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THE ALGEBRAIC GROUPS LEADING TO
SIMULTANEOUS APPROXIMATION OF
AN ALGEBRAIC NUMBER AND ITS SQUARE

by

Fujimori Masami

Abstract. — We determine the algebraic groups which have a close relation to simultaneous approxima-
tion of an algebraic number and its square.

Résumé. — On détermine les groupes algébriques qui ont une étroite relation avec ’approximation
simultanée d’un nombre algébrique et de son carré.

1. Introduction

Denote respectively by Z, Q, R, C, and Q (= C) the ring of rational integers, the field of
rational numbers, the field of real numbers, the field of complex numbers, and the algebraic
closure of Q thought in C. Let o be an element of Q \ Q; ¢, 7, s three indeterminates; ¢ an
arbitrarily fixed positive constant; and |- | the usual absolute value on R. When « belongs
to R and the degree of o over Q is at least 3, finiteness of the number of rational integral
solutions to the simultaneous approximation inequalities

1
< |q|3/2+s’

1
< ‘Q|3/2+5

r s
o — - -

q q
is deduced from finiteness of the number of rational integral solutions to a parametric system
of linear inequalities

1
QU+

where @) is a variable real parameter and § is an appropriate positive number. The latter
fact is a consequence of the subspace theorem of SCHMIDT, which is a generalization of the
famous ROTH’s theorem (cf. e.g. [4, VI Section 3]).

gl < Q*°, |—qa+7| < |—ga® + 5] < Q> 1),

1
grFe’
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146 Groups leading to a simultaneous approximation

Let x1,...,x, be indeterminates; [1,...,[, linearly independent linear forms in xi,...,x,
with coefficients in Q NR; and ¢(1), ..., c(n) real constant numbers with Y"7_; ¢(k) = 0. The
system S = (l1,...,ln;¢(1),...,¢(n)) is called a general ROTH system if the simultaneous
linear inequalities

(1) k| < Q>1k=1,...,n)

1
Qc(k)+5
have only a finite number of rational integral solutions for each arbitrarily fixed positive
number §. The system S, = (¢, —qov + 7, —qa® 4+ s5;-2,1, 1) in the previous paragraph is an
example of general ROTH system. The subspace theorem of SCHMIDT tells us in particular
that whether a given system is a general ROTH system or not can be known from a certain
aspect of a filtered vector space derived from the given system. To describe this phenomenon,
we need a few terminology.

Put V.=2:Q® - ® z,Q. We associate the system & = (I1,...,l,;¢(1),...,c(n)) with a
filtration F5V over Q on V given by

FeVv=Y 1,Q (ieR).
i<c(k)
The filtration thus obtained is descending, exhaustive, separated, and left-continuous in the
sense that we have

FiV D FLV (i <j), | Fiv =V ®qQ,

i€R
(N FsV =0, and () FLV =FiV.
i€R 1<j

Notice that if I, € FLV, then the parametric system of linear inequalities (1) requires any
solution to satisfy a linear inequality

] 1
| < s
for some value of the parameter () which depends on the solution.
Let V be a finite dimensional non-zero vector space over Q equipped with a filtration F*V (i €

R) over Q as above. Let F*TV = Uy «;F/V and g (F'V) = F¥V /F**TV. A real number

1
Z w dimg gr* (F'V)
weR

V)=u(V,FV)=

is called the slope of the filtered vector space V' = (V,F'V). It is an average of indices at
which the filtration narrows. A filtered vector space V or its filtration is said to be semi-stable
if for any non-zero vector subspace W over Q of V with the induced sub-filtration over Q, the
inequality pu(W) < u(V) is valid. We denote by C55(Q, Q) the category of finite dimensional
vector spaces over Q equipped with semi-stable filtration over Q of slope zero. The morphisms
in C3*(Q, Q) are the linear maps over Q between their underlying vector spaces which respect
filtrations when linearly extended over Q.

A distinction between the general ROTH systems and the others is drawn as follows:

Theorem 1.1 (Schmidt, cf. e.g. [4, VI Theorem 2B]). — The filtration F5V derived from
a general ROTH system S is semi-stable of slope zero. Conversely, every object of C&(Q,Q)
whose filtration is defined over Q NR comes from a general ROTH system.
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Fujimori Masami 147

For objects V = (V,F'V) and W = (W, FFW) in C*(Q, Q), their tensor product V @ W is
the vector space V ®qg W equipped with the filtration

Fi(VeeW)= Y FVegF'W (icR).
i=j+k
The tensor product V' ® W is again semi-stable of slope zero ([1, 5]), which implies the
following;:

Theorem 1.2 (Faltings, Totaro). — Let w¥(Q,Q) be the forgetful tensor functor of

CE(Q,Q) to the tensor category Vecq of finite dzmenszonal vector spaces over Q. The tensor
category C*(Q,Q) is equivalent to the tensor category Repg Aut w§(Q, Q) of finite dimen-
sional representations over Q of the affine group scheme Aut w(Q, Q) of natural equivalences

of the functor w(Q, Q).

A very interesting byproduct of these two theorems is the fact that a general ROTH system is
always obtained from a representation of some algebraic group defined over Q and vice versa.
Let V be the Q-vector space of linear forms in the indeterminates ¢,r,s. What we are con-
cerned about in our present paper is the filtration F}, on V defined over Q given by

Vo Q (i < —2)
FV =4 (—qa+71)Q& (—qo® +5)Q (-2<i<1)
0 (1>1),

with which a general ROTH system S, = (¢, —ga + 1, —qa® 4+ s5;,-2,1, 1) at the beginning of
this section is associated. Before stating the result of our present paper, we review what is
known about the filtration derived from the ROTH inequality
r 1
gl g

or parametric simultaneous linear inequalities

gl < Q7% |—qa+7|< (@ > 1).

Q1+§
Let W = qQ @ rQ. We define a filtration FO'{W on W ®qQ Q as

W ®gQ (i < —1)
FW ={(—qa+rQ (-1<i<1)
0 (1>1).

