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A NEW TRANSCENDENCE MEASURE FOR THE VALUES OF THE
EXPONENTIAL FUNCTION AT ALGEBRAIC ARGUMENTS

by

Stéphane Fischler and Tanguy Rivoal

Abstract. — Let P € Z[X]\ {0} be of degree § > 1 and usual height # > 1, and let a € Q" be of
degree d > 2. Mahler proved in 1931 the following transcendence measure for e“: for any € > 0, there
exists ¢ > 0 such that [P(e®)| > ¢/H"*%¥¢ where the exponent u(d,d) = (4d* — 2d)d + 2d — 1. Zheng
obtained a better result in 1991 with u(d, §) = (4d* — 2d)6 — 1. In this paper, we provide a new explicit
exponent u(d,d) which improves on Zheng’s transcendence measure for all § > 2 and all d > 2. When
6 = 1, we recover his bound for all d > 2, which had in fact already been obtained by Kappe in 1966.
Our improvement rests upon the optimization of an accessory parameter in Siegel’s classical determinant
method applied to Hermite—Padé approximants to powers of the exponential function.

Résumé. — Soit P € Z[X]\ {0} de degré § > 1 et de hauteur H > 1, et soit @ € Q" de degré d > 2.
Mabhler a obtenu en 1931 la mesure de transcendance suivante pour e : pour tout € > 0, il existe ¢ > 0
tel que |P(e®)| > ¢/H"( 9+ ot Iexposant u(d, §) = (4d® — 2d)6 + 2d — 1. Zheng a obtenu une meilleure
mesure en 1991 avec u(d,8) = (4d® — 2d)6 — 1. Dans cet article, nous obtenons un nouvel exposant
u(d,d) qui améliore la mesure de transcendance de Zheng pour tout § > 2 et tout d > 2. Lorsque § = 1,
nous retrouvons sa mesure pour tout d > 2, mesure qui avait en fait déja été obtenue par Kappe en
1966. Notre amélioration repose sur 'optimisation d’un parametre accessoire dans la méthode classique
du déterminant de Siegel, appliquée aux approximants de Hermite—Padé de puissances de la fonction
exponentielle.

1. Introduction

In this paper, the field of algebraic numbers Q is embedded into C. Given a number ¢ € C
known to be transcendental over Q, a classical way to measure how far ¢ is from Q is by
giving a non-trivial lower bound of |P(£)| in terms of the height and degree of P € Q[X].
We then say that we have a transcendence measure of £. There exist many transcendence
measures for classical numbers such as the values of the exponential function at non-zero
algebraic numbers, see for instance [3, 10, 14, 16] and the references given in these papers.
It is often difficult to compare these results, because sometimes more attention is paid on
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8 A new transcendence measure for the values of the exponential function at algebraic arguments

the height than on the degree, and vice versa, or also because the measure holds when the
height or the degree is assumed large enough with respect to the other. In this paper, we
shall provide a transcendence measure for e® for all & € Q" in which the dependence on the
height seems to be the best known so far at this level of generality (Theorem 1.1 below).
We first introduce some notations. For o € K where K is a number field, we define the house
of o as [@ = max, |o(a)| where o runs through all embeddings of K into C; in other words, [
is the maximum of the moduli of o and of all its Galois conjugates over Q. Given a polynomial
P(X) = Z‘}:O a; X7 € Q[X], we set H(P) := max;_,__q[aj] its (usual) height. The (usual)
height H(a) of a € Q is defined as H(Q) where Q € Z[X]\ {0} is the minimal polynomial
of a over Q (normalized so that its coefficients are coprime and the leading coefficient is
positive). We also let deg(a) := deg(Q) and d(«) > 1 be the denominator of a.
Let p,d, d be integers such that d,d,p > 1 and p > dd and let us define

_ 6d*(p—6+41)
The parameter p in the definition of 1 (d, d, p) is accessory but appears naturally in the proof
of Theorem 1.1. It is what enables us to improve on previous bounds. If d = 1, note that
¥(1,d,p) = p is independent of §, but we still require that p > §. For d > 2, we define
p1:=08d — 1+ [6vVd? —d] and py := p; + 1, which are both > d§d, and then we set

e {m it (d,0,p1) < ¥(d, 8, pa),
©pe if (d, 6, p2) < (d, 8, pr1).

