+ 3 dt')+ Skl (0

esu
where e ranges over all edges of S(X) with vertex u. On the other hand, we have
p({u}) = dey'(u
esu

Since ¢’ is affine on each edge e;, we have d., ¢’ (v;) = —d.,¢'(w;). Using that we deal with a
tree, we deduce for the multiplicity (7.(u'))({u}) of the discrete measure 7. (x') in u that

(7e()({u}) = ZM ({w}) = det/(u) = p({u})
esu
where w ranges over all vertices of the tree contracted to u. U
Corollary B.16. — Let L be a line bundle on the proper smooth curve X over K which
has a formal model £ on X and let p: X' — X be a morphism of strictly semistable models

of X extending the identity. If £ is a formal model of L on X' such that the formal metric
|- Il is semipositive, then || - || g g(x) is a semipositive formal metric.

Proof. — It follows from Proposition B.15 that ¢1(L, || - [|¢ g(x)) is a positive measure and
hence | - || &/ g(x) is a semipositive formal metric. O

Proposition B.17. — Let Z11 be the toric scheme of relative dimension n over K° associ-
ated to a complete I'-rational polyhedral complex 11 (see 2.2.9). Then 211 is strictly semistable
if every maximal polyhedron of I1 has an integral I'-affine isomorphism onto a polyhedron of
the form A(r,m) x RY" for suitable r € N<j, and non-zero 7 in K°°.

Proof. — This follows easily from the definitions. O

In 2.4.3, we have introduced the torification || - || of the metric on a toric line bundle over a
toric variety over K. In the next result, we apply the above theory to the toric variety }P’}(.

Corollary B.18. — The torification of a semipositive formal metric on IP’}( s semipositive.

Publications mathématiques de Besangon — 2017



Walter Gubler and Julius Hertel 75

Proof. — Note that algebraic metrics and formal metrics are the same (see Proposition 1.2.7).
We choose the toric model P}.,. Let L be the underlying line bundle of the semipositive
formal metric |- || in question. Then L is isomorphic to Op1 (k) for some k > 0 and hence

we find a canonical model (’)P}( (k) on PL.. Let s be a non-trivial global section and let

Y be the restriction of —log({|s||/[[s[[o(x)) to the skeleton S(T) = Ng of the dense torus
T =P} \ {0,1} (see 2.4.7). Then 1 is a piecewise affine function on the skeleton S(T) and
there is a I-rational polyhedral subdivision of the fan of P} such that 1 is a I'-lattice function
on the segments and halflines (see Proposition 2.5.5). Let X be the associated toric model
of PL.. By Proposition B.17, we note that X is a strictly semistable formal scheme and it
is obvious that S(X) is the bounded part of the polyhedral subdivision. Note also that v is
constant on the two halflines as the recession function is associated to the trivial line bundle
(see Proposition 2.4.10).

The formal metric | - || is given by a formal model £’ on a formal model X’ of P}.. By B.4, we
may assume that X’ is strictly semistable and that we have a canonical morphism ¢: X' — X
extending the identity. By construction, the metric || - @ s(x) from B.10 is the torification of
|| - ||. Then the claim follows from Corollary B.16. O
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