The filtered vector space W = (W, F;,W) is readily seen to be an object of C*(Q, Q). When
a € QNR, the (classical) ROTH system (g, —qa +r; —1,1) is associated with it. For any
a € Q\ Q, we have proved in [3] that W is in the image of a fully faithful tensor functor
¢ from the tensor category of finite dimensional representations over Q of a 1-dimensional
anisotropic torus over Q (which varies with «) or the special linear group SLo of degree 2
according as the number « is quadratic over Q or not. The functor ¢ is compatible with the
respective forgetful functors to the tensor category of finite dimensional vector spaces over
Q. This means the filtered vector space 1174 may be regarded as a representation of one of the
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148 Groups leading to a simultaneous approximation

algebraic groups determined by «. We would like to recall the definition of ¢ in some detail
when o ¢ R.

Let G, be the standard 1-dimensional multiplicative group, o € Gal(Q/Q) the complex
conjugation restricted to Q,

B =o0(a), and PZ(iz ;)

An embedding e defined over Q of G, into SLs is given as, using the usual identification
Gm(R) ~ R* (the multiplicative group of invertible elements in R) for a Q-algebra R,

e(c)="tpP! ( Cal 2 > tp (ce RY)

() D05

Denote by T, the image of e which is a subtorus over Q of SLy. The smallest subgroup H
defined over Q of SLs that includes T, when the base field is extended over Q is T}, itself or
the whole group SLo [3, Section 4].

Put (1) = —gf + r and ¥(2) = —qa + r. The torus T, is naturally identified with the
1-dimensional multiplicative group T = Spec(Q[q,r]/(1 — ¥(1)1(2))) whose generators of its
character group are 1(1) and v (2). The identification is given by the map

T5> (q,r)+— < T—q(;v+ﬁ) —qraﬁ ) €T, C SLe

[3, Lemma 2.5 & Remark 2.6]. The tori T' and T, are generally defined over Q N R. If « is
quadratic over Q, then they are defined over Q.

To the triple of the group H , the inclusion map x = incl: T, — H % Q, and the cocharacter
e: Gy xg Q — T, apply the method of construction of a tensor functor Ui e RepQ(ﬁ) —

C(Q,Q) in our former paper [3, Section 1]. Remember that for a finite dimensional represen-
tation space V over Q of H, we have defined the filtration V' =V, _ over Q of ¢ (V) as

Vi= @ Vs (i€eR).
i<(¢,e)
Here (-, -) is the canonical Z-valued pairing between the characters and the cocharacters of
T., and Vj is the subspace over Q of V ®qQ on which T, acts by multiplication of a character
¢ via the map » = incl. The functor ¢ = v, _ is fully faithful [3, Theorem 3.8]. The standard

representation of SLo on W = qQ ® rQ restricted to H defines a representation of H. We
have a direct sum decomposition

WooQ= Wtﬁ(l) & W¢(2) =(—g¢B8+7r)Q® (—qa+1r)Q.

Since (¢(1),e) = —1 and (¥)(2),e) = 1, the filtration on W attached by the functor ¢ coin-
cides with the filtration F,JW defined earlier. Thus the filtered vector space (W, F,W) is in
the image of a fully faithful tensor functor ¢ from the tensor category of finite dimensional
representations over Q of an algebraic group H defined over Q.

Let A be the 1-dimensional affine space, which is a ring scheme. Put N = (1)¥(2) =
(—qB + r)(—qa + r) € R[g,r]. By means of the basis —a, 1 of C as an R-vector space, the
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Fujimori Masami 149

WEIL restriction Resc g A from C to R of A is coordinated as Resc g A ~ Spec(R[g,7]). The
correspondence

(Resc/m A) (R) = C =~ Spec(Rg, r])(R)
is such that for a,b € R
Csa(—a)+b — (¢ a, r—0b) e Spec(R[g,7])(R).

The function NV is the complex norm map Resc/gr A — A. The DELIGNE torus S = Resc/gr Gm
is an open subscheme of Resc/r A and in our coordinate corresponds to Spec(R[g, r]n), where
R[g, r]n is the localization ring of R[g, r] by the multiplicative system of non-negative powers
of N. The functions (1) and (2) are a pair of generators of the character group of a 2-
dimensional torus S. Our torus T' x5 R = Spec(R[g,7]/(1 — V)) is the kernel of the norm
N:S — Gp.

We denote by W the Q-vector space qQ @ rQ again. The R-vector space 144 ®g R can be
regarded as (the set of R-valued points of) the dual vector space to Resc g A =~ Spec(R[q,7]).
The multiplication on a ring scheme A induces a canonical action of the DELIGNE torus
S = Resc/g Gm on a 2-dimensional vector space Resc/r A, hence on W ®g R. Using the

above coordinates of Resc/r A and of S, the action of (go,70) € S on 4 ®g R is expressed in

matrix form as
ro — qo(a+ ) —qoaf3 )
b ) .
(q,7) — (a,7) ( a0 o

The HODGE decomposition of W ®gq C reads as
W ®0 C = WO,I ® WI,O’

where

Wwol = Ww(l) ®@ C and W= W¢(2) ®@ C.

We understand that the HoDGE filtration on W ®q C is (essentially) the same as the base
field extension from Q to C of the filtration F&VT/. Our algebraic group H is nothing but the
HODGE group (the special MUMFORD-TATE group) of the Q-HODGE structure w.

In this way, we see our category C(Q, Q) contains Q-HODGE structures defined over Q. For any
choice of an object V € C(Q, Q), to determine the algebraic group G defined over Q such that
V ought to be considered a representation of GG is a generalization of the problem of finding
out the HODGE group of a prescribed HODGE structure. In particular, an extension of our
result [3] for the 2-dimensional objects to higher dimensional objects is not a simple matter.
Now we explain our result in the present paper.

When « is (rational or) quadratic over Q, the filtration F,V is not semi-stable (cf. Appendix),
hence we assume the degree of a over Q is at least 3.

Theorem 1.3. — If the algebraic number « is cubic over Q, then there exists a fully faithful
tensor functor v of the category RepgTo of finite dimensional representations over Q of a
two-dimensional anisotropic torus T, over Q into the tensor category C55(Q, Q) such that the
group To(Q) of Q-valued points of the torus Ty, is isomorphic to the kernel of the norm map
of the cubic number field Q(«) over Q, such that the functor v commutes with the forgetful
functors to the tensor category Vecq of finite dimensional vector spaces over Q, and such that
its image contains the filtered vector space (V, F,V).
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150 Groups leading to a simultaneous approximation

If the algebraic number a is not cubic over Q, then there exists a fully faithful tensor functor
L of the category Repg SL3 of finite dimensional representations over Q of the special linear
group SL3 of degree 3 into C55(Q,Q) such that the functor v is compatible with the forget-
ful tensor functors to Vecg and such that the image of v contains the filtered vector space

(V,F,V).

