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A SUBFIELD OF THE REALS DEFINING A NON-MEASURABLE SET

by

Lothar Sebastian Krapp, Matthieu Vermeil and Laura Wirth

Abstract. — In the area of Tame Geometry, different model-theoretic tameness conditions are established
and their relationships are analyzed. We construct a subfield K of the real numbers that lacks several
such tameness properties. As our main result, we present a first-order formula in the language of rings
defining a set in K that is not Lebesgue measurable. Moreover, K has the independence property and
admits both archimedean and non-archimedean orderings.

Résumé. — (Un sous-corps des réels définissant un ensemble non mesurable) Dans le domaine de la
géométrie modérée, différentes conditions de modération de théorie des modèles sont établies et leurs
relations sont analysées. Nous construisons un sous-corps K des nombres réels qui ne satisfait pas plusieurs
de ces propriétés de modération. Comme résultat principal, nous présentons une formule du premier ordre
dans le langage des anneaux définissant un ensemble dans K qui n’est pas Lebesgue-mesurable. De plus,
K a la propriété de l’indépendance et admet à la fois des ordres archimédiens et non archimédiens.

1. Introduction

Several notions of tameness within Model Theory originate from the properties of (first-
order) definable sets and functions in o-minimal expansions of the real field or in more gen-
eral o-minimal structures.1 This research note is motivated by the first and third author’s
work [18], in which model-theoretic tameness properties are applied in order to re-examine and
strengthen the Fundamental Theorem of Statistical Learning in the context of o-minimality
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(see the main result [18, Theorem 4.7]). This line of research thus aims to deepen the con-
nection between Tame Geometry and the theoretical underpinnings of Machine Learning. In
this context, the following two observations are crucial:

(1) Due to the Cell Decomposition Theorem, any definable set in an o-minimal ordered field
is Borel with respect to the order topology (cf. Kaiser [11, Proposition 1.1], Karpinski
and Macintyre [12, Lemma 6]). This ensures that several essential measurability condi-
tions, as introduced in [18, Section 3], are readily satisfied by definable sets in o-minimal
expansions of the reals. Measurability, in turn, allows certain probabilities to be evalu-
ated, which is key in the concept of probably approximately correct (PAC) learning.

(2) A combinatorial tameness notion from Model Theory, which currently attracts con-
siderable research activity, is known as “not the independence property” (NIP).2 As
o-minimality implies NIP, all results that hold for NIP structures are, in particular, ap-
plicable to any o-minimal structure. This observation is exploited in [18, Proposition 4.5]
in order to ensure finite Vapnik–Chervonenkis (VC) dimensions in the definable con-
text. Finite VC dimensions, in turn, are the main requirement for the applicability of
the Fundamental Theorem of Statistical Learning in order to derive PAC learnability.

While all notions above that stem from Statistical Learning Theory are not subject of this
research note, the two observations prompt us to ask whether the combinatorial tameness
property NIP is already enough to guarantee measurability. We make this precise in our
following main question.

Question 1.1. — Let K be an NIP ordered field and let D ⊆ K be definable in K. Is D
necessarily a Borel set with respect to the order topology on K?

In Question 1.1, both the notion of NIP and of definability are regarded in the language of
rings. A positive answer to this question is necessary for a strengthening of the Fundamental
Theorem of Statistical Learning in the definable context (as presented in [18, Theorem 4.7])
from o-minimal to NIP structures to be feasible.
As an initial step towards an investigation of Question 1.1, we present in Theorem 3.2, as the
main result of our research note, a subfield K of R defining (in the language of rings) a set
that is not Lebesgue measurable. Theorem 3.2 simultaneously yields non-measurability results
for several σ–algebras, in particular with regard to Borel measurability (see Corollary 3.4),
which will be clarified in Remark 3.5. The field K from Theorem 3.2 is a purely transcendental
extension of Q by continuum many algebraically independent elements. While the definability
of a set that is not Lebesgue measurable yields that K cannot be o-minimal, we also point out
further tameness properties that K fails to exhibit (see Remark 3.6). Most crucially, the field
K has the independence property (i.e. it is not NIP). Moreover, K is undecidable, not almost
real closed, and it admits 2c many pairwise non-isomorphic archimedean orderings and 2c
many pairwise non-isomorphic non-archimedean orderings.3 The construction of the field K
heavily relies on Proposition 2.4, which is the technical heart of our work. This proposition
gives rise to a large family of pairwise disjoint algebraically independent subsets of R, all of
which are pathological with respect to Borel measurability.
2See Simon [25] for an introduction to NIP theories.
3We denote by c = 2ℵ0 the cardinality of the continuum.
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2. Preparatory Results