When d = 1, we set A := §. We shall prove that A, which depends on d and §, minimizes the
function p — (d,d, p) amongst all integer values of p such that p > dd (this is obvious if
d = 1 by definition). For simplicity, we define u(d,d) :=1(d, d, ).

The main result of this article is the following new transcendence measure for e®.

Theorem 1.1. — Let K be a number field, let a € Q" be such that [K(a): Q] =d > 1.
For any € > 0 and any integer § > 1, there exists a constant ¢ = c¢(e,a, 0, K) > 0 such that
for all H > 1, we have

o C
(1) |P(e )’>W

for every polynomial P € Og[X]\ {0} of degree < and height H(P) < H.

We shall also prove the following facts concerning the exponent pu(d,d) in Eq. (1). For d =1
and all 6 > 1, u(1,0) = 0. For all d > 2 and all 6 > 1, we have

(2) (2d*+2dvVd? —d—d)s—1

d
2 2
< u(d,d) < (2d° +2dvVd? —d —d)s 1+5m_1.
Eq. (2) will then be used to show that, for all d > 1, u(d,d) is an increasing function of
0 > 1. The constant ¢ can be made completely explicit, and € can be replaced by an explicit
decreasing function of H; the result being unavoidably complicated, we do not state it in this
introduction, and we postpone it to Proposition 3.1 in Section 3. We simply mention here
that the dependence in H is of the form H—#(d:0)~®/InIn(H+2) where oo > 0 is independent of
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Stéphane Fischler and Tanguy Rivoal 9

H: such a dependence already occurs in the celebrated transcendence measure of e obtained
by Mabhler in [10, p. 135, Satz 3].

We assume in this paragraph that K = Q and unless otherwise specified that § > 1 and
d > 2. Another lower bound of the kind in (1), i.e., where the attention is paid on H,
follows as a special case of the general algebraic independence measure of Lang—Galochkin [6,
p. 238] for E-functions: in our situation, it provides the exponent 45d? instead of ju(d,d)
in (1). In [10, pp. 132-133], Mahler had already obtained in 1931 a smaller exponent, i.e.,
46d* — 26d + 2d — 1 rather than 40d?, then improved by Zheng [16] in 1991 with the smaller
exponent (4d? —2d)d —1 =: fi(d, §). Observe that when ¢ = 1, Kappe [9] had already obtained
the value fi(d,1) in 1966 (). Our exponent y(d,d) is always smaller than or equal to all of
these exponents because we shall also prove in Section 2.6 that u(d,d) < (4d? — 2d)§ — 1
with strict inequality when 0 > 2 and equality when § = 1. In fact, for all 6 > 2 and d > 2,
it can be shown that u(d,d) < (4d? — 2d — 1)8; this implies that fi(d,d) — pu(d,d) > § — 1
which quantifies more precisely the gain we obtain when § > 5. If d = 1, then for all § > 1,
the value u(1,d) = d is the optimal Dirichlet exponent when K = Q, and we recover here a
well-known result; see [2, Chapter 10].

Since for all fixed d > 1, u(d,0) is an increasing function of § > 1, it follows that when
deg(P) > 1 is given, the smallest exponent of H obtainable in (1) is for 6 = deg(P). In
particular, when d > 2:

(i) When deg(P) = 1, the smallest exponent obtainable in (1) is 4d> — 2d — 1, obtained for
§ =1 with A = 2d — 2 (because |Vd? —d| =d—1 for all d > 2).
(ii) When deg(P) = 2, the smallest exponent obtainable in (1) is

16d® — 16d*> +d + 1 0 3 1
= —Ad - = -z
i1 a5+ 0(G)

obtained for § = 2 with A\ = 4d — 2 (because |2V d? —d| = 2d — 2 for all d > 2).