The method of proof is similar to that in [3].

Statements and proofs are given over arbitrary fields in the body of the paper. The conclusion
becomes a little weak when the base field has a positive characteristic.

The plan of the paper is as follows: In the first two sections, we take up the case when the
GALOIS closure of the field generated by a given « over the base field is abelian of type
(2,2,...). The next two sections treat the remaining cases. In the last section, we make clear
what are the HODGE-like groups in the situation of our present paper when the characteristic
of the base field is zero. The results in Section 2 and Section 3 are newly obtained. The
results in the other sections have been announced at a meeting [2] but their proofs are not
yet published.

As we have said above, although the results and proofs of our former paper [3] and those of
the present one are alike, determination of HODGE-like groups for arbitrarily given filtered
vector spaces is not easy in general. Its confirmation in our present case is already a bit
complicated. So, we believe the contribution of our present work to the literature would be
helpful especially for the people who feel an interest in our former paper [3] and who want to
know results in simultaneous approximation cases. This is why the author has written this

paper.

2. Commutative case of type (2,2,...)

In this section, we define several things that we need in Section 3. We see some properties of
them.

Let K be an arbitrary field. We denote respectively by Gy, and by SLs the standard 1-
dimensional split multiplicative group and the special linear group of degree 3 whose base
fields are both viewed as K. Let K5 be a separable algebraic closure of K and a € K°P such
that w?(a) = a for all w € Gal (K*P/K). In this situation, the GALOIS closure of the field
generated by a over K is a finite abelian extension of K (cf., e.g., [3, Lemma 4.3]). Assume that
the extension degree of K («) over K is at least 4. Fix a (finite or infinite) GALOIS extension
field L of K containing « and also fix 0,7 € Gal (K*P/K) with o(a) # «a, 7(a) # «, and
o(a) # 7(a). Note that we have o7(a) = To(a) # . Elements 3,v,d € L and an element
P € GL3(L) are respectively defined as

1 1 1
B=0c"Ya)=0(a), y=r7(a), § =or(a), and P = ( a B v ) :
a? 32 A2

Let e1, ez, and e3 be the embeddings defined over L of Gy, into SL3 given respectively by,
using the usual identification Gy(R) ~ R* (the group of invertible elements in R) for an
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Fujimori Masami 151

L-algebra R,
c?2 00 c 0 0
er(c)=tP7L{ 0 ¢ 0 |'P, ec)=tP'[ 0 ¢2 0 |'P,
0 0 ¢ 0 0 c

and e3(c) = (e1(c)ea(c)) ™" (¢ € R¥). We denote respectively by T, Th, T3 the subgroups over
L of SL3 which are the images of eq, e, e3.

We note that
py —B-v 1
P'=D.- | va —y—a 1 |,

af —a—p 1
where
1 1 1
D = di .
lag<(ﬁ—a)(v—a)’ (= B)a—5)’ (a—v)(ﬁ—v)>
Put
. (B—0)(y—0) oy = (v = 9)(a =)
(B—a)(y—a) (v = B)a—B)’
(o —6)(B8 - 9) £i
= d (] - ) - )y =
ST la—Boq)y 4P a(” h2,3)
We have
0 1 & 1 0 Ep3 10 0 010
P—la(P):(l 0 52):(0 1 Egg)(o 1 0)(1 0 0),
0 0 &3 00 1 0 0 e3 001
0 e 1 1 Eip 0 1 0 0 00 1
PlT(P):(O €2 0):(0 1 0)(0 £ 0)(010),
1 e3 0 0 Esp 1 0 0 1 100
and
e 00 1 00 e1 00 100
P_laT(P)—<52 0 1>—(E21 1 o)(o 1 0)(0 0 1)
e3 10 Es1 0 1 0 0 1 010

Let Ay, Ao, and A3 be the L-valued points of SLg3 defined respectively as
1 —FEs7 —FEs3 1 0 0
A=t 0o 1 0 tp, Ay ='P7'| —E1» 1 —E39 |!P,
0 0 1 0 0 1

and

1 0 0
Az =tp~1 0 1 0 |tP

—FEi13 —FEs3 1
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152 Groups leading to a simultaneous approximation

We see for an L-algebra R and a,b,c € R* that
o(*PY) diag(a, b, c) o(*P) = 'P~' Az diag(b,a,c) A3 P

b 0 0
=tp-1 0 a 0 |tP,
Elg(c—b) Egg(c—a) C

r(*P~) diag(a,b,c) 7(*P) = ‘P~ Ay diag(c, b, a) Ay 1 TP

c 0 0
=tp1 Elg(b—c) b E32(b—a) tP,
0 0 a

and
or(*P~Y) diag(a, b, c) or(*P) = P71 A, diag(a, c,b) A7 P

a FEsi(a—c) Ezi(a—0)
=tp71{ 0 c 0 tp.
0 0 b

Denote by Int(A) the conjugation left action on SL3 of A € SL3(L). Making use of the above
equations, we understand that the relations

(2) es = Int(o(As)) oo(er) = Int(7(A2)) o 7(e2) = Int(o7(A1)) o o7(es)
and
(3) es = Int(0(A3)) o o(e3) = Int(7(Az)) o 7(e1) = Int(o7(A1)) 0 o7(e2)

hold. At the same time, we obtain the next proposition:

Proposition 2.1. — Let Ty.or be the maximal torus To T3 of SL3 x i L. The smallest sub-

group G defined over K of SLz which includes the torus T, when the base field is extended
to L is the whole group SLs.

3. Representation in the exceptional case

In this section, we prove our filtered vector space should be regarded as a representation of
the special linear group of degree 3 if the GALOIS closure of the field generated by a primarily
given number is abelian of type (2,2,...).

