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COUNTING RATIONAL POINTS ON TRANSCENDENTAL CURVES
IN VALUED FIELDS

by

Floris Vermeulen

Abstract. — We prove upper bounds on the number of rational points on transcendental curves in
arbitrary 1-h-minimal fields, similar to the Pila–Wilkie counting theorem in the o-minimal setting. These
results extend results due to Cluckers–Comte–Loeser from p-adic fields to arbitrary valued fields of mixed
characteristic. Our methods rely on parametrizations, where we avoid the usage of r-th power maps,
combined with the determinant method.

Résumé. — Nous démontrons des bornes supérieures pour le nombre de points rationnels sur des courbes
transcendantes dans des corps 1-h-minimaux arbitraires, analogues au théorème de dénombrement de
Pila–Wilkie dans le cadre o-minimal. Ces résultats étendent ceux de Cluckers–Comte–Loeser des corps
p-adiques à des corps valués arbitraires de caractéristique mixte. Nos méthodes reposent sur des para-
métrisations, où nous évitons l’utilisation d’applications puissance r-ième, combinées à la méthode du
déterminant.

1. Introduction

Recall the statement of the Pila–Wilkie counting theorem, which tells us that transcendental
sets do not contain many rational points of bounded height.

Theorem 1.1 (Pila–Wilkie [11]). — Let X ⊂ Rn be definable in an o-minimal structure.
Then for every ε > 0 there exists a constant c = cε > 0 such that for positive integer H we
have

#Xtr(Q, H) ≤ cHε.

Here Xtr denotes the transcendental part of X, obtained from X by removing all connected
semi-algebraic curves from X, and Xtr(Q, H) is the set of rational points (a1/b1, . . . , an/bn) ∈
Xtr ∩ Qn for which |ai|, |bi| ≤ H. This theorem has seen some spectacular applications in
Diophantine geometry and Hodge theory, and has recently led to the resolution of the André–
Oort conjecture [10].
In the non-Archimedean setting, a Pila–Wilkie type counting theorem was first obtained
by Cluckers–Comte–Loeser [4] for p-adic fields with an analytic structure, and a uniform
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version was later proven by Cluckers–Forey–Loeser [5], leading to results also in large pos-
itive characteristic. In upcoming work with Cluckers and Halupczok, we will extend these
results to p-adic fields equipped with 1-h-minimal structure [8]. This 1-h-minimality is an
axiomatic framework for tame geometry in valued fields, similar to o-minimality for real
closed fields [6, 7].
The aim of this note is to prove a Pila–Wilkie theorem in arbitrary 1-h-minimal valued fields,
and not just in p-adic fields. A similar result appears in [3], where we proved a Pila–Wilkie
theorem for equicharacteristic zero valued fields. However, there one uses a different notion
of rational points, and one bounds them by providing a finite-to-one map from the rational
points to a higher residue ring. In contrast, the results in this paper bound the number of
rational points purely in terms of the residue characteristic, and are insensitive to the residue
field and value group. Unfortunately the methods only work for curves, and we are unable
to obtain results in higher dimensions. In [8] we originally expected to be able to prove this
type of result in any dimension, but the higher-dimensional case seems more difficult than
expected.

Main result. — Let K be a valued field of mixed characteristic (0, p), equipped with 1-h-
minimal structure. Whenever we say definable, we will mean definable in this 1-h-minimal
structure with parameters from K. Similar to o-minimality, definable sets in Kn have a
dimension with the usual properties. By a curve in Kn we then simply mean a one-dimensional
definable set. A curve C ⊂ Kn is said to be transcendental if for every algebraic curve D ⊂ Kn

the intersection D∩C is finite. For a positive integer H, denote by C(Q, H) the set of rational
points (a1/b1, . . . , an/bn) ∈ C ∩ Qn for which |ai|, |bi| ≤ H for i = 1, . . . , n. In other words,
this is simply the set of rational points on C of height at most H. Our main result is then as
follows.

Theorem 1.2. — Let K be a valued field of mixed characteristic (0, p) equipped with 1-h-
minimal structure. Let C ⊂ Kn be a transcendental definable curve, then for every ε > 0
there exists a constant c = cε > 0 such that for every H ≥ 1 we have

#C(Q, H) ≤ cHε.