We assume ZFC in order to ensure the applicability of set-theoretic concepts in the context
of ordinals. In particular, we will define a set that is not Lebesgue measurable, employing the
principle of transfinite induction.
We denote by N the set of positive natural numbers and set N0 = N ∪ {0}. We use standard
notations for intervals. For instance, given a set X (linearly) ordered by <, and a, b ∈ X, we
write [a, b) for {x ∈ X | a ≤ x < b} and X>a for {x ∈ X | a < x}. We use the convention
that ∅ and X are also intervals.

2.1. Constructing a Suitable Family of Non-Measurable Sets. — In this section, we
gather basic concepts and results from Measure Theory that underlie the proof of the main
result of this note. The technical heart of this work is established in Proposition 2.4. We
assume some familiarity with σ–algebras and measures and refer the reader to Bogachev [1]
and Cohn [3] for further details.
Our measure-theoretic examination in this section is set in the measure spaces (R,B(R), µ)
and (R,L(R), λ), where B(R) denotes the Borel σ–algebra on R, µ denotes the unique measure
on B(R) that maps an interval I = (a, b) with a, b ∈ R and a < b to its length b − a (cf. [1,
Corollary 1.5.9]), and (R,L(R), λ) denotes the Lebesgue completion of the measure space
(R,B(R), µ) as developed in [1, Section 1.5]. We recall that the Lebesgue measure λ extends
the Borel measure µ. More precisely, we have B(R) ⊆ L(R), and the restriction of λ to B(R)
coincides with µ (cf. [1, Theorem 1.5.6]). Furthermore, we recall |B(R)| = c < 2c = |L(R)|
(see Srivastava [26, p. 104]).
Given (Σ, ν) ∈ {(B(R), µ), (L(R), λ)} and a subset M ⊆ R, we define the inner measure of
M induced by ν by

ν∗(M) := max{ν(A) | A ∈ Σ, A ⊆ M} ∈ [0,∞],
and the outer measure of M induced by ν by

ν∗(M) := min{ν(A) | A ∈ Σ,M ⊆ A} ∈ [0,∞],

where [0,∞] = R≥0 ∪ {∞}. See [3, p. 38 f.] for the definition in general measure spaces. Due
to [3, Section 1.5, Exercise 5], the inner and outer measure of a subset M ⊆ R, as introduced
above, are well-defined. Moreover, we note that ν∗(M) ≤ ν∗(M) for any M ⊆ R, and that
ν∗(M) = ν∗(M) = ν(M) for any M ∈ Σ. Thus, given a subset M ⊆ R with ν∗(M) < ν∗(M),
we immediately obtain M /∈ Σ.
The following observation allows us to transfer statements between the inner and outer mea-
sures induced by the Borel measure µ and those induced by the Lebesgue measure λ.

Lemma 2.1. — The measures µ and λ induce the same inner and outer measures, i.e. for
any A ⊆ R we have µ∗(A) = λ∗(A) and µ∗(A) = λ∗(A).

Proof. — Let A ⊆ R. As B(R) ⊆ L(R) and the measures µ and λ agree on B(R), we clearly
have µ∗(A) ≤ λ∗(A) as well as µ∗(A) ≥ λ∗(A). We choose A∗, A

∗ ∈ L(R) such that A∗ ⊆
A ⊆ A∗, λ(A∗) = λ∗(A) and λ(A∗) = λ∗(A). Since λ is the completion of µ, there exist
B∗, B

∗ ∈ B(R) such that B∗ ⊆ A∗ ⊆ A ⊆ A∗ ⊆ B∗ and λ(A∗ \ B∗) = λ(B∗ \ A∗) = 0 (cf.
Bogachev [1, Corollary 1.5.8]). By additivity of λ and the definition of µ∗(A) and µ∗(A), we
obtain

µ∗(A) ≥ µ(B∗) = λ(B∗) + λ(A∗ \B∗) = λ(A∗) = λ∗(A)
Publications mathématiques de Besançon – 2026
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as well as
µ∗(A) ≤ µ(B∗) = λ(A∗) + λ(B∗ \A∗) = λ(A∗) = λ∗(A),

yielding µ∗(A) = λ∗(A) and µ∗(A) = λ∗(A). □

We now turn towards establishing Proposition 2.4.