The symbol U;; (i,j = 1,2,3; i # j) designates the 1-dimensional unipotent subgroup over
L of SL3 whose conjugate * PU; jtP*1 is the standard 1-dimensional unipotent subgroup with
its non-diagonals all zero except the (i, j)-coefficient. As an example, for an L-algebra R, the
additive group of R-valued points of Uy g is given by

1 RO
U 2(Ry='P7* 0 1 0 |'P.

0 0 1

Let Ty, be the maximal torus in Section 2 of SLg X x L. We denote by x(2) and x(3) the
characters on Ty, dual to the cocharacters es and e3 in Section 2. We see for an L-algebra
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Rand b,c € R*; ujj € R (1,7 =1,2,3; i # j) that

be 0 0 1 U192 U3 b~le! 0 0
0 b2 0 us1 1 ugs 0 b2t 0
0 0 b2 usp usy 1 0 0 b 1le?

1 b3U1 2 c3u1 3
= b_3UQ 1 1 b_303UQ3 .
C_3U3 1 b3C_3U32 1

This equality means the group, say Ujss, is the unipotent subgroup over L of SLs on which
the maximal torus Ty, acts (by the inner automorphism from the left) via the character
3x(2) — 3x(3) (additive notation).
To the triple of the group G' = GL3, the inclusion map « = incl: Ty.or — G xg L, and
the cocharacter e = e1: Gy, Xg L — Th.s7, apply the method of construction of a tensor
functor ¢x . .: Repg(G) — C(K,L) in our former paper [3, Section 1]. Recall that for a
finite dimensional representation space V over K of é’, we have defined a filtration over L of
L pe(V) as

Vi=Vi.= @ Vs, (ieR),

i<(¢.e)

where Vj is the subspace over L of V®g L on which T,,., » acts by multiplication of a character
¢ via the map x = incl.

Example 3.1 (representation corresponding to a simultaneous approximation). —
Let s;; be an indeterminate considered a function on SL3 defined as the matrix coefficient in
the i-th row and the j-th column for each indices 7 and j. Put ¢ = s31, 7 = s32, and s = s33.
Let V be the vector space over K spanned by ¢, r, and s in the ring of functions over K
on SLj3. By the translation to the right on SL3, the vector space V becomes a representation
space of G = SL3. Since the action of the torus T4 - is defined as, for an arbitrary L-algebra
R,be R* ~Ty(R), and ¢c € R* ~ T3(R),

be 0 0
(g r s)r—(qg r s)Pt[ 0 b2 0 tp,
0 0 b2

where

1 1 1
is the same as the transposed inverse of the matrix P in Section 2, we see that
@By —r(B+7) +5) L = Vyyix(3):
(qva—r(y+a) +5) L = V_oy(2)1x(3)

By Yo ofB
tpl=| -p—y —v—a —a—-p |-D (D: a diagonal matrix)

and

(g8 —r(a+ B) +8) L = Vi) _ay(a)-
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154 Groups leading to a simultaneous approximation

The relation e; + ez + e3 = 0 taken into account, the filtration of ¢ e(f/') is given by

1% QR L for ¢ < -2
FoV = Vorx@+x@ © Va@)-axp for —2<i<1
0 for ¢ > 1.

On the other hand, we have
(qva—r(y+a)+s) = (qaB —r(a+B) +s) = (—ga+71)(B—7)
and
(va—r(v+a)+s) (@+P) = (qaf —r(a+B) +5) (v + a) = (—ga® + 5)(8 — 7).
Thus the filtration F,,V can be written as

V®KL for § < —2
FV =S (—qa+7)L®(—qa?+s)L for —2<i<1
0 for ¢ > 1.

Note that the filtration F('X‘u/ does not depend on the choice of the element o nor 7 €
Gal(L/K).

Remember the definition of a quantity m [3, Defintion 3.2 for an element z of a filtered
vector space V Qg L:

(4) m(x) =sup{i | V' >z}

Proposition 3.2. — Suppose we are given a representation space V. over K of G = SLs.
For a character ¢ = a-x(2) +b-x(3) (a,b € Z) of the torus Ty.sr, let

¢°=—(a+b)-x(2) +b-x(3) and o' =a-x(2)~ (a+0b) x(3).
If x € Vi \ {0}, then there exist elements y € Vo \ {0} and z € Vi \ {0} such that

o(x) -y € &) Vo +3k(x(2)—x(3))—3Ix(3)
k,1>0; (k,l);ﬁ(0,0)

and
@) —z€ D Vs —x@)-six®-
1205 (R, 0)(0.0)

In particular, we have
m(o(z)) = (¢°,¢) = (¢, e2) and m(r(x)) = (¢',¢) = (¢, e3).

Proof. — Note first that Az € Us1Us2. We have remarked at the beginning of this section
that the unipotent subgroups Us; and Uss correspond respectively to the characters —3x/(3)
and 3x(2) — 3x(3) of the maximal torus Ty.s . As is well-known, the group Us; Uz sends an
element x of Vj to an affine space

T+ @ V—3kx(3)+31(x(2)—x(3))
k,120; (k1) #(0,0)
Publications mathématiques de Besancgon — 2025



Fujimori Masami 155

We get an expression
Ajlz=z+ 3 w1 € Voa@si@ —xG)-
k120 (k,1)#(0,0)
Applying o € Gal(L/K), we have
o(A3) to(z) = o(x) + Z o(zk),
k1205 (k,1)#(0,0)

namely,

o(z) = o(Asz) + > o(Azzy,).
k120; (k1)#(0,0)

For an L-algebra R and ¢ € R*, we know by the relations (2) and (3)
ea(c) O'(Agx) = O’(Ag) 0(61)(0) O’(A3)71 . O'(Ag) a(a?)
= 0(A3) ¢ o (x) = ¢ bo(Azx)
and
e3(c) 0(Azx) = o(A3) o(e3)(c) o(Az) 7t o(A3) o(x)
= 0(43) bo(z) = Lo (Aszz),
in other words o(Asxz) € Vyo. We obtain similarly
62(6) U(Agajk’l) = CfaibJFskO'(Ag:Ck,l)
and
€3 (C) U(A3.%'k’l) = Cb_gk_le(Agxk’l),

ie., 0(A3Tk1) € Viorsp(y(2)—x(3)—3ix(3)- We see that y = 0(A3x) meets the requirement, for
o(Asz) #0if = # 0.
The equality

(¢° + 3k(x(2) — x(3)) — 3Ix(3),e) = a + 31
implies that
o(z) €V® and o(z) € V' (i > a),

hence m((z)) = a = (¢°,€) = (. e2).
The assertion concerning 7(x) is derived in the same manner. O

Lemma 3.3. — For any non-zero finite dimensional representation space V over K of
G = SLs, we have pu(ts . (V) =0, where p is the slope function of filtered vector spaces (cf.
e.g. [3, Definition 1.12]).