(iii) When deg(P) = 3, the smallest exponent obtainable in (1) is

36d3 — 42d? + 7d + 2 5 1
=12d* — 6d — = -
3d—1 6 3+O<d>’

obtained for § = 3 with A = 6d — 3 (because [3vd? —d| = 3d — 2 for all d > 2).

(iv) When deg(P) = 4, the smallest exponent obtainable in (1) is

32d% — 32d% + 4d + 1 9 1
T 6d2 — 8d +o(d),

obtained for § = 4 with A = 8d — 3 (because |4V d? —d| = 4d — 3 for all d > 2).

'We warn the reader that when K = Q we measure here [be® — a| for (a,b) € Z*, not |e® — %| as Kappe does,
hence the —1 in our exponent. Kappe’s upper bound also holds for d = 1 (and it is then an equality to 1) and
it is still the best known so far for d > 2 in general. She obtained it by the different but related method of
interpolation series, see also [11, Chapter II]. For certain quadratic numbers like v/2, Kappe’s upper bound 11

has been improved to 3 (i.e., |be‘/§ —a| > ¢/b%) by a different method based on graded Padé approximants to

V2z + e*\/iz_ [7}

the E-function e ; see
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10 A new transcendence measure for the values of the exponential function at algebraic arguments

(When d is large enough with respect to §, we have more generally |dvd? —d] = dd —
[(6+1)/2].) When K = Q, (i) coincides with Kappe’s result, but (ii), (iii) and (iv) are better
than any previous known bounds. It seems that the following properties hold, but we did not
try to prove them: for all d > 2, if 6 > 3 is odd, then ¥(d, 0, p1) < ¥(d,d, p2), while if 6 > 2
is even, then ¥(d, 0, p2) < ©(d,d, p1).

For d > 2, we summarize these results in the following table, where we recall that pi(d, d) :=
46d? — 26d — 1 is Zheng’s upper bound:

5 ji(d. ) u(d, 0)
1 4d? —2d — 1 4d? —2d — 1
2 16d>—16d°+d+1
2 182622 —4662 _11 36d374215lc?21+7d+2
4 16d2 — 8d — 1 32d37§g¢;21+4d+1
2d—1
>5 46d* — 26d — 1 < 46d? —20d - §

As already said, the bounds in the last column, and a fortiori in (1), improve on Zheng’s
bound for all § > 2 and all d > 2. Like Zheng and Mahler earlier in [10], our proof uses
explicit Hermite-Padé type approximants to powers of the exponential function (which have
been known explicitly for a long time) and Siegel’s classical “determinant method” to pro-
duce linearly independent linear forms in powers of e®. Zheng also considered the parameter
p (called m in his paper) which he then took equal to 2dd — 1 in his computations. Our
contribution lies in the optimization of p with respect to § and d, and this leads to our im-
provement. Another interesting application of Siegel’s method is in [13], in which Sorokin
computed a very good transcendence measure of 72 by this method.

Using a different method (i.e., auxiliary functions constructed with Siegel’s lemma), Cij-
souw [3, Theorem 1] obtained a lower bound |P(e®)| > e~ (@)% g~ where P € Z[X]\{0};
his constant c(a) > 0 is not explicit but from the proof it seems to be larger than 4d> and
also to depend on H (a). Our lower bound is thus again better with respect to the dependence
on H but, as we shall infer from the examples deduced from Proposition 3.1 in Section 3,
his lower bound is better with respect to the dependence on §. Note that when H(P) < e,
Cijsouw’s lower bound has been improved in [14, p. 455, Corollary 3.9].

Besides Zheng’s bound, recent works on transcendence measures of e essentially all focused
on the cases where o € K and K = Q or a quadratic imaginary field, with results similar to
those obtained by Mahler for e in [10] or by Baker in [1]. Such results improve on Theorem 1.1
in these particular cases. We refer for instance to [4, 5, 8] and the references therein.