As an example, this result applies to K = Cp or K = Qunram
p equipped with an analytic

structure, and is the first such theorem in arbitrary valued fields.
Similarly to the Pila–Wilkie theorem, this result has several natural generalizations. For
example, by compactness one can deduce a version for definable families (Cy)y∈Y of tran-
scendental curves Cy ⊂ Kn where the constant c is independent of the parameter y ∈ Y , and
only depends on the family (Cy)y. One can also prove a uniform-in-p version of this result,
similar to [5]. More precisely, the proof of Theorem 1.2 shows that c is of the form Mpα, where
M and α are positive integers which are even independent of K. This allows one to prove
Theorem 1.2 also for valued fields of large positive characteristic, where the characteristic
required depends on C. As this paper is intended to be short and accessible, we leave these
generalizations to the interested reader.
Other generalizations, for example counting algebraic points of bounded degree, or versions
with blocks as in [9] are more difficult to obtain. The reason is that these rely on a higher-
dimensional version of Theorem 1.2. We will come back to issues in generalizing this theorem
to higher dimension at the end of Section 4.
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Proof strategy. — Let us briefly discuss the proof of Theorem 1.2. So let C ⊂ On
K be a

transcendental definable curve.

1. After a projection argument we may assume that n = 2. This is achieved in Lemma 3.2.

2. We then write C as the union of finitely many graphs of functions f : U ⊂ OK → OK . By
1-h-minimality, we may assume that these functions are Cr and are well-approximated
by their Taylor polynomial. Combining this with the Jacobian property from [7], we
moreover obtain strong bounds on the derivatives of f . In particular, if B ⊂ U is a
suitable open ball and s : MK

∼−→ B is a scaling map, then we show that f ◦ s is Tr in
the sense of [4, 5, 8]. This avoids the usage of r-th power maps and is similar in spirit to
the resolution of Wilkie’s conjecture due to Binyamini–Novikov–Zak [1].

3. We now apply the determinant method similarly to Bombieri–Pila [2], which gives us a
radius ρ such that for every ball B ⊂ MK of radius ρ, there exists an algebraic curve
passing through all rational points of the graph of f ◦ s over B.

4. The final ingredient is to show that most balls B ⊂ MK of radius ρ do not actually
yield any rational points at all, and these may safely be ignored in the counting. We then
count the remaining balls of radius ρ and show that there are at most O(Hε) of these.
This leads to the improvements of the current paper, and the results valid in every valued
field.

Acknowledgements. — The author thanks Raf Cluckers and Mathias Stout for many con-
versations about rational points and parametrizations, especially in higher dimensions. The
author is supported by the Humboldt foundation.

2. Preliminaries

Throughout this entire paper we will work in a fixed valued field K of mixed characteris-
tic (0, p) in some language L ⊃ Lval. We will assume that ThL(K) is 1-h-minimal, see [7]
for details. The precise definition is not important for us, and we will recall the required
consequences of 1-h-minimality in this section.
We will moreover assume that ThL(K) has algebraic Skolem functions, i.e. every ∅-definable
finite-to-one surjection X → Y between ∅-definable sets has a ∅-definable section. Or in other
words, for every L ≡L K and every A ⊂ L we have that aclL(A) = dclL(A). This is no loss
in generality in view of [7, Prop. 3.2.3], together with the fact that Theorem 1.2 only talks
about rational points.
The valuation ring of K is denoted by OK , the maximal ideal by MK and the valuation
group by Γ×. We use multiplicative notation for the valuation | · | : K → Γ = Γ× ∪ {0}. For
N a positive integer let RVN = K×/(1 + NMK) ∪ {0}, with corresponding quotient map
rvN : K → RVN extended by rvN (0) = 0. Write RV×

N = RVN \{0}.
If a ∈ K and λ ∈ Γ× then the open ball around a with radius λ is denoted by B<λ(a). The
closed ball is denoted by B≤λ(a). If B is an open ball then its radius is denoted by rad B.
For c ∈ K and N a positive integer, an open ball B ⊂ K is said to be N -next to c if there
exists a ξ ∈ RV×

N such that B = rv−1
N (ξ) + c. If C ⊂ K is a finite set, then an open ball

B ⊂ K is N -next to C if it is of the form ∩c∈CBc where each Bc is N -next to c. Note that
Publications mathématiques de Besançon – 2026
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two elements x, y ∈ K \ C lie in the same ball N -next to C if and only if for every c ∈ C we
have |x − y| < |N ||x − c|.
Definable functions in 1-h-minimal structures automatically have the Jacobian property.