Proof. — Completely the same as the proof of Lemma 3.5 in [3]. O
Lemma 3.4. — To an arbitrary 1-dimensional vector subspace W over K of an SlLs-

representation V' over K, attach the sub-filtration over L of ig1,, (V). We have p(W) < 0.
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Proof. — In the coefficient extension V ® L, a non-zero vector w € W is written
w=wi+ -+ we,  wi € Vyp \ {0},

where Vi is the subspace over L of V ®x L on which the torus 7,.,r acts via a character
(7). We may assume that the characters (i) are pairwise distinct. By the definitions of the
sub-filtration and the quantity m(-) recalled in (4), we have

p(W) = min (6(0).¢) = m(w).

Let
a = min ((i),e2), m' =min{(P(i),e) | ((i), e2) = a},

1<i<
and ¢ = ax(2) — (a +m')x(3). There exists a unique number j such that ¢(j) = ¢. Applying
o € Gal(L/K) to w, we have
w=oc(w)=0c(w)+- - +o(w).

From Proposition 3.2, we see that

Z @ P2 (1) +3k(x(2)—x(3)) =3Ix(3)
i=1k,1>0
and that there exists an element y € Vo \ {0} with
owi)=ye B Viesmix@)-sxs)-
k,1>0; (k,1)#(0,0)

Since for all ¢

(¥°(i) + 3k(x(2) = x(3)) = 3Ix(3), €) = (P(i),€2) + 3l > a
and for ¢ such that (¢(i),e2) = a

(°(@) + 3k(x(2) — x(3)) = 3Ix(3), e2) = (¥(i), ) + 3k > m’,
the eigenvector y with respect to the action of the torus T, does not cancel out in the sum
w=o(w)+ -+ o(w,). We get the equality m(w) = m(o(w)) = a.
Put this time

b= min (¥(i),e3), m" =min{(¥(i),e) | (Y(i), e3) = b},

1<i<r

and o = —(m” + b)x(2) 4+ bx(3). There is a unique index h with ¢(h) = ¢. In the same way
as in the previous paragraph, we know the simultaneous equalities

(@I (i) + 3k(x(3) — x(2)) — 3Ix(2),¢) = b

and

(W1(0) + 3k(x(3) — x(2)) - 3Ix(2), e3) = m"
are possible only when ¢ = h and k£ =1 = 0. We see m(w) = m(7(w)) =
Each character ¢(7) is expressed as (i) = a;x(2) + bix(3) (a;,b; € Z). By the definitions of
m(-),a,b, we obtain

m(w) < <¢(Z),€> =—a;—b<—a—-b= _2m(w)>

ie, u(W)=m(w) <0. O
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Proposition 3.5. — For any non-zero finite dimensional representation space V. over K
of G = SLg, the filtered vector space s, (V') is semi-stable of slope zero, hence the functor
L& . o factors through C3*(K, L).

Proof. — The same proof as the one of Proposition 3.7 in [3] is valid. O

Let V be the underlying vector space over K of an object in C(K, L). Remember that a linear
map f over K of V to another underlying space is filtered if and only if

m(z) <m (f(z))
forallz € V ®x L.

Theorem 3.6. — The functor g1, xc: Repg(SLs) — C3° (K, L) is fully faithful.

Proof. — Let W be an arbitrary finite dimensional representation space over K of SL3. For
any y € W ®g L, we have a unique expression

Y= > Yy Yy €Wy,
YEX

where X is the character group of the torus T4, and Wy, is the subspace over L of W @ L
on which T,,., r acts by multiplication of a character 1. We define a set X (y) of characters as

X(y) ={v e X |yy #0}.
Assume y # 0 and let

= i , and b(y) = i ,€3).
a(y) ¢g§?y)<¢ e2) and b(y) wglg(ly)w es)

By the same and a similar reasoning to the one in the proof of Lemma 3.4, we see that

m(o(y)) = aly) and m(7(y)) = b(y).
Hence, for a linear map f: V — W over K between the underlying vector spaces of finite
dimensional representations and x € V;, such that f(x) # 0, we have

m(o(r)) = a(z) = (¢,e2), m(o(f(x))) = a(f(x)),

m(7(z)) =b(x) = (¢,e3), and m(7(f(z))) =b(f(x)).
On the assumption that f is filtered, we get

(¢.€) =m(z) <m(f(z))= min (i,e),
(¢,€2) = m(o(x)) <m(f(o(x))) =m(o(f(x))) = al(f(z)),
and
(¢,e3) = m(7(z)) < m(f((z))) = m(r(f(x))) = b(f ().
Since e = ey = —ey — eg, the first inequality is equivalent to

peax (s ea) + (s ea)} < (@ e2) + (0, €3).

By the definitions of a(-) and b( -), these inequalities must be all equalities. We find
<¢7 62> = a(f(x)) = <¢7 62> and <¢7 €3> = b(f(.fﬂ)) = <¢7 €3>
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for all ¢» € X(f(z)). Thus we obtain
X (f(x)) ={o} if f(z)#0.

This means
f(x) =yg € Wy forall o€ Vg,

that is, that the map f commutes with the action of T,., -. Since f is defined over K, the map
commutes with all GALOIS conjugates w(Tp,.,) (w € Gal(L/K)) and so with G = SLz. [

4. The remaining cases

In this section, we collect what are required in Section 5.

The symbols K, Gy, SL3, and K®°P being as in Section 2, let a be an element of K*P such
that there exists an element o € Gal (K*P/K) with 0?(a) # «a. Fix a (finite or infinite)
GALOIS extension field L of K containing a. Fix o € Gal (K*P/K) such that o%(a) # a.
Elements 3,7 € L and an element P € GL3(L) are respectively defined as

1 1 1
f=0"a), y=0%(a), P=|a B ~ |.
a? B2 A2
With these 3,7, and P, we define embeddings e1, es, e3 over L of Gy, into SL3 by the same

expressions as in Section 2. Their images are respectively written 171,75, T3 as before.
Put

NP0 =0 l)  _ (r=o ) (=0 (7)
! B-a)(y—a) (y-B)a—B)
Ca—o'))(B=0"') . e ., N
(N YT ) R VR R V)
,, — (B=0(0) (v = o)) , - (1= 0(@)) (@~ o(a))
B-a)y—a) (=B)a—B)
_(a—0(a) (B —o(a)) n
S Py T ) Nl_V:’»’ 4 vz

and

vi 10 10 N 10 0 0 1
PloP)=| 1 01 |=[01 M 01 0 0 0
v3 0 0 00 1 00 vy 10

Let A and B be the L-valued points of SL3 defined respectively as

1 —Ay —As 1 0 0
A=tp~ 1o 1 0 tp and B=tp! 0 1 0
- 1

0 0 1
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We see for an L-algebra R and a,b,c € R*; u € R that

o t(¢P~Y)diag(a,b,c) o1 (*P) = ' P71 Adiag(c,a,b) AP

¢ Ay(c—a) As(c—0b)
=tp=1{ 0 a 0 tp,
0 0 b

o(*P~1) diag(a, b, c) o(*P) = ‘P~ B diag(b,c,a) B~1tP

b 0 0
=tp-1 0 c 0 |tP
Ni(a—b) Nafa—c) a

1 0 —AQU
o ltP)y=tP71[ 0 1 w tp,
00 1

0
0 |tP.
1

Q
L
~
o~
3
_
S~—
—
O O =
(e R
_— o O

and

Q
—~

)

|

_

SN—
—
O O =
)

0 1 0
0 |o(tP)="tP! u 1
u 1 —NQ’U, 0

In particular, we have

(5) es = Int(c(A)) o o(e3) = Int(c"1(B)) o oL (e1)
and
(6) ez = Int(c(A)) o o(er) = Int(c H(B)) o 07 (ey),

where the symbol Int implies the conjugation left action on SL3 as before. We find the
following;:

Proposition 4.1. — Let Ti,,, be the mazimal torus To T3 of SL3 XL and G the smallest
subgroup defined over K of SL3 which includes the torus Ty,., when the base field is extended
to L. If 0®(c) # «, then G = SLs. If the extension field K («) is cubic over K, then the torus
Tw.o is defined over K, hence G = Too-

Remark 4.2. — Let g,r,s be three indeterminates. When « is cubic over K, we observe
that the torus Ty, is naturally isomorphic to a 2-dimensional anisotropic torus over K (cf. [3,
Lemma 2.5])

Spec(Kq,rs/(l—Ha (gBy — ﬁ+v)+s)>>,

the functions ¢gya — r(y + «) + s and gaf — r(a + ) + s being considered generators of its
character group. Hence, the group T,.,(K') of K-valued points on the torus T,., is identified
with the multiplicative subgroup of K («) composed of the elements of norm 1.
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5. Representation in the remaining cases

In this section, we show our filtered vector space should be considered a representation of
the algebraic group defined in Section 4 if the GALOIS closure of the field generated by a
primarily given number is non-abelian or is abelian of type other than (2,2,...).

Let U;; (1,7 =1,2,3; i # j) be the 1-dimensional unipotent subgroups over L of SLg similar
to those in Section 3, Ty.; the maximal torus over L of SL3 in Section 4, and x(2), x(3) the
characters on T,., dual to the cocharacters ez, e3 in Section 4. The expression in terms of
X(2), x(3) of the character by multiplication of which the torus T4, acts on U;; is the same
as in Section 3.

To the triple of the group G in Section 4, the inclusion map x = incl: T,.,; — G xk L, and
the cocharacter e = e1: Gy X g L — Ty.» in Section 4, apply the method of construction of
a tensor functor t¢ Repg(G) — C(K, L) in our former paper [3, Section 1]. The vector

space V over K spanned by three indeterminates g, r, s equipped with the filtration over L

V@KL for i < =2
FiV ={(—qa+7)L& (—qa®+s)L for —2<i<1
0 fori>1

is an object in the image of the functor ¢ . as in the exceptional case of Section 3.

Proposition 5.1. — Given a character ¢ = a-x(2) +b-x(3) (a,b € Z) of the torus Ty,
let ¢° =b-x(2) — (a+b) - x(3). For a representation space V over K of G, if & € Vs \ {0},
then there exists an element y € Vyo \ {0} such that

c@-ye D Ve sm@sne xe)
k,120; (k,1)#(0,0)
In particular, we have m(o(z)) = (¢°, e) = (¢, ea), where m is the function described in (4).
Proof. — First, we assume that o3(a) # . We know G = SL3. The assertion is confirmed
in the same fashion as in the proof of Proposition 3.2.

Next, assume that 03(a) = «. In this case, by the definitions of Ay and A3, the L-valued
point A equals the identity, hence we know from the relations (5) and (6) that

es = o(es) and es = o(e1).

For an L-algebra R and ¢ € R*, we obtain

ez(c) o(x) = o(es3)(c) o(x) = Po(x)
and
es(c)o(x) = o(er)(c) o(x) = ¢~ o (a).
Thus y = o(x) € Vg \ {0} suffices. O
Lemma 5.2. — Any 1-dimensional representation defined over K of G is trivial.
Proof. — Let V be a 1-dimensional representation space over K of G. The torus Tw.o acts

on V ®g L via a character ¢, in other words, V ®g L = V. We see from Proposition 5.1 that
¢° = ¢, which forces ¢ = 0. The rest of proof is the same as the latter part of the proof of
Lemma 3.4 in [3]. O
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Using this lemma, we get the next:

Lemma 5.3. — For any non-zero finite dimensional representation space V. over K of é,
we have p(ts . (V) = 0, where pu is the slope function of filtered vector spaces (cf. e.g. [3,
Definition 1.12]).

Lemma 5.4. — To an arbitrary 1-dimensional vector subspace W over K of a é—represent—
ation V' over K, attach the sub-filtration over L of v . (V). We have u(W) < 0.