Lemma 2.2. — Let A ⊆ R be such that µ∗(R \ A) > 0. Then the family {B ∈ B(R) | A ⊆
B,µ(R \B) > 0} has cardinality c.

Proof. — We choose C ∈ B(R) such that C ⊆ (R \ A) and µ(C) = µ∗(R \ A). By countable
additivity of µ, there exists n ∈ Z such that µ(C ∩ [n, n+ 1]) > 0. Consider the map

ϕ : [n, n+ 1] −→ [0,∞),
x 7−→ µ(C ∩ [n, x]).

For x, y ∈ [n, n+ 1] with x ≤ y we compute
0 ≤ ϕ(y) − ϕ(x) = µ(C ∩ [x, y]) ≤ µ([x, y]) = y − x.

This shows that ϕ is 1–Lipschitz and thus continuous. By the Intermediate Value Theorem,
the image of ϕ is an interval of cardinality c, as

ϕ(n) = 0 < µ(C ∩ [n, n+ 1]) = ϕ(n+ 1).
Thus, also the family C = {C∩ [n, x] | x ∈ [n, n+1], µ(C∩ [n, x]) > 0} has cardinality c. Now,
the fact that C → {B ∈ B(R) | A ⊆ B,µ(R \B) > 0},M 7→ R \M is a well-defined injective
map implies the claim. □

The following result due to Steinhaus [27, p. 99 f.] is commonly referred to as Steinhaus’
Theorem (see Srivastava [26, Theorem 3.4.17]).

Fact 2.3 (Steinhaus’ Theorem). — Let A ∈ L(R) be such that λ(A) > 0. Then the
Minkowski difference A−A = {a− a′ | a, a′ ∈ A} is a neighborhood of 0.

We now present the technical construction that the proof of our main result (Theorem 3.2)
relies on.

Proposition 2.4. — Let K be a subfield of R such that the transcendence degree of R over
K is c. Then there exists a family (Aα)α<c of pairwise disjoint subsets of R satisfying the
following conditions:

(I) µ∗(Aα) = 0 for any α < c.

(II) µ∗(R \Aα) = 0 for any α < c.

(III) The union
⋃̇

α<cAα is algebraically independent over K.

Proof. — We consider the sets
B0 = {B ∈ B(R) | µ(B) > 0},
B1 = {C ∈ B(R) | µ(R \ C) > 0}.

As |B(R)| = c and (0, x) ∈ B0 ∩ B1 for any x ∈ R>0, we have |B0| = |B1| = c. Therefore, we
can write B0 = {Bσ}σ<c as well as B1 = {Cσ}σ<c.
Publications mathématiques de Besançon – 2026
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In the following, we proceed by transfinite induction to prove the existence of a single-indexed
sequence (wσ)σ<c and a double-indexed sequence (aσ,α)α≤σ<c of real numbers. More precisely,
there is an “outer” induction ranging over the index σ and an “inner” induction ranging over
the index α, which is bounded by σ. The index α indicates in which Aα the number aσ,α

will be included, i.e. we will later set Aα = {aσ,α | α ≤ σ < c}. The auxiliary sequence
(wσ)σ<c will consist of numbers that are never included in the main sequence (aσ,α)α≤σ<c.
The structure of this “nested” induction on σ and α is visualized in Table 1.

Table 1. Visualization of the Transfinite Induction.

Lothar Sebastian Krapp and Matthieu Vermeil and Laura Wirth 5

In the following, we proceed by transfinite induction to prove the existence of a single-indexed
sequence (wσ)σ<c and a double-indexed sequence (aσ,α)α≤σ<c of real numbers. More precisely,
there is an “outer” induction ranging over the index σ and an “inner” induction ranging over
the index α, which is bounded by σ. The index α indicates in which Aα the number aσ,α

will be included, i.e. we will later set Aα = {aσ,α | α ≤ σ < c}. The auxiliary sequence
(wσ)σ<c will consist of numbers that are never included in the main sequence (aσ,α)α≤σ<c.
The structure of this “nested” induction on σ and α is visualized in Table 1.

Table 1. Visualization of the Transfinite Induction.

“outer” induction σ

“inner” induction
α ≤ σ 0 1 2 3 4 · · ·

0 w0 a0,0
1 w1 a1,0 a1,1
2 w2 a2,0 a2,1 a2,2
3 w3 a3,0 a3,1 a3,2 a3,3
4 w4 a4,0 a4,1 a4,2 a4,3 a4,4
...

... · · · · · · · · · · · · · · · · · ·
↑ ↑ ