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HODGE STRATIFICATION IN LOW RAMIFICATION

by

Stéphane Bijakowski

Abstract. — We define and study the Hodge stratification for the special fiber of Shimura varieties
defined with the Pappas—Rapoport condition, in the case of low ramification index (e < 3). For e < 2,
the Hodge polygon induces a strong stratification. For e = 3, one needs to introduce several polygons.
They describe the isomorphism class of the sheaf of differentials with extra structure, and induce a strong
stratification on the variety.

Résumé. — Nous définissons et étudions la stratification de Hodge pour la fibre spéciale des variétés
de Shimura définies avec la condition de Pappas—Rapoport, dans le cas d’un faible indice de ramification
(e < 3). Pour e < 2, le polygone de Hodge induit une stratification forte. Pour e = 3, plusieurs polygones
ont besoin d’étre introduits. Ils décrivent la classe d’isomorphisme du faisceau des différentielles avec
structure additionnelle, et induisent une stratification forte sur la variété.

Introduction

Let p be an odd prime, and let us consider the special fiber X of the modular curve with
maximal level at p. Considering the structure of the universal elliptic curve at p, one is led to
consider two possibilities: either it is ordinary at p, or supersingular. Indeed, if F is an elliptic
curve over I, then E[p](F,) has either p points or 1 point. The former case happens when the
elliptic curve is ordinary at p; in that case the associated p-divisible group is split at p. The
map induced by the Verschiebung V : wg — ng), called the Hasse invariant, is then non-zero.
When these equivalent conditions are not satisfied, the elliptic curve is called supersingular.
This gives a stratification on the variety X, with the ordinary locus, and supersingular points.
For more general PEL Shimura varieties (in characteristic p), for example Siegel or Hilbert—
Siegel varieties, one can define different stratifications. Assume that the prime p is unramified
in the datum, and consider the special fiber of such a variety. One can then look at the p-rank
of the abelian scheme, which gives a stratification indexed by an integer. A finer stratification
is given by the isomorphism class of the p-torsion of the abelian scheme, the Ekedahl-Oort
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6 Hodge stratification in low ramification

stratification (see [6]). Another possibility is to consider the associated p-divisible group, up
to isogeny, which gives the Newton stratification (see [10] for example).
The geometry of these varieties have been extensively studied in the unramified case. However,
few results are known when the prime p ramifies. One is led to consider integral models of
Shimura varieties defined by Pappas and Rapoport ([7, 8]), which are smooth ([4]). In [3],
several polygons are defined: the Newton polygon, the Hodge polygon, and the PR polygon
(which is constant on the variety). Contrary to the unramified case, the Hodge polygon can
vary on the variety, and one can try to use this polygon to define a stratification.
Let us consider the Hilbert—Siegel variety X associated to a totally real field Fj (we also
consider unitary Shimura varieties), defined with the Pappas—Rapoport models, and X its
special fiber (which is smooth by [4]). Assume for simplicity that p is totally ramified in Fy,
with degree e and uniformizer 7. If w denotes the sheaf of differentials of the universal abelian
scheme, one has a filtration

0Cw C " Cwe=w
If k is a field in characteristic p and x € X (k), the Hodge polygon at x describes the structure
of w as a k[T]/T¢-module (with T" acting by 7). More precisely, one has an isomorphism (as

k[T]-modules)
h
Wy EBI{:[T]/TC”
i=1

for some integers h, ay, . .., ap. The Hodge polygon has then by definition slopes ai /e, ..., ap/e.
In general, the Hodge polygon does not induce a strong stratification.

Theorem. — If e < 2, the Hodge polygon induces a strong stratification on the variety.
Assume that e = 3; the isomorphism class of w over a point in X is described by the three
polygons Hdg(w), Hdg(ws), Hdg(w/w1). Moreover, these three polygons define a strong strati-
fication on X.

If M is a k[T]/T*-module (for a field k& and integer i), then Hdg(M) is the polygon describing
its structure as a k[T]/T*-module. By a strong stratification, we mean that the closure of a
stratum is equal to a union of other strata.

We also give an explicit description of the possible values of the three polygons.

Note that one can make a link with Spaltenstein varieties ([9]): in these varieties, one fix the
structure of w, and consider the different possibilities for the filtration. The result presented
here is then more general, since we allow the structure of w to vary.

Let us now talk about the difficulties when e > 4. First of all, it is not true in general that
the isomorphism class of the filtration (w;) gives a finite number of strata. Indeed, one can
consider the case where the multiplication by ¥ is an isomorphism between Wa(k+1)/Wak
and wa. The space wagy1 is then determined by a subspace inside ws. But classifying a large
number of subspaces inside a fixed vector space may give an infinite number of possibilities.
One can also look at the appendix of [1] for an example of an infinite number of isomorphism
classes.