Proof. — In the coefficient extension V ®x L, a non-zero vector w € W is written
w=wy+- - +w, w; € Vi \ {0}

as in the proof of Lemma 3.4.
We have

p(W) = min (6(0).¢) = m(w).

Let
a= min (¥(i),e2), a' =min{(y(i),es) | (¥(i),e2) = a},

1<i<r
and ¢ = ax(2) + a’x(3). There exists a unique number j with ¥(j) = ¢. Applying o €
Gal(L/K) to w, we have
w=o(w)=0(w)+- - +o0o(w).

From Proposition 5.1, we see that

w=0o(w) €Y P Viori)—sex(3)+31(x(2)—x(3))
i=1k,I>0

and that there exists an element y € Vo \ {0} such that
cw)—ye D Vie()-skx@+3162)-x3)
k,1>0; (k,1)#(0,0)

Since for all 7

(¥°(1) = 3kx(3) + 31(x(2) = x(3)), €) = (¥(i), e2) + 3k > a
and for i such that (1(i),e3) = a

(¥°(i) — 3kx(3) + 31(x(2) — x(3)), e2) = (¥(i), e3) + 31 > o,

the eigenvector y with respect to the action of the torus 7,., does not cancel out in the sum
w = o(wy) + -+ o(w,). We get the equality m(w) = m(c(w)) = a and a number h with
P(h) = ¢°.

By the definition of a, we obtain

a < (Y(h), e2) = (¢°,e2) = (P, e3) = d’,
hence
a=m(w) < ((j),e) = (¢,€) = —a—a’ < —2a.
This is possible only when 0 > a = m(w) = u(W). O
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Proposition 5.5. — For any finite dimensional representation space V. over K of é, the
filtered wvector space Léyme(V) is semi-stable of slope zero, hence the functor L e factors

through C3° (K, L).
Proof. — The same proof as the one of Proposition 3.7 in [3] is valid. O

Theorem 5.6. — The functor 1s, - Repg (G) — Cy (K, L) is fully faithful.

Proof. — Let W be an arbitrary finite dimensional representation space over K of G. For
any y € W ®g L, we have a unique expression

Y= > Yy Yy €Wy
peX

as in the proof of Theorem 3.6.
We define a set X (y) of characters as

X(y) ={d e X |yy #0}.
Assume y # 0 and let

a(y) = wren);n (¥ e2),  bly) = ¢gl)gr(1y)<w,e3>,

b'(y) = min {<w,e2> | (¥, e3) = b(y)},

PeX(y

and o(y) = (y)x(2) +b(y)x(3). By a sunllar reasoning to the one in the proof of Lemma 5.4,

we see that
m(o(y)) =aly), ¢’ (y) € X(o(y)),

def . o _
a(o(y)) = weg?é{l(y))(%@) = (¥°(y), e2) = b(y).

Hence, for a linear map f: V — W over K between the underlying vector spaces of finite
dimensional representations and x € V;; such that f(x) # 0, we have

m(o(x)) = a(x) = (&, e2> m(o(f(x))) = a(f(x)),
m(o%(2)) = a(o(x)) = b(x) = (&,es),

and

and
m(0?(f(2))) = a(o(f(@))) = b(f(x)).

On the assumption that f is filtered, we get

(9,€) = m(x) <m(f(x)) = we)ﬂ(l(i}l(x))w,e%

(9, €2) = m(a(z)) <m(f(o(x))) =m(o(f(x))) = a(f(2)),

and
(6,e3) = m(0?(2)) < m(f(0*(x))) = m(0*(f(2))) = b(f()).
Since e = e;] = —ey — e3, the first inequality is equivalent to
o {w, e2) + (1, e3)} < (d,e2) + (¢, e3).

By the definitions of a(-) and b( -), these inequalities must be all equalities. We obtain
<¢7 62> = a(f(x)) = <¢7 62> and <¢7 €3> = b(f(CE)) = <¢7 €3>
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for all ¥ € X(f(x)). Thus the rest of proof goes through the same path as in the proof of
Theorem 3.6. g

6. The group in characteristic zero

We shall make explicit the group defined in Section 4 when the characteristic of the base field
is zero, using the one-to-one correspondence between LIE algebras and connected LIE groups.
We calculate the LIE algebra g of the group G defined in Section 4 as a subalgebra of the
LiE algebra sl3 of the special linear group SL3 of degree 3. We identify the LIE algebra gls
of the general linear group GL3 of degree 3 with the LIE algebra of all matrices of degree 3
and regard sl3 as the subalgebra of trace zero. For each ¢, j = 1,2, 3, the element of gl; which
is identified with the matrix whose (i, j)-coefficient is 1 and whose other coefficients are 0 is
denoted by E; ;.
To ease notation, we examine in fact the LIE algebra ‘P g ‘P! of the conjugate group
tpG tP~! where P is the matrix used to define G in Section 4 and 'P is its transpose.
Fori=1,2,3, set

Z;=1-3F;; € 5[3(2).

Lemma 6.1. — 7y, Z, Z3 € 'PgtpP~!

Proof. — Recall that the tori T; (i = 1,2, 3) are respectively the images of the embeddings
e; (i =1,2,3) over L of Gy, into SL3. The morphism e;, for example, is written in matrix

form as
¢c2 00
el(c)th_l(O c O)tP.
0 ¢

0

Differentiating both sides with respect to ¢, we see

d —2¢3 0 0
d—el(c):tP_l 0 10 |'P.
¢ 0 0 1

The torus 7} is included in G by definition. We get

-2 0 0
tp=lz tp=tp~! 010 |tPey.
00 1

In the same way, we obtain 'P~1 Z, P, tP~1 Z3tP cg. O

Fix temporarily an arbitrary element 7 of Gal(K®*®P/K). Denote by ¢; (i = 1,2,3) the i-th
column vector of the matrix !P 7(*P~1). We denote similarly by r; (i = 1,2,3) the i-th row
vector of the matrix 7(*P)*P~1. Put A = cir1, B = cara, and C = c3r3. They are matrices
of degree 3. We call respectively a; j, b; j, and ¢; ; the coefficients in the i-th row and the j-th
column of the matrices A, B, and C: A = (a;;), B = (bi;j), C = (¢i;). Set

Wy=1-3A, Wg=1-3B, and Wg=1-3C.
Lemma 6.2. — Wy, W, W € tPgtpP~!
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Proof. — We have

c2 0 0
tPrie)(c)tPt=tPrtPHYy[ 0 ¢ 0 |7(tP)IP7L
0 0 c

Hence
‘PagtP ' Pr('P 27 ('P)' P =1 -3'"Pr("P ) E 7("P) P!

ry
=1- 3(C1,0,0) ro
r3

=1- 3C11‘1.
We see in a similar fashion for i = 2,3

1—3cir; ='Pr(PHYz;ir('P)!P ctPgiP!.