Theorem 2.1 (Jacobian property). — Let f : K → K be a ∅-definable function and
let M be a positive integer. Then there exists a finite ∅-definable set C ⊂ K and a positive
integer N such that for each ball B N -next to C the following hold:

1. f is C1 and rvM (f ′) is constant on B,

2. for all x, y ∈ B we have

rvM (f(x) − f(y)) = rvM (f ′(x)(x − y)),

3. if B′ ⊂ B is an open ball then f(B′) is either a singleton or an open ball of radius
|f ′(x)| rad B′ (for any x ∈ B).

Proof. — See [7, Cor. 3.1.4]. □

If the above properties hold for f and an open ball B contained in the domain of f , then we
say that f has the Jacobian property on B.
If f : U ⊂ K → K is a Cr function and y ∈ U then we define the order r Taylor polynomial
as usual via

T ≤r
f,y (x) = T <r+1

f,y (x) =
r∑

i=0

f (i)(y)
i! (x − y)i.

Definable functions are well-approximated by their Taylor polynomial.

Theorem 2.2 (Taylor approximation). — Let f : K → K be a ∅-definable function and
let M be a positive integer. Then there exists a finite ∅-definable set C ⊂ K and a positive
integer N such that for every ball B N -next to C, f is Cr+1, |f (r+1)| is constant on B, and
for x, y ∈ B we have

|f(x) − T ≤r
f,y (x)| =

∣∣∣∣ 1
(r + 1)!f

(r+1)(y)(x − y)r+1
∣∣∣∣ .

Proof. — See [7, Thm. 3.1.2]. □

If the results of this theorem hold for f on an open ball B contained in its domain, then we
say that f has order r Taylor approximation on B.
The following notion of Tr maps is key to the Diophantine application.

Definition 2.3 (Tr maps). — Let r ≥ 0 be an integer and let f : U ⊂ OK → OK on an
open U . We say that f is Tr if f is Cr on U , |f (i)(x)| ≤ |i!| for x ∈ U and i = 0, . . . , r, and
for every x, y ∈ U we have

|f(x) − T <r
f,y (x)| ≤ |x − y|r.
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3. Parametrizations

We first show that we may assume that C is a planar curve.

Definition 3.1. — Let d be a positive integer. A subset X ⊂ K2 is said to be non-algebraic
up to degree d if for every algebraic curve D ⊂ K2 of degree at most d, D ∩ X is finite.

If X is definable in a 1-h-minimal structure and non-algebraic up to degree d then D ∩ X is
in fact uniformly bounded over all algebraic curves of degree at most d. Indeed, this follows
from uniform finiteness as in [6, Lem. 2.5.2].

Lemma 3.2. — Let C ⊂ Kn be a transcendental definable curve and let d be a positive
integer. Then there exists a partition C =

⊔
i Ci into ∅-definable subsets Ci ⊂ C, and for

each i a coordinate projection πi : Kn → K2 such that π|Ci
is a bijection onto its image, and

πi(Ci) is non-algebraic up to degree d.

Proof. — See [3, Lem. 4.2.2]. □

Next, we show that we can parametrize X by finitely many graphs of functions. Denote by
π : K2 → K the projection onto the first coordinate.

Lemma 3.3. — Let X ⊂ O2
K be a ∅-definable curve and let r be a positive integer. Assume

that π is finite-to-one when restricted to X. Then there exists a positive integer M , finitely
many ∅-definable functions fi : Ui ⊂ OK → OK and ∅-definable elements ci ∈ OK such that
X is the union of the graphs of the fi, such that Ui is M -prepared by ci and such that the
following hold for every j = 0, . . . , r + 1 and every ball B ⊂ Ui M -next to ci:

1. fi is Cr+1 on B,

2. rv(f (j)
i ) is constant on B,

3. f
(j)
i has the Jacobian property on B,

4. f has order r Taylor approximation on B, and

5. for x ∈ B we have
|f (j)

i (x)| ≤ 1
rad(B)j

.