One could try to generalize the above theorem, considering in the general case all the polygons
Hdg(w;/wj). The issue is that these polygons only give information about the dimension of
spaces of the form W‘kwj Nw;. When e > 4, the space wy N7 twy N7 2wy is not of this form
(where wy = {0} by convention), and its dimension cannot be deduced from the previous
polygons.
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Stéphane Bijakowski 7

Let us now talk about the organization of the article. In the first section, we introduce the set
of polygons that we will consider. In Section 2, we show how these polygons can be applied to
the study of k[T']/T°-modules, and we specialize to the case e = 3 in Section 3. In Section 4,
we prove the result concerning the stratification of Shimura varieties.

1. Polygons

1.1. Definition. — Let h > 1 be an integer. Les N > 1, and dy, . .., dy be integers between
0 and h.

Definition 1.1. — We define the polygon P(dy,...,dy) by the formula

1 N
P(dy,...,dn)(7) = > max(0,x + d; — h)
=1

for all real x between 0 et h.

This polygon is convex, its breakpoints have z-coordinates in Z. The polygon P(dy,...,dy)
is independent of the ordering of the order of the integers d;, i.e. P(dy,...,dy) =
P(dy(1), - - - »dg(ny) for every permutation o.

They are useful to describe a certain type of polygons.

Definition 1.2. — Let N > 1 be an integer; let us define Py to be the set of convex
polygons between 0 and h, whose breakpoints have integral z-coordinates and whose slopes
are in 7N [0, 1].

The set Py is finite, since there is a finite number of possibilities for the slopes of the polygon.
Note that if P € Py, then P(h) < h.

Proposition 1.3. — Let N > 1. The polygons P(dy,...,dN) are in Py.
Let P € Py; there exist a unique collection of integers dy,...,dn (up to a permutation) such
that P = P(dy,...,dN).

Proof. — Let us consider the polygon P(dy,...,dx). One can assume that the integers are
ordered in such a way that di > --- > dy. The slopes of this polygon are obviously in
%Z N[0, 1]. It has slope 0 with multiplicity h — d;, 1/N with multiplicity d; — da, and slope
i/N with multiplicity d; — d;;+1, for every 1 <i < N (dy4+1 = 0 by convention).

Now let P € Py. It has slope i/N with multiplicity a;, for every 0 <i < N. One must have
ao+---+ay = h. One thus sees that there exists a unique collection of integers dy > --- > dy
such that P = P(dy,...,dy) given by the formula

di=h—(ao+ -+ ai1)
for1 <i¢<N. OJ

Remark 1.4. — If N,k are integers, there is a natural inclusion Py C Piy. If P is the
polygon P(dy,...,dy), this operation consists in writing each integer d; with multiplicity k
(i.e. P = P(dl,...,dl,dg,...,dg,...,dN,...,dN)).

This description allows us to define the following operation.
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8 Hodge stratification in low ramification

Definition 1.5. — Let Ny, Na be two integers. To P; € Py, and P» € Pp,, one can attach
the polygon P; x P» € Py, +n, by the following formula

1
Ny + Ns
Note that if Py = P(dy,...,dn,) and P, = P(dy,...,d),), then

Pl*PQ ::P(dl,...,d]vl, /1,...,d§\72)

If P, and P, are two polygons, we say that P; lies above P, and write P, > Py, if Pi(z) >
Py(x) for all real 0 < x < h.

Proposition 1.6. — Let dy > --- > dy and dy > --- > dy. Then P(di,...,dN)
P(dy,...,dy) if and only if

P *Pg(x) = (NlPl(m) + NQPQ((L’))

AV

Yt d <dy 4+ d;
foralll <i<N.

Proof. — Let P = P(di,...,dn), P» = P(d},...,d)y), and assume that P; > P». Let
1 <i < N be an integer. Then NPy(h —d;) = d1 + -+ +di—1 — (i — 1)d;. Moreover
NPy(h — d;) Zmax i — >Z D) =di+ -+ dj — id;

The condition Pj(h — d;) 2 Py(h — d;) thus 1mphes that dy +---+d; > dy + -+ d].
Conversely assume that d} +---+d; < dy +---+d; for all 1 <i < N. Since the polygons
are both convex, and the breakpoints of P» have z-coordinates h — d, it is enough to prove
that Pi(h —d}) > Py(h —d;) for 1 <i < N +1 (with diy,; = 0). Let 1 <4 < N 4 1; one has
NPyh—d)=d, + - +d_, — (i — 1)dk Then

NPy (h—d) Zmax —d)) >Z = (dy+ -+ +d;)—id; > (d} + -+ d}) —id]

which yields the result. O

2. PR datum

Let k be a field, e > 1 an integer, and M be a finite vector space over k with a k[T']/T°-action
compatible with the vector space structure over M. Let h > 1 be a fixed integer, and assume
that M is generated by at most h elements as a k[T']/T°-module. One can then write

M ~ é k[T /T%
=1

for some integers aq, ..., ap between 0 and e.

Definition 2.1. — We define the Hodge polygon Hdg(M) of M as the polygon with slopes
a %k More precisely, if a; < --- < ay,, then

Hdg(M)(k) =
for1 <k<h.
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Stéphane Bijakowski 9

One can look at [3, §1] for more details about the Hodge polygon.