]
Lemma 6.3. — %[Zi,WA] =FE;;A—AFE;; (i=1,2,3)
Proof. — By definition, we find instantly
3120 Wa) = [Bui, A] = Buid - A,
]
Lemma 6.4. — For i # j, we have % (Zi,[Z,Wa]] = ai;Ei j + aj i Ej;.
Proof. — From Lemma 6.3, we see for i # j
2*17 (Zi, 125, Wall = —[Eii, Ej jA — AEj j]
= E;,AE;; + E; ;AE,;
=a;jFi; +ajiEj;.
]
Lemma 6.5. — For i # j, we have 8i1 (Zi,[Zi, [ Z;,Wal]l = ajiEji — ai; E;j.
Proof. — Immediate from Lemma 6.4. ]

Proposition 6.6. — For each distinct indices i and j (i,j = 1,2,3), we have a; jE;; €
tpgtP=t. Explicitly:

1 1
aijEij = o (26,125, Wall = 165 123, 23, 12, Walll
Proof. — Combination of Lemma 6.4 with Lemma 6.5. U

Corollary 6.7. — For each distinct indices i and j (i,j = 1,2,3), we also have b;;E;; €
tPgtP~! and ¢;;E;j € 'P§'P .

Proof. — Replace A with B or with C in Lemmas 6.3—6.5 and Proposition 6.6. O
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Lemma 6.8. — Suppose « is not cubic, where o € K*P is the element used to define the
group G. For i # j, there exists T € Gal(K*P/K), which may depend on the pair (i,7), such
that at least one of a;j, b;j, or ¢;; becomes non-zero.

tP — (
As we saw in Section 2, we have

By o af
‘Pl=| -y —y-a —a-p | D

Proof. — By definition

— =
= ® 2
= X L
[CICRRNY
~

1 1 1
Here D is a diagonal matrix and det D # 0. Thus we know for any 7 € Gal(K*P/K)

y=1BN(y—=7() (v —T7(a) (v—T7(@)(y—T7(B))
and
(T(a) = B)(T(a) =7) (T(a) =)(7(a) =) (7(a) — a)(T(a) = B)
ﬂTVPIZ((ﬂm—ﬁWﬂﬂ—w UW%JMN@-@)(N@—aWﬂ%—@)-D
(T =B)T() =) () =-NETO) —a) (7(v) —a)(t(v) = B)

We show that there exists 7 € Gal(K®*P/K) such that at least one of aj 2, b1 2, or ¢12 does not
vanish. Since « is not cubic, we can choose 7 € Gal(K*P/K) so that o does not equal any
of 7(a), 7(8), and 7(y). With such a choice of 7, by the definitions of a; 2, b1 2, and ¢; 2, they
are respectively equal to 7(a) — v, 7(8) — 7, and 7(y) — v modulo multiplication of non-zero
elements of K®*P. We see in this way at least two of them are non-zero indeed. With the
same choice of 7 € Gal(K®*P/K), the elements a; 3, b1 3, and ¢35 are respectively 7(a) — 3,
7(B) — B, and 7(y) — 8 up to multiplication of non-zero elements of K*°P. Hence at most one
of them disappears.

Changing the role of o with that of # or v in the above discussion, we obtain what we

want. U
Corollary 6.9. — On the assumption that o is not cubic, we have G = SLs.

Proof. — Directly follows from Proposition 6.6, Corollary 6.7, and Lemma 6.8. g
Theorem 6.10. — If the base field K is of characteristic zero (and if there exists an element

o € Gal(KP/K) with o(a) # a), then the filtered vector space (V, F, V) in Section 5 is in
the image of a fully faithful tensor functor of the category of finite dimensional representation
spaces over K of a 2-dimensional anisotropic torus over K or SLs according as the coefficient
a is cubic over K or not, the functor being compatible with the forgetful functors to Vecg.
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Proof. — When the element « is cubic over K, we have already seen in Section 5 that the
conclusion is true. When « is not cubic over K, we have confirmed in Corollary 6.9 that the
group G is identical to SL3, hence we are done. O

Appendix

Let ¢, r, s be indeterminates; K an arbitrary field; L an extension field of K; «, 8 elements of
L; and c a positive constant number. We denote by V the vector space over K generated by
the indeterminates ¢, r, s and put
lOZQ7 llz—qa—i—r, ZQZ_Qﬁ+S

The linear forms Iy, 11,13 in g, r, s constitute a basis of the vector space V ® L over L. We
attach to the vector space V over K a filtration F"'V over L defined as

V &k L (Z < —20)

F'V={ULL®lL (-2c<i<c)

0 (i > c).
Lemma A.1. — The filtered vector space (V, F'V') of slope zero is semi-stable if and only
if the elements 1,a, 8 of L are linearly independent over K.

Proof. — Suppose V is not semi-stable. There exists a non-zero subspace W over K of V
such that its slope u(W) is positive (cf. e.g. [3, Definition 1.13]). By the definition of (induced)
sub-filtration (cf. e.g. [3, Definition 1.4]), we must have

WergLClLLL®ls L.
In particular, for a non-zero w € W there exist a,b € L such that
w = lia + lab = —q(ac + bpB) + ra + sb.

We observe that (a,b) # (0,0) and that the elements a, b, and a« + b5 belong in fact to K.
Thus 1, a, 8 are linearly dependent over K.

Conversely, if 1,«, 8 are linearly dependent over K, then there exist a,b € K such that
(a,b) # (0,0) and ac + bB € K. Set w = lya + lob. We see

w=—qlaac+bp)+ra+sbeVn(liL®la L)\ {0}.
We get 0 # wK C V and p(wK) = c¢ > 0= pu(V), which indicates V' is not semi-stable. [
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