Acknowledgement. — We warmly thank Elisabeth Kneller, Yishuai Niu and Arnaud Plessis
for providing Zheng’s paper [16] to us, and the referee for carefully reading the manuscript.

2. Proof of Theorem 1.1 and related results

We first recall basic properties of Hermite-Padé approximants to powers of the exponential.
We then prove Theorem 1.1, and finally we prove various properties stated in the introduction
concerning the exponent pu(d,d) := ¢(d,d, \).
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Stéphane Fischler and Tanguy Rivoal 11

2.1. Reminder of Hermite—Padé approximants to powers of the exponential. —
We state here without proofs properties that are immediate applications of the general con-
struction made in [12, pp. 63—69], applied here with m :=p+ 1 and py := (k — 1), a € C*.
These properties are necessary for the proof of Theorem 1.1.

For all integers n > 1,p > 0, there exist (explicit) polynomials Py, € C[z] such that for all

te{0,...,p}
P
Ri(x) := Z Pk,g(x)eko‘x
k=0
vanishes at order (p+1)n+ ¢ at x = 0, deg(Pry) =n if k < ¢, deg(Pry) =n—11if k> £ and
det ((Pr.e(z))o<he<p) = cx®D", ceC.

For simplicity, we do not write explicitly that Ry and P} ¢ also depend on «a, n and p.

Now, we assume more specifically that a € Q", and let K be a number field over Q. We define
the positive integer ¢ := lem(1,2, . ..,p)xd(1/a), so that ¢TI 4Pl Py 4(1) € Og(a) € Ok(a)-

Then, using the explicit formulas and bounds in [12, pp. 66-67], for all n > 1, all p > 0, all
¢=0,...,p and all embeddings o of K(«) into C, we have

(3) gPTI Pl (P (1)) € Ok(a),

(4) PPl o (P g(1))] < (2q(1+ |o(e)| ) P Py,
1 1)n

(5) gPTIM PRI Ry(1)] < elelppr1)/2. W)

(6) det ((Pre(1))o<k,e<p) # 0.

In (4), we can replace (1 + |o(@)|™) by to := max,(1 + |o(a)|™!) = 1 +[1/a] to obtain
an upper bound uniform in o. Note that d(1/o(a)) is independent of o, which explains the
presence of ¢ in (3) and (4).

Using [15, p. 80, Lemma 3.11], both quantities d(1/a) and [1/a| can be bounded by
H(a)y/1+ deg(a), because H(a) = H(1/a) and deg(a) = deg(1/a).

2.2. Proof of Theorem 1.1. — Let § > 1 and p > 4. (Later on, we shall even impose that
p > dé to obtain our results.) We set P(X) := Y29_, ap X" with (ag,...,a5) € (’)ﬁ?l \ {0}
such that H(P) := max[ay < H. Let a € Q" and define d := [K(a) : Q].

We also set A, := ¢ Ppl Py (1) € Ok(a) and Ry := q@t PRI Ry(1). We have
det((Ak,e)o<k,e<p) # 0 because det((Pr,e(1))o<k,e<p) # 0.

The p—3+1 vectors “(ag, - . ., as,0,...,0), Y0, ag, ..., as0,...,0),...,%0,...,0,a0,...,as) of
CP+1 are C-linearly independent. We complete them with & distinct C-linearly independent
vectors t(A()’g].,Ang,...,Ap,gj) (j=1,...,6, £; € {0,...,p}) to form a basis of CP™!. Up
to renumbering and for simplicity, we assume from now on without loss of generality that
li=3—-1

Publications mathématiques de Besangon — 2026



12 A new transcendence measure for the values of the exponential function at algebraic arguments

Consequently, the algebraic integer of K(«)

aO al . e aé 0 e e e e 0

0 ag s Ag—1 as 0 0

D— 0 0 0 0 ag ags
Apx  Air o e e T
Agso1 Argoi oo e e .

is non-zero. For every embedding o of K(«) into C, we also have o(D) # 0 so that
[[o(D) € Z\ {0}.
g

In this product, which is over all such embeddings, we shall distinguish D from the other
o(D) with o # id.
Let L; := 2220 ape®* ) On the one hand, by linear combinations of columns, we find