For any integer j > 0, we write M[T”] := {x € M, T’z = 0}. The previous polygon belongs
to Pe. Let 6; := dimy, M[TZ]/M[Tz_l] for 1 <4 <'e. Since the multiplication by 7" induces an
injection from M [T /M[T?] to M[T?|/M[T*~!], one has the inequalities §; > g > --- > 4.
Proposition 2.2. — One has Hdg(M) = P(d1,...,6.).

Proof. — From the definition of the Hodge polygon, one finds that the quantity d; — d;41 is
equal to the number of integers a; equal to i. The polygon Hdg(M) has thus slope i/e with
multiplicity 0; — d;+1, and is equal to P(d1,...,d). O

Definition 2.3. — Let = (d1,...,de) be a collection of integers between 0 and h. A PR
datum of type u for M is a filtration
O=MyC M C---CM,=M

such that
— M; is a vector subspace of M.
— T -M; CM;_1forl1<i<e.
— The dimension of M;/M;_; is equal to d; for 1 <i <.

The terminology comes from the definition by Pappas and Rapoport of the special fiber of
Shimura varieties (see [7]).

Remark 2.4. — The dimension of the k-vector space M is then equal to dimy M = a1 +
-+ +ap =dy + - +de. Since the elements ay,...,ap are less or equal than e, one gets the
inequality W < h.

Proposition 2.5. — Let p = (dy,...,d.) be a collection of integers between 0 and h, o a
permutation and ' = (do(1)s- - do(e))- Then there exists a PR datum of type p for M if and
only if there exists a PR datum of type p' for M.

Proof. — It is enough to prove the result when o is a transposition exchanging two consec-
utive integers, say ¢ and ¢ + 1. Assume that My C --- C M, is a PR datum of type u for M.
Let N := M;11/M;_1, and Ny := M;/M;_1. Then N is a vector space of dimension d; 4+ d;1,
with an action of k[T]/T?. The vector subspace Ny has dimension d;, and one has

T-N C Ny C N[T]

Let r be the dimension of T'- N; the dimension of N[T] is then d; + d;+1 — r, and one finds
that r < min(d;, d;+1). This means that it is possible to find a vector space N7 of dimension
d;+1 such that

T-NCN; CNIT]
The space N; gives a PR datum of type u for M. g
Theorem 2.6. — Let u = (dy,...,d.) be a collection of integers between O and h. There
exists a PR datum of type p for M if and only if

Hdg(M) Z P(dh’ . '7d6)
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10 Hodge stratification in low ramification

Proof. — From the previous proposition, one can assume that dy > --- > d.. Assume that
there exists a PR datum of type p written My C --- C M. Since M; C M[T"], one must have
dy + -+ d;i < 6+ -+ §;, hence the result.

Now assume that Hdg(M) > P(di,...,de). Let us write Hdg(M) = P(61,...,0.) with
81 > -+ > 8. We see in particular that dimy M[T?] = 6 + --- + &; and dimy T°M =
di+1 + - -+ + 0. The fact that Hdg(M) > P(dy,...,d.) implies the inequalities

d1++dz§61++62 5e+"'+(5e—i§de+"'+de—i

The second inequality follows from the relation dy + -+ +de = 61 + -+ - + Je.

We construt the PR datum of type p in the following way. We define M7 of dimension d;
inside M[T] such that the dimension of M; N TYM is maximal. Note that this is possible
since the dimension of M[T] is equal to d; > dj. One then obtains that the dimension of
TIM N M is equal to a{ := min(d;41,d1). Since 6. < de < dj, one has affl = 0., and M
contains T~ 1 M.

One then considers the vector space T~'Mj; it has dimension

01+ Oé% = min(51 + 09,01 + dl)

One defines M, as a vector space containing M; inside T—'M;. This is allowed, since Mo
must have dimension d; + dg, and that d; + d2 < min(d; + d2,91 + d1) (since dy < d; < 4y,
one has indeed d; + da < dj + 61). One constructs My in such a way that the dimension of
M, N'T7M is maximal. Since the dimension of T9/M N T~'M; is equal to a{“ + 0j41, the
dimension of My NTIM is equal to

Oz% = min(d2 + Oé{, Oéj+1 + 5j+1) = min(d1 + da, 5j+1 + dsy, d1 + 5j+1, 5j+2 + 5j+1)
= min(dy + d2, §j41 + da2, 0542 + 0j41)
Note that 0572 = min(dy +da,d2 + 0e—1,0e + de—1) = O + 0e—1. Indeed, one has §. < d. < do,
and 0, + 0e—1 < de + de—1 < dj + dy. This means that T¢2M C M.
One then constructs the vector spaces M; C --- C M, = M such that M; C T~'M;_1, and
the dimension of TV N M; is equal to
Ozg ::min(d1 +-"+di,6j+1+d2+"-+di,...,5j+1 +-"+5j+7;)

Indeed, assume the spaces My, ..., M; satisfy the required property. One constructs M;
inside 71 M;, such that the dimension of M; 1 NT7 M is maximal. Note that the dimension
of T7'M; is equal to