Proof. — By cell decomposition as in [7, Thm. 3.3.3] we can indeed write X as a union of
graphs of functions fi : Ui → OK . Note that this uses the existence of algebraic Skolem
functions. Theorems 2.1 and 2.2 show that we may assume the fi to be Cr+1, rv(f (j)

i ) to be
constant on B, f

(j)
i to have the Jacobian property, and f to have order r Taylor approxima-

tion. It remains to check the last inequality, for which we reason by induction on j.
For j = 0 we have that |fi(x)| ≤ 1, simply because fi lands in OK . Assume now that the
inequality holds for j. By the Jacobian property and since rv(f (j)

i ) is constant on B, f
(j)
i (B) is

then contained in an open ball of radius at most 1/ rad(B)j . On the other hand, the Jacobian
property also tells us that f

(j)
i (B) is an open ball of radius |f (j+1)

i (x)| rad B, for any x ∈ B.
Hence indeed

|f (j+1)
i (x)| ≤ 1

rad(B)j+1 . □
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66 Counting rational points on transcendental curves in valued fields

Definition 3.4. — Let r be a positive integer, c ∈ OK be ∅-definable, let U ⊂ OK be
M -prepared by c for some positive integer M and let f : U ⊂ OK → OK be ∅-definable.
Call f an r-parametrizing map with centre c and integer M if f is Cr, f satisfies order r − 1
Taylor approximation on balls M -next to c for i ≤ r, and for x ∈ U, i ≤ r we have

|f (i)(x)| ≤ 1
|M |i|x − c|i

.

With this terminology, Lemma 3.3 asserts that every definable X ⊂ O2
K for which π|X is

finite-to-one is a finite union of graphs of r-parametrizing maps, for every r.
In [4, 5, 8], higher-dimensional analogues of Lemma 3.3 are used in combination with power
substitutions to prove that every definable X ⊂ On

K admits a Tr-parametrization. In more
detail, this means that there are finitely many Tr maps fi : Ui ⊂ Odim X

K → X which together
cover X. One can subsequently use these parametrizations to prove counting results for
integral or rational points on transcendental definable sets.
Inspired by [1], to prove Theorem 1.2 we do not actually need to find a Tr-parametrization
of the entire set X, but rather only a Tr-parametrization which catches all rational points.
This insight allows us to replace power substitutions by scaling maps, and is key to proving
Theorem 1.2 for arbitrary valued fields.
Let c ∈ K and let M be a positive integer. If B is a ball pM -next to c take a ∈ B. Then we
define the scaling map

sa : MK −→ B : x 7−→ (a − c)(1 + pMx) + c.

Note that this map is a bijection.

Lemma 3.5. — Let f : U ⊂ OK → OK be an r-parametrizing map with centre c and
integer M . Let B ⊂ U be a ball pM -next to c and take a ∈ B. Then the map f◦sa : MK → OK

is Tr.

Proof. — Since f has Taylor approximation of order r − 1, also f ◦ sa will have Taylor
approximation of order r − 1. Hence it is enough to check that |(f ◦ sa)(i)(x)| ≤ |i!| for
x ∈ MK . But this follows from the chain rule and the definition of a parametrizing map. □

4. Determinant method

We now show how to catch all rational points of bounded height on the graph of a parametriz-
ing map in a small number of algebraic curves.

Lemma 4.1. — Let x1, . . . , xm ∈ K be rational numbers, let c ∈ OK , and let N be a positive
integer. Assume that |xi − xj | ≥ |pN ||xi − c| and that |xi − c| = |xj − c| for all i ̸= j. Then
m ≤ pN+1.