L() ai as 0 0
Ly ao R ¥ S R 7 S (B 0
D:Lp_é‘ 0 P 0 .« e oo 0 aO .« o CL(S
Ry A1 e e e e e e e Apyg
Rl A171 p71

Expanding this determinant about its first column and since L; = e’® Ly, the bounds in
Egs. (3)—(5) imply that

n+1 rrp—o+1
n —5. 15 o H
(7) D[ < g™ HP=Onl® | Lo| + W
for a constant ¢y > 1 independent of n and H.
On the other hand, since
o(ag) olar) - olag) 0 e el 0
0 olag) - olag1) olag) 0 - oo e 0
0 0 0 0 of(ap) o(ag)
D) = ,
o(D) o (Ao a(Aip a(App)
o(Ao1)  o(A11) o(Apn)
o(Aos-1) o(Ars-1) o(Aps—1)
we have
(8) |U(D)] < CS—HHPﬂHIn!é

Publications mathématiques de Besancgon — 2026



Stéphane Fischler and Tanguy Rivoal 13

where the constant ¢g > 1 can be taken the same as before (up to increasing it if necessary).
Therefore, from |D|]],q[0(D)| > 1 and with d := [K(«) : Q], we deduce that

cn+l Hp—5+1

1
- < |D| < g T HP Rl | Lol + 2

(@ Hro i) T ool
Hence,
1 H
9 Lol > — =M
(9) [ Lol = O =5+ 1)(d-V+p-dppod - nlPFT

The right-hand side satisfies

1
2Cg(n+1)H(pf§+1)(d71)+p75n!5d

(10) M >

provided we can choose n (minimal to get a lower bound as large as possible) such that

(11) 9 F(p=0+1)d < n!p—dé—ﬁ-lcad(nJrl)‘

Since H > 1 is arbitrary, a necessary condition for the existence of such an n in all circum-
stances is that p—dd+1 > 0, i.e., that p > dd because they are integers. We thus now assume
that p > 0d and choose n minimal such that (11) is satisfied. Combining (9) and (10) with
this value of m, by standard computations (see [12, p. 359] or Section 3 below), we finally
obtain that for all £ > 0, there exists a constant ¢ = ¢(e, a, 0, K) > 0 independent of H such

that
c

Lol 2 Frosp=

where
B 5d2(p —d+1)

= T —5+1)—1.
¥(d, 4, p) b od i1 +d(p—d+1)

It remains to find the minimal possible value of ¥(d, d, p) under the assumption that p > dd.
We recall that when d = 1, ¢(1,d,p) = § for all p > § > 1 so that the minimal value of
¥(d, d,p) is achieved at p = . We now assume that d > 2 and § > 1 are fixed. Then the
minimum of z — ¥(d, d, z) is attained at

20 :=06d — 1+ 6v/d2 — d,

and the integers py := |z0| = 6d — 14 [0Vd? — d| and py := |zo] + 1 = dd + |6V d? — d] are
both admissible to minimize v (d, d,x) with = an integer (because both are > dd). Therefore
defining X as either p; if ¥(d,d,p1) < ¢(d,d,p2) or py if ¥(d,d,p2) < ¥(d,d,p1), we obtain
that ¥(d, d,p) > ¥(d,d,\) =: u(d,0) for all p > dd. This completes the proof of Theorem 1.1.

2.3. The upper bound in (2). — We assume that § > 1 and d > 2.
We start with p;. We write

pr=0d+0vVd*—d+z—1, ze(-1,0]

Publications mathématiques de Besangon — 2026



14 A new transcendence measure for the values of the exponential function at algebraic arguments

and D := v/d? — d to simplify. Then
§d*(6d — 6 + 6D + x)