51+O[i1 =min(0; +dy + -+ di, 01 + 02+ do+ -+ djy..., 01+ 02+ -+ 0iy1)

and this quantity is greater or equal than d; + --- + d;+1. The dimension of M;+1 N TIM is
then equal to

min(ag +dit1, a{“ +6j41) = agﬂ
This gives the result by induction on i. Note that the dimension of M; N T¢~*M is equal to
of " =min(dy + -+ di, eipr +da+ A+ diy oo Feipr + o+ 0e) = emig1 + 0+ Oe
which proves that 7¢"*M C M;. In particular, one sees that TM C M._1, and the filtration

M; C---C M, = M is indeed a PR datum of type pu. O
Remark 2.7. — The above result gives a simpler proof of [3, Thm. 1.3.1], not using exterior
algebras.
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Stéphane Bijakowski 11

Proposition 2.8. — Let M be a k[T]/T¢—module and 1 < i < e. Assume that there exists
a filtration

0CNCM
such that T'N =0, T*"*M C N. Then Hdg(M) > Hdg(N) » Hdg(M/N).

In the above proposition N and M/N are respectively k[T]/T* and k[T]/T* *-modules.

Proof. — Let §; > --- > §; be the elements such that Hdg(N) = P(dy,...,d;). Similarly, let
di+1 > -+ > Je be the elements such that Hdg(N) = P(d;4+1,...,de). The module N thus
satisfies a PR datum of type (d1,...,9;). The module M/N thus satisfies a PR datum of
type (i41,--.,0¢). The module M thus satisfies a PR datum of type (d1,...,d). Hence the
result. 0

3. Case e =3

Let k be a field, and let us fix an integer A > 1 as in the previous section. Let d; > do > d3
be integers between 0 and h, and let p = (di, d2,ds).

Definition 3.1. — Define X be the set of isomorphism classes of k[T]/T3-modules M,
generated by at most h elements, with a PR datum of type p.

More precisely, a k[T]/T3-module M with a PR datum M; C My C M is isomorphic to the
module M’ with PR datum M| C M} C M’ if there is an isomorphism of k[T]/T3-modules
[+ M — M’ such that M/ = f(M;) for i € {1,2}.

Definition 3.2. — Let Y be the set consisting of tuples of polygons (Q1, @2, @3) such that
— Q1 € Ps3, and Q2,Q3 € P2
= Qu(h) = BEFEE, Qo(h) = A and Qs(h) = B3
— Q1> Q2x P(d3) and Q1 > Q3 x P(dy).
— Q2 > P(dy,ds) and Q3 > P(ds,d3)

Proposition 3.3. — There exists a map ¢ : X — 'Y defined by
¢(0 € My € My € My = M) = (Hdg(M), Hdg(Mz), Hdg(M /M)

Proof. — One has to check that the polygons (Hdg(M ), Hdg(Ms), Hdg(M /M;)) satisfy the

required conditions. The first and second properties are obviously satisfied. The third one

follows from Proposition 2.8. Indeed, since one has T'M C Ms, and T Ms C M, one has
T°M C My  T?M,={0}

The last condition follows from Theorem 2.6.
Lastly, it is clear that the element ¢(0 C M; C My C M3 = M) depends only on the
isomorphism class in X. ]

Definition 3.4. — Define Y% as the subset of Y consisting of the points (Q1,Q2,Q3)
satisfying

01 4+ max(dg, 02) < a1 + f
with Q1 = P(61,02,03), Q2 = P(a1,a2), Q3 = P(B1,82) (01 > 62 > 3, a1 > az, 1 > Pa).
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12 Hodge stratification in low ramification

In the case e = 3, the Hodge polygons allow us to give a complete description of the set X.
Indeed, one has the following theorem in this case.

Theorem 3.5. — The map ¢ induces a bijection between X and Y @™,
Proof. — Let us prove the injectivity. We keep the notation from the previous definition. We
then have

M = (K[T]/T*)* @ (K[T]/T?)*~* @ (K[T]/T)" "

This gives the structure of M up to isomorphism. Define the free k[T]/T3-module H :=
(K[T)/T?)%, with basis ey, . . ., es,. Then M is isomorphic to the submodule of H generated by

[ZS TN ¥ S =¥ TS T ,T652,T2652+1, ... ,T2651
and we will identify M with this module. One has the inclusions
T?°M CTMy CTM N M; € My C M[T)

The dimensions of these spaces are 03, ag,d1 + 1 — d1,d1,01. One can then up to a change
of basis, assume that M7 has basis

2 2 2 2
T e1,...., T eq,18,—61, T €554, .- -, T €5016, -,

the space T My having T?e1, ..., T?e,, as basis.
Up to a change of basis, one can moreover assume that Ms has basis over k given by

2 2
Tey,...,Teq,, T%€1,..., T €eq,

This proves that given an element y € Y, if there exists a module M mapping to y, it is
uniquely determined up to an isomorphism, hence the injectivity of ¢.

Let us now prove the image of ¢ is exactly Y@@,

Let 01 > 9 > 3, with 81 + 0o + 03 = di + do + d3, P(51, o9, 63) > P(dl, ds, dg) and define the
module M as before. We will see what are the possible structures of PR datum that one can
impose on M.