Proof. — Let δ = |xi − c|. Our assumption shows that all values xi − c are distinct modulo
pN+1δ. Hence for i = 1, . . . , m, the elements xi − x1 = (xi − c) − (x1 − c) are all rational
numbers which are distinct modulo pN+1δ. They also satisfy |xi−x1| ≤ δ. Hence m is bounded
by #(Z/pN+1Z) = pN+1 as desired. □

Lemma 4.2. — Let c ∈ OK and let H, N, M be positive integers. Then there are at most
2MpN+1(1 + 2 logp(H)) balls B ⊂ U which are |MpN |-next to c and which contain a rational
points of height at most H.
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Proof. — Let S ⊂ Q be the set of rational numbers of height at most H. We have to count
the size of rvMpN (c − S). Let y be the element in S for which |c − y| is minimal. Then
for every x ∈ S the triangle inequality shows that either |c − y| ≤ |x − y| = |c − x| or
|x − y| ≤ |c − y| = |c − x|. In any case, |c − x| is either equal to |c − y| or to |x − y|, and so
there are at most 2 + 4 logp(H) values |c − x| for x ∈ S.
Fix a value δ = |y − c| for some y ∈ S. Let x1, . . . , xm ∈ S be such that |xi − c| = δ for all
i and such that the values rvMpN (xi − c) are all distinct. This means that for i ̸= j we have
|xi − xj | ≥ |MpN ||xi − c|. Then the previous lemma shows that m ≤ MpN+1, as desired. □

For the determinant method we need the following determinant estimate.

Lemma 4.3 (Determinant estimate). — Let r ≥ 1 be an integer and define e =
(r

2
)
. Let

fi : B ⊂ OK → OK be Tr on an open ball B of radius λ, for i = 1, . . . , r. For x1, . . . , xr ∈ B
we then have

|det(fi(xj))i,j | ≤ λe.

Proof. — Since fi is Tr we have for every xj that

fi(xj) = T <r
fi,x1

(xj) + αi,j(xj − x1)r,

for some αi,j ∈ OK . For integers 1 ≤ i, j ≤ r and 0 ≤ k ≤ r − 1 define βi,j,k = f
(k)
i (x1)/k!

and βi,j,r = αi,j . Note that for k ≤ r − 1, βi,j,k is in fact independent of j. Also, |βi,j,k| ≤ 1
by definition of being Tr.
By expanding the determinant, we may write det(fi(xj))i,j as a sum of determinants ∆ℓ

where ℓ = (ℓ2, . . . , ℓr) ∈ Nr−1 is such that ℓi ≤ r. Each ∆ℓ is of the form

∆ℓ =

∣∣∣∣∣∣∣
f1(x1) β1,2,ℓ2(x2 − x1)ℓ2 · · · β1,r,ℓr (xr − x1)ℓr

... . . .
fr(x1) βr,2,ℓ2(x2 − x1)ℓ2 · · · βr,r,ℓr (xr − x1)ℓr

∣∣∣∣∣∣∣ .

Now, if there are a ̸= b with ℓa = ℓb < r then the a-th column and b-th column of this matrix
are linearly dependent, and hence ∆ℓ = 0 in that case. So if ∆ℓ is non-zero then necessarily∑

j ℓj ≥
∑r−1

j=1 j =
(r

2
)

= e. From each column of ∆ℓ we can then factor out (xj − x1)ℓj and
so we see that

|∆ℓ| ≤
µ∏

j=2
|xj − x1|ℓj ≤ λe.

We conclude by the ultrametric triangle inequality. □

Lemma 4.4. — For every integer d ≥ 1 there are an integer r and positive constants
ε = ε(d), m > 0 such that the following holds. Let c ∈ K and let f : U ⊂ OK → OK be
an r-parametrizing map with centre c and integer M . Then for every integer H ≥ 1 the set
graph(f)(Q, H) is contained in at most

mMHε

algebraic curves of degree at most d. Moreover, ε → 0 as d → ∞.

For an integer b we denote by |b|R its usual absolute value, to distinguish it from the norm
on K.