_ D+z—258)—1
Y(d, 0,p1) 5D+ +d(0d+ 0D + x —0)
62d?(d — 1)
— 2 _ — - 7
(12) = 20d* +6dD — o0d — 1+ D+ + dx.
The function = — 5221123(1;1) + dz is decreasing on the interval [—1,0] (its derivative is
%) so that
82d2(d — 1)
d,8,p1) < 284>+ 8dV/d2 —d—6d— 14+ ——— L —
vl &) < N —d1
Now 22 )
0cd*(d—1 d
———— =ddVd® —d+d+ ——
Vd?—d—1 Wd?> —d—1
so that
d
13 d,6,p1) < 2> +2dVd2 —d—d)§ — 1+ ——u——
( ) @Z}( pl) ( ) 5m_ 1

For po = p; + 1, we write
pr=0d+6Vd2—d+z—1, z€ (0,1].

Then again

§d?(0d — 5+ 6D + x)

= D —0)—1
¥(d, 6, p2) 5D+ x +d(6d + 5D + x — 6)
82d*(d —1)
14 = 26d? D — -1+ —= .
(14) 6d” + od od + 5D+ + dx
Since the function = — 52(?2(1;1) + dx is now increasing on the interval [0, 1], we have
§2d*(d — 1)
d,8,p2) < 20d? + 6dV/d? —d — 6d — 1 + ————o—"— +d.
vidhm) < SE—dt1
Now .
0°d“(d — 1) d
_— 7 =—§dVd-d—-d+ ———
Va2 —d+1 Va2 —d+1
so that
d
15 d,8,p2) < 2> +2dVd2 —d—d)d — 1+ ——nu——.
( ) ¢( p2) = ( ) 5m+1

We remark that the right-hand side of (13) is larger than the right-hand side of (15), so that
d

d,8) :=(d,6,\) < (2d> +2dvVd2 —d—d)d — 1+ ——nu-——

p(d, 0) Y( ) < ( ) SV —d—1

as claimed.

2.4. The lower bound in (2). —For d > 2 and § > 1, we observe that in (12) and (14),
we obtain lower bounds for 1(d, d,p1) and (d, d, p2) respectively by taking x = 0. It turns
out that these lower bounds are both equal to (2d% + 2dvd? — d — d)d — 1.

Publications mathématiques de Besancgon — 2026



Stéphane Fischler and Tanguy Rivoal 15

2.5. The sequence § — p(d,d) is increasing. — We first recall that A\ depends on d and
9, and below we write A5 for A. Since (1,0, A\s) = 0, the property holds for d = 1. Let us now
assume that d > 2. We shall prove that for all 6 > 1, we have 1(d,d + 1, As+1) > ¥(d, 6, As).
For this, it is enough to prove that the left-hand side of (2) with ¢ replaced by § + 1 is larger
than the right-hand side of (2) with d. To prove this, we simply observe that

(2d* + 2dv/d%2 — d — d) (6 + 1) — (2d* + 2dV/d% — d — d)§ — d

SVd2 —d—1
d
=2d° +2dVd2 —d—d— ———u—r
SVd2 —d—1
d
>2d* +2dVd2 —d—d— ————— >0
- 2 —d—1

foralld > 2 and all 6 > 1.

2.6. The inequality p(d, ) < 40d>—26d—1. —Ifd = 1,(1,6,\) = § < 25—1forall § > 1.
If d > 2, we simply observe that v(d, 8, \) < ¥(d,6,26d — 1) = 45d> — 26d — 1. The inequality
is an equality when § = 1 and is strict if 6 > 2 because then A\ < dd + |[dvd? — d] < 26d — 1.
Notice that p := 2dd — 1 is exactly the choice made by Zheng.

3. A completely explicit version of Theorem 1.1

3.1. The main statement. — The goal of this section is to make completely explicit the
constant ¢ in Theorem 1.1. We shall prove the following proposition, which, in fact, subsumes
Theorem 1.1.