First of all, one must have T?2M C M; C M|[T). Note that one has indeed d3 < d; < &;. Then
one gets the condition

max(ég, di + 0o — 51) < dim(Ml N TM) < min(d1,52)

For this, we use the formula max(dim B;,dim A; + dim As — dim By) < dim(A4; N 4z) <
min(dim A;, dim Asg), if Ay, Ay are vector spaces with By C A; C Bs.

If Hdg(M/Ml) = (ﬂl, ,82), then dim(Ml N TM) = 1 +dy — 61. The inequality P((51, 09, 53) >
P(p1,B2,d1) implies automatically the inequality dim(M; N TM) < min(dy, d2). The other
inequality gives the conditions £s < d9 < 4.

Now assume that M is constructed. One must construct Ms with the conditions

TM + M; C My C T 1M,

These vector spaces have dimension &1 + d2 + d3 — 81, d1 + do and (1 + d; respectively. The
relation P(f31, 52) > P(d2,ds) implies that the integers are in increasing order. The condition
for the dimension of My N (T'M + M|T]) is then

max (61 +02+03— 1, d1+da+014+03—P1—d1) < dim(Mgﬁ(TM-f—M[T])) < min(d; +da, 61+03)

Publications mathématiques de Besancgon — 2025



Stéphane Bijakowski 13

Note that dim(Ms N (T'M + M[T])) must be equal to dim(My N M[T]) + d3. If Hdg(M2) =
P(aq, ) (with ap > ag), then dim(My N M[T]) = ay. The conditions are then

max(d; + 62 — f1,d2 + 01 — S1) < aq < min(dy + do — 93, 01)

The inequality oy < min(dy + do — d3,01) is automatically satisfied if one has P(d1, d2,d3) >
P(aq, ag,ds) and ag + as = dy +da. The other inequality gives the condition in the definition
of Yadm,

To finish the proof, one only checks that the condition By < d9 < B is implied by the
definition of Y%  Indeed, the inequality d; + d» < aq + (1, combined with the relation
a1 < 41 implies that §o < (.

Now, one uses the relation 51 + 82 = ds + d3, to get B2 < do 4+ d3 — 2. But the inequality
P(01,082,03) > P(dy,ds,ds) implies that do + d3 < d2 + d3 < 2d2, hence the result. O

4. Hodge stratification

4.1. Unitary Case. — Let Fj be a totally real field, and F//Fy be a CM extension. Let X
be the set of embeddings of F{ into @p; for each o € ¥, let a,, b, be two integers such that
the quantity h := a, + b, does not depend on o. Let ky be a finite field of characteristic p
containing all the residue fields of F' at places above p.

Definition 4.1. — Let X be the PR variety over kg associated to F'/Fy, with signature
(ag,bs), with maximal compact level structure at p.

We refer to [4, §2] for the precise definition of X, and especially the notion of maximal level
structure at p (see [4, Prop. 2.23]). Let us explain the main point of this variety. One has an
universal abelian scheme A over X, endowed with an action of O (the ring of integers of F'),
a polarization (with some compatibility with the action of Op). Let us now describe the PR
datum. One has a sheaf wy := wy on X; it is locally free of rank h[Fp : Q] and has an action
of Op. One has a decomposition ¥ = Hﬂp Y.r, where 7 runs through the places of Fy over
p, and X is the subset of embeddings above 7. The sheaf wy decomposes as wg = @ﬂp Wi
One then distinguish several cases.

Let 7 be a prime of Fy above p and assume that 7 splits as 777~ in F. Then the sheaf
wr decomposes as w; @ wy . The sheaf w;f is locally free of rank Y, cx_a,. Let Fyr be the
completion of Fy at 7, e the ramification index and f the residual degree. Let F§'7 be the
maximal unramified extension inside Fp -, and let 37" be the set of embeddings of Fj7.. One
has the decomposition

Let us fix an embedding o € X%, and let us consider the sheaf w := w;ﬁ - It is locally free of
rank ) ar, where the sum runs through the embeddings 7 of Fj » extending o. Let us fix an
ordering o1, ...,0. on the set of elements of ¥ extending . The PR datum thus consists in
a filtration

0Cw € Cwe=w
where each graded part w;/w;—1 is locally free of rank a; and the ring of integers of Fy » acts
on it by o;.

Publications mathématiques de Besangon — 2025



14 Hodge stratification in low ramification

Now let m be a place above p in Fj, and assume that 7 is inert in F. Let Fpy . be the
completion of Fy at m, e the ramification index and f the residual degree. Let F'; be the
maximal unramified extension inside Fp,, and let X% be the set of embeddings of Fon
Let F be the completion of F' at m and F*" be the maximal unramified extension inside
F,;. The sheaf w, decomposes as ), cyur Wro. The sheaf wy , is locally free of rank eh, and
decomposes as wr g1 © Wr,0,2, accordiné to the action of the ring of integers of F*". Let us
write w 1= wyr 4.1, it is locally free of rank }_ a,, where the sum runs through the embeddings
7 of Fy r extending o. Similarly as in the previous case, one has a PR datum for this sheaf.
The case where the prime 7 ramifies in Fjy can be dealt in a slightly more involved matter.
Since we will not consider this case, we do not give any more details.

Hypothesis 4.2. — We considers a prime w of Fy which does not ramify in F. We also
suppose that the ramification index of 7 is 3.

Let us fix an embedding o € ¥%". One has thus a sheaf w locally free over Ox of rank
a1 + as + az, with a PR filtration

wr Cwr Cw
with wy locally free of rank aj,ws/w locally free of rank ag, and w/ws is locally free of rank
as.
Let £ be the o part of the De Rham cohomology of the universal abelian scheme A. It is
locally free of rank h over Ox[T]/T¢, and by the Hodge filtration it has w locally, as an
Ox-module, a direct factor.

The quantities, h and a1, a2, ag allow us to define the sets Y and Y™ as in the previous
section.
Definition 4.3. — Let k be a field in characteristic p, which is an extension of kg and

x € X (k). The above datum defines a unique element Hdg(x) € Y™ by the formula
Hdg(x) = (Hdg(w), Hdg(w2), Hdg(w/w1))
The Hodge stratification (attached to o) is then

where X, consists of all the points « of X with Hdg(x) = y. Let us define an order on Y.

Definition 4.4. — Let y = (Q1,Q2,Q3) and ¢y = (@), Q5, Q%) be elements of Y. One says
that y > ¢/ if Q; > Q) for all 7 € {1,2,3}.

Proposition 4.5. — X, is a locally closed subscheme of X, for everyy € yadm
Proof. — The Hodge polygon goes up by specialization (see [5]). This proves that for every
Yo € Yadm
Xayy i= H Xy
y<yo

is open. Moreover, the complement of X, in it is equal to
U X<y
y<y0,y#Yo
which is also open. This proves that X, is closed in X<, . O
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Theorem 4.6. — Let y € Y™ Then

)Ty = H Xy
y'>y

Proof. — The Hodge polygon goes up by specialization (see [5]). This proves the inclusion

X, c I Xy
Y2y

Now, let ¢/ >y and = € X,/ (k). We want to prove that there exists a deformation of = which
is in X,.
Let us write v/ = (Q},Q%, Q%), with Q) = P(d1,85,85), Q5 = P(a),ab), Q5 = P(51,55)
(07 > 05 > 85, o) > b, B > B5), and similarly y = (Q1,Q2,Q3). By Serre-Tate and
Grothendieck—Messing (see [2]), it is enough to lift the Hodge filtration. Let R = k[X], and
let £ := £ ® R. One will lift w to a direct summand wgr C € such that wr @p k(X)) will
be endowed with a PR datum of type y.
One lifts successively the filtration 0 € w; C wp C w. First, one lifts wy to wi g a free
R-module of rank d; inside Eg[T]. Then one considers the filtration

wip CERTIC T rwr g

One lifts wy g inside T _lwl, R, such that it contains w; g, and the intersection with Eg[T]
has dimension «; in generic fiber. This is possible since the intersection of £[T] and wy has
dimension off > «;1. Let Fr((x)) == gk((X))[T] + (w2, R @R KE((X))), and gk((X)) = (":k((X))[TQ] N
(T~Ywo,r ®r k((X)))). These are k((X)) vector spaces of dimension h + as and h + aq
respectively. Let F := Fy(x)) N ER, and G := Gy((x)) N Er. We will assume that the lift of wo
is done in such a way that the intersection of w with the reduction of F and G have maximal
dimension. These dimensions can be made equal to

min (8] + ag, 51 + d1) min(&; + 03, a1 + 1)
respectively. One then considers the filtration
wor CFCT 'R CGCT lwnp

One lifts w to wg inside T *1w27 r and containing we g such that the intersection with F,
T_lwl,R, G have dimension d1 4+ ag, 81 + da, 01 + 02 respectively in generic fiber. This is indeed
possible since one has

614 ag < min(8] + az, B + d1)
B1+dy < By +dy
81 + do < min(8] + 65, a1 + 3)
To achieve this, one uses the following lemma. O

Lemma 4.7. — Let R = k[X], and consider M a free R module of rank h. Assume that
one has direct summands

OCM CMC---CM=M
such that M; s ngof rank h;. Let M; := M; ®gr k, and let L be a vector subspace of M, and
let d; == dim L N M;. One has automatically 0 < d;1q — d; < hiv1 — hy.
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16 Hodge stratification in low ramification

Let dy,...d; be integers, with d; = dj, 0 < djy —dj < hjy1 —hy, and dj < d; for 1 <i <1—1.
Then there exists a lift L C M of L, which is a direct summand, such that the intersection
of L with M; has dimension d} in generic fiber.

Proof. — One constructs a basis fi,..., fg, for the lift L inductively.

The space L N M; has dimension d], let ey, ..., eq, be a family of M; such that its reduction
is a basis for LN M;. We set f; =¢; for 1 <i<d}, and f; =¢; + Xvi_a for dj +1 <i<dj,
where the elements vy, ... s Ugr —q, are vectors yet to be determined.

Next, one distinguish two cases. First assume that d, — d} < ds2 — d;. Let eg,+1,-..,eq4, be
a family of Ms, such that the reduction is a basis for L N My / LN M. We set f; = e; for
di+1<i<d; -l—dlz —dll, and f; = ei+Xwi+d’l—d1—d’2 for d; -I—dlz —dll +1 < i < dy, where the
vectors w; are yet to be determined. In total, there are thus dy — di, vectors to be determined.
There is then dy — di, vectors to determine in total.

Now assume that df — d} > dy — d;. We set f; = e; for dy + 1 < i < dy. One also complete
the family e4, 41, ..., €4, iNt0 €4, 11, ..., €d, +hy—hy, Which is a basis for My/M;. One then sets
Vi = €dy+i for 1 < i < (dy — dy) — (da — dy). This is possible since dj — d} < hg — hy. After
that step, there is only do — d,, vectors to determine.

One repeats this process. Since d; = d}, at the end there is no more vectors to determine, and
this is how one constructs the lift L. O

Remark 4.8. — The previous strategy allows us to compute the dimension of each stratum.
If for example p is totally ramified in Fp, then each stratum X, is smooth of dimension

dl(h — dl) + (a1 — dl)(h — 051) + OéQ(h — dg) + (51 — Oél)(h — 61)
+ (a1 + 1 —da — 61)(h — B1) + (B2 — 03)(h + 03 — a2 — d3) + d3(h — ds3)

if y = (Q1,Q2,Q3) with Q1 = P(01,02,03), Q2 = P(ai,a2), Q3 = P(S1,B2) (01 > d2 > 03,
ai > az, f1 > Ba2).

The main result of this paper is made under the assumption that e = 3 (Hypothesis 4.2). Let
us say a few words about the case e = 2, which is much simpler (note that the case e =1 is
void since the Hodge polygon is constant in this case). If e = 2, the PR datum consists in a
filtration 0 C wy C w, and there is only one polygon to consider (the one associated to w). It
is of the form P(r,a; + az — r), with % < r < min(h,a; + az). The Hodge stratification
is then indexed by the integer r (which is equal to the dimension of the 7-torsion of w). The
order on the polygons is simply the usual order on the integers.

Theorem 4.9. — In the case e = 2, the Hodge stratification induces a strong stratification
on X.
Proof. — We use the same strategy and notations as in the proof of Theorem 4.6. Let x be a

point of X with Hodge polygon P(r’, a1 +az — ') and let r be an integer with 4492 < </,

We want to construct a deformation of x with Hodge polygon P(r,a; + a2 — r) in generic
fiber.

After lifting the module w; to wy g, one considers the modules wy g C ER[T] C T_leR. One
should lift the module w to wg inside T‘le R, with the condition that the intersection of wg
and Er[T] has dimension r in generic fiber. This can be achieved thanks to Lemma 4.7. [
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4.2. Hilbert—Siegel variety. — In this section, I’ denotes a totally real field, and g > 1
an integer. We set h = 2¢ in this section. We denote by X the special fiber of the Hilbert—
Siegel variety attached to F' with PR condition (see [4, §2.4]). It is a scheme over F). Let us
fix a prime 7 above p in F, such that the ramification index is 3. Let us fix an unramified
embedding o. We consider the sheaf w, on X. It is locally free of rank 3¢, and has an action
of F,[T]/T3. It has a PR datum
wi € w2 C we

such that each graded part is locally free of rank g. One also considers the ¢ part of de Rham
cohomology £ of the abelian scheme A, which is locally free of rank 6g. It is also equipped
with a pairing induced by the polarization, and w C £ is totally isotropic for this pairing.
The PR datum is compatible with the pairing in the sense that

wf‘ =T 2w w%‘ =T 1wy
these equalities taking place in &.

Definition 4.10. — We define the subset Y7 C Y™ a5 the subset consisting of the
points (Q1,Q2, Q3) € Y™ with

Ql = P(Taga2g - ’I“)
for some integer g < r < 2g.

If z is a point of X, the the PR datum will land in YP?. This is because the polarization
induces an isomorphism w ~ (£/w)".

Definition 4.11. — Let k be a field in characteristic p, and € X (k). The above datum
defines a unique element Hdg(z) € YP.

o) is then
x= 1] x,

yeypol

The Hodge stratification (attached to

where X, consists of all the points of X with Hdg(x) = y. X, is a locally closed subscheme
of X, from the same argument as in the previous section.

Theorem 4.12. — Let y € YP°'. Then
)Ty = H Xy
y

>y

Proof. — Since the Hodge polygon goes up by specialization, one has the inclusion
)Ty < H Xy

y'>y
Now, let ¢’ > y and = € X/ (k). We want to prove that there exist a deformation of « which
is in X,.
Let us write y' = (Q1, Q3, Q3), with Q) = P(d}, 9,29 — 61), Q5 = P(a, o), Q5 = P(B1, 53)
(29 > 01 > g, o) > b, B] > B5), and similarly y = (Q1,Q2,Q3). By Serre-Tate and
Grothendieck—Messing, it is enough to lift the Hodge filtration. Let R = k[X], and let

Er = £ ® R. One will lift w to direct summand wr C &g, totally isotropic, such that
wr ®r k((X)) will be endowed with a PR datum of type y.
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18 Hodge stratification in low ramification

One lifts successively the filtration 0 C wy; C wy C w. First, one lifts wy to wi r a free R-
module of rank ¢ inside Er[T, totally isotropic for the induced pairing. Then one considers
the filtration

wip CERITIC T w g

One lifts wy g inside T*1w17 R, such that it contains w; g, and the intersection with Eg[T]
has dimension oy in generic fiber. One also requires that ws r/wi g is totally isotropic for
the induced pairing on T~ 'w; gr/wi . This is possible since the intersection of &[T and
wo has dimension o > «;. Let Fr((x)) = gk((X))[T] + (wo,r @R k((X))), and gk((X)) =
En(xnT?] N (T~ Hwa,r ®r k((X)))). These are k((X)) vector spaces of dimension 2g +
and 2g + oy respectively, and they are the orthogonal of one another. Let F := Fy((x)) N &k,
and G = Qk((x)) N Er. We will assume that the lift of wo is done in such a way that the
intersection of w with the reduction of F and G have maximal dimension. These dimensions
can be made equal to

min (8] + a2, 8] + g) min(8] + g,a1 + B1)
respectively. One then considers the filtration
wor CFCT ' p CGCT twop

One lifts w to wg inside T *1w2, r and containing ws r such that the intersection with F,
T_lwl’R, G have dimension 01 4+ a, 81 + g, 01 + g respectively in generic fiber. This is indeed
possible since one has

61+ o < min(8) + az, B + 9)

Bi+g<pBi+g
01 +g < min(d) + g, a1 + )

One also requires that wg/wa g is totally isotropic for the induced pairing on T~ twy g/wo g
All of this is achieved with the following lemma. O

Lemma 4.13. — Let R = k[X], and consider M a free R module of rank 2g with a perfect
pairing. Assume that one has direct summands

0OCMCMC---CM =

M
such that M; is free of rank h;, with ]\4L = M,;_;. Let M; := M; ®rk, and let L be a mazimal
totally isotropic vector subspace of M, and let d; := dim L N M;. One has automatically
0<dit1—di <hiy1 —hi, iy =29 —h; and di—; =g —h; +d;, dy = g.
Let d', .. .d; be integers, with dj = g, 0 < dj | —dj < hjx1—hs, dj_; = g—h; +dj and dj < d;
for 1 < i <1 —1. Then there exist a lift L C M of L, which is a totally isotropic direct
summand, such that the intersection of L with M; has dimension d; in generic fiber.

Proof. — This is a variant of the proof of Lemma 4.7 from the previous section. Let k be
the integer part of /2. It is enough to consider the modules My, ..., My, which are moreover
totally isotropic. One then applies process described in the previous section. One constructs
a module Ly of rank d}, such that L; is included in Mj, and the reduction of L is in L. One
has tried to look for a lift of L N M7, but there are dy — d} vectors yet to determine. One then
considers the module Li-, and will lift all the vectors inside this module. We then consider
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the vector space My N L. One will look for a (partial) lift Ly of rank dj, which will be totally
isotropic. One then repeats this process to construct the lift L of L. O

Remark 4.14. — The previous strategy allows us to compute the dimension of each stra-
tum. If for example p is totally ramified in F', then each stratum X, is smooth of dimension
+1 og(og +1 +1
9(92) +a2(9—a2)+2(;) + (01 — a1)d3 + (a1 + B1 — g — 01)B2 + 52(522)
if Yy = (Q17Q27Q3) with Ql - P(517952.g - 61)’ Q2 = P(alaa2)7 Q3 = P(/Bl)ﬁ2) (51 2 g,
a1 > ag, B1 > P2).

Finally, let us say a few words about the case e = 2. The PR datum consists in a filtration
0 C w1 C w, and there is only one polygon to consider (the one associated to w). It is of the
form P(r,2g —r), with g < r < 2g. The Hodge stratification is then indexed by the integer r
(which is equal to the dimension of the m-torsion of w). The order on the polygons is simply
the usual order on the integers.

Theorem 4.15. — In the case e = 2, the Hodge stratification induces a strong stratification
on X.
Proof. — We use the same strategy and notations as in the proof of Theorem 4.12. Let x be

a point of X with Hodge polygon P(r’,2g — r’) and let r be an integer with g < r <r’'. We
want to construct a deformation of x with Hodge polygon P(r,2g — r) in generic fiber.

After lifting the module w; to wy g (with an isotropy condition), one considers the modules
wir C Eg[T] € T~ 'wi . One should lift the module w to wg inside T~ 'wy g, which is
isotropic, and with the condition that the intersection of wr and Egr[T] has dimension 7 in
generic fiber. This can be achieved thanks to Lemma 4.13. O
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