Publications mathématiques de Besançon – 2026



68 Counting rational points on transcendental curves in valued fields

Proof. — Define r =
(d+2

2
)

and recall that e =
(r

2
)
. Let B be a ball pM -next to c, take a ∈ B

and let g = f ◦ sa : MK → OK , where sa is the scaling map. By Lemma 3.5 the map g is Tr.
Hence also si

agj is Tr for any i, j ∈ N.
Let B′ ⊂ MK be an open ball of radius |pN |, for some positive integer N to be determined
later, and let x1, . . . , xr ∈ B′ be such that sa(xi) and g(xi) are rational points of height at
most H. Consider the determinant ∆ = det(sa(xi)jg(xi)k)1≤i≤r,0≤j+k≤d. We will prove that
for a suitable choice of N , ∆ becomes 0.
For every i, there exists a positive integer bi ≤ H2 for which bisa(xi)g(xi) is an integer, and
consider the determinant ∆′ = det(bd

i sa(xi)jg(xi)k)1≤i≤r,0≤j+k≤d. Since all entries of ∆′ are
positive integers bounded in absolute value by H3d, ∆′ is an integer of absolute value at most
r!H3rd. Note that we also have ∆′ =

∏
i bd

i ∆. By Lemma 4.3 we have |∆| ≤ |pNe|, and so also
|∆′| ≤ |pNe ∏

i bd
i | ≤ |pNe|. If ∆ is non-zero, then since ∆′ is an integer we obtain that

pNe ≤ |∆′|R ≤ r!H3rd.

Upon taking

N >
logp(r!) + 3rd logp H

e
we obtain a contradiction and so ∆ must be zero.
By linear algebra there now exists for each open ball B′ ⊂ MK of radius |pN | an algebraic
curve of degree at most d passing through all rational points of graph(f|sa(B′)) of height at
most H. By Lemma 4.2 we only have to consider 2MpN+2(1 + 2 logp(H)) of these open balls
to catch all rational points of height at most H on the graph of f . Hence we conclude that
graph(f)(Q, H) is contained in at most

2MpN+2(1 + 2 logp(H)) ≤ 4Mp3r!H
3rd

e (1 + 2 logp H)
algebraic curves of degree at most d. Now define ε = 6rd/e, then there exists a constant
m > 0 depending only on d and p such that

4Mp3r!H
3rd

e (1 + 2 logp H) ≤ mMHε.

For the final statement, note that rd ≪ d3 while e ≫ d4, and hence ε → 0 as d → ∞. □

We now have all the ingredients for the proof of Theorem 1.2.

Proof of Theorem 1.2. — Take d ≥ 1 such that ε(d) < ε, where ε(d) is the value from
Lemma 4.4. By Lemma 3.2 we may assume that C ⊂ O2

K is a planar curve which is non-
algebraic up to degree d.
Let π : O2

K → OK be the projection onto the first coordinate. Then π is finite-to-one when
restricted to C. Indeed, otherwise C would contain a subset of the form {a}×B with a ∈ OK

and B ⊂ OK an open ball. But then C would not be non-algebraic up to degree d ≥ 1. By
Lemma 3.3 we may then write C as a finite union of r-parametrizing maps, so it is enough
to focus on one such r-parametrizing map f with centre c ∈ OK and integer M .
Lemma 4.4 shows that graph(f)(Q, H) is contained in at most mMHε algebraic curves of
degree at most d. The intersection of the graph of f with an algebraic curve of degree at most
d is finite and uniformly bounded by some integer N . Hence we conclude that graph(f)(Q, H)
consists of at most

c′Hε

points, where c′ = mNM depends only on C. □
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To end this paper, let us discuss the main obstacles in extending Theorem 1.2 to higher
dimensions. Many of the ingredients used in this paper already work well in higher dimensions,
such as constructing parametrizations as in Lemma 3.3 or the determinant estimate from
Lemma 4.3. However, it is not at all clear to us how to generalize Lemma 4.2, which is a key
component for the proof of Lemma 4.4.
Let us be more precise. Suppose that we wish to prove Theorem 1.2 in dimension 2, say for
the graph of some definable function f : U ⊂ O2

K → OK . Using cell decomposition, we can
write U as a union of twisted boxes, which are of the form

B = {(x, y) ∈ O2
K | rvM (x − c1) = ξ1, rvM (y − c2(x)) = ξ2}

for some ξ1, ξ2 ∈ RVM , c1 ∈ OK and definable function c2 : OK → OK . For a ∈ B there is a
similar scaling map sa : M2

K → B for which f ◦ sa is Tr. The issue is now that it is not clear
how to bound the number of twisted boxes B ⊂ U one has to consider to catch all rational
points of bounded height on X. In other words, it is not clear how to generalize Lemma 4.2.
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