Proposition 3.1. — Let K be a number field, let o € Q" be such [K(a) : Q] =:d > 1.
For any H > 1, any integer 6 > 1, and integer p such that p > dd, and any P € Og[X]\ {0}
of degree < § and height H(P) < H, we have

1

5d2 )1+v2 ( 5d2 ) 41n(b) ’

(16) |P(e”)] >
(2ad)1+p 57T (bd+p prEs} A+ =351 ) W) [(d.0,p)

where
=lem(1,2,...,p) x d(1/a), t := max(1,[1/a])

a:=(p+ 1)!e|a|p(p+1)/2(2qt)p5, b= (th)(erl)&’
U= (QadH(pféJrl)d) 1/(p=do+1)

§d*(p— 6 +1)
p—od+1

v = b (=5t

)

¥(d,d,p) = +dlp—d+1)—1.

After simplifications, the dependence on H turns out to be of the standard “Mahlerian” form
[ —¥(d.d,p)—w/InIn(H+2)

for some w > 0 independent of H. In [16, Theorem 1], when K = Q, Zheng has obtained a
—(48d*~26d—1)—c8?/ InIn(H +2) where ¢ > 0 is an unspecified constant.
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16 A new transcendence measure for the values of the exponential function at algebraic arguments

We recall that, with respect to the accessory parameter p, the minimal value of p — 1 (d, d, p)
is obtained at p; :=d0d — 1+ [dvV/d? — d] or pa = dd + [0V d? —d].

Proof. — The proof follows the same steps as that of Theorem 1.1, except that we now pay
attention to effectivity and explicit bounds. For this we shall use the explicit bounds recalled
in Egs. (3)—(5) in Section 2.1. We can then replace (7) by the completely explicit bound, valid
foralln>1,p>6d>1,H > 1:

c cnnp+1pr5+1
|D| < e1cb HPonl%| Lo| + 37

nlp—0+1 )
where
1= (p+ 1)leleP(2¢1)P, ¢ = (2qt)PTI,
cs 1= (p + Il 20 (2qpypl6 1), ca 1= g1 (2g0) V6D,

Similarly, we have the explicit bound
|o(D)| < escgHP = Hnl,
for all embeddings o of K(a) into C, where c5 = (p + 1)!(2¢t)P°.

We now make a few simplifications. We have nPt1 < (2¢)P+1" for all n. > 1 so that nPt1¢} <
((2t)PTley)™ = 3. Moreover, max(cy, c3, ¢5) < cg where

¢ := (p+ 1)lel@PPH1/2(944)P0

Therefore,

_ H
(17) ’D| < C6C§LHp 5n!5 <‘L0| + nlp-H)
and

lo(D)| < cgcy HP 01!
for all embeddings o of K(«) into C. For simplicity, we now set b := ¢z and a := cg.
From the lower bound [D|[],4q|c(D)| > 1, where the product is over all such embeddings,
we deduce that

1 H
(abn HP—o+1 |5)d71 < ID| < ab"HP 5t (’LO‘ + n‘P+1>
ab” HP—oTin/! :
where d := [K(«) : Q]. Hence,
1 H
(18) |L0‘ > =M

adpdn [ (p—0+1)(d—1)+p—38p16d ~ plp+1
The right-hand side of (18) satisfies

1

(19) 2 Sy [ (5T (1) p—d 15

provided we can choose n (as small as possible to get a lower bound as large as possible) such
that

<20) 2adH(p75+1)d < n!p7d5+1b7dn.

Since H > 1 is arbitrary, a necessary condition for the existence of such an n in all circum-
stances is that p — dd + 1 > 0, i.e., that p > dé because d,J, p are integers. We thus now
assume that p > dd and ideally we choose the minimal value of n, say nmi,, such that (20)
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is satisfied. Finding the exact expression on ny;, is difficult but we can find an upper bound
for nmin as follows. Since n! > n"e™" for all n > 1, the minimal value of n (denoted by ng
from now on) such that

24 fP—0+1)d ~ ) (p—dé+1)n ,—(p—do+1)ny—dn

is such that nyin < ng. Hence (20) holds with n = ng, and thus (19) as well.

Our task is now to obtain an upper bound for ng. By definition of ng, we have
(no — 1)1 < ypmo!
where

U= (2adH(p_5+1)d) Mo dot) >1, v:= pd/(p=dot1l)g - o

The integer ng is obviously > v + 1 because v¥ < uv’. We then set n = v + x + 1 for some
x > 1 to be specified below, so that we have:

(n—1)nt (v )t

uyn—1 - AR
(vtz)/2
> w provided x > v? — v
u
xZB
>4/ because x > 1> 1/e
u
21n(u?)
>1 rovided o > 1+ ———.
- Prov = Inln(u? + 2)
In the last two lines, we use two elementary facts: 1) the function v — (v + )™ increases

on [0,400) when x > 1/e, and 2) for any h > 1, if 2 > 1+ %,

assumptions on x are then fulfilled with

9 21n(u?)

then ¥ > h. The three

g )
T ovd Inln(u? + 2) +
It follows that
21n(u?) 41n(u)
21 < =4 1<y —— 41
(21) Mo SvFE=U +1nln(u2—|—2)+ =Y +1nln(u+2)+

Since (20) is satisfied with n = ng, we have

ne! > (2adH(p—6+1)d)1/(p—d6+1)bdn0/(p—d6+1)'

Substituting this into (19), we deduce from (18) that

1
(2a4)1+0d/(p—db+1) (pd+6d?/(p—do-+1) no Fv/(d.6.p)

|Lo| >
Using the upper bound for ng in (21), we then obtain

1
a2 41n

’L0| = 1 5d da—9d2 1442 (d+—2 ) () !
(2a) to=det1 (b +p—d5+l) W\ p=dsT1) mn(ut2) [ (d,0,p)

which is the expected lower bound (16). O
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18 A new transcendence measure for the values of the exponential function at algebraic arguments

3.2. Some consequences of Proposition 3.1. — In what follows, K = Q. We present
without details three examples of application of Proposition 3.1.

(a) fao =1, wehave d = 1, p = 6 and 9(d,8,p) = 6, t = 2, ¢ = lem(1,2,...,6) ~ €,
a ~ 663, b ~ 663, u =~ Hd653, v ~ ¥’ We deduce that there exist two absolute
constants ¢; > 0,co > 0 such that for any H > 1, any integer 6 > 1 and any vector
(ag, .. .,as) € Z°T1\ {0} with max |ay| < H, we have

3
Z akek
k=0

A completely similar result holds for any a € Q*, except that ¢; and ¢a now depend on
a. Note that Mahler [10, p. 135, Satz 3] obtained a better exponent when o = 1:
- c382In(541)

1)
3wt
k=0 H +n In(H+2)

where c3 > 0 is absolute and H > H(§) (which is not explicit).

exp(— exp(c10?))
5+¢ )
H Inln(H+2)

>

1
>

(b) We fix a of degree d > 2 over Q. In this case, p ~ 2dJ, ¢ =~ ce*® t ~ ¢, a ~ eCd253,

b ecd?0 gy n eod?0? f2d cd?4? (where ¢ denotes a constant that depends on « but
not on d, and may differ in each of the previous estimates). It follows that there exist

two constants ¢y, c5 > 0, that depend on « but not on d, such that for any H > 1, any

,UR e

integer 6 > 1 and any vector (ag, ..., as) € Z°T1\ {0} with max |az| < H, we have
3 . 2 ¢2
Zakeka > exp(— exp(cad 5 )
C5d45‘5
k=0 H”(d75)+1n In(H+2)

(c) If 6 = 1, then p = 2d — 2 and p(d,d) = ¥(d,6,2d — 2) = 4d*> — 2d — 1. Estimating
the parameters as above and using the fact that d(1/a) and [1/a] are both bounded by
Vd + 1H(«), we deduce the existence of two absolute constants cg, ¢; > 0 such that for
all & € Q" of height H(c) and degree d, for all (p,q) € Z x N*, we have

o«_ P P (— exp(ces(a)d))
ql — 4d?—2d+TEo@
q

Inln(g+2)

where s(a) := d + In H(«) is the classical quantity called the size of « (see [3]). This is
an explicit version of Kappe’s irrationality measure [9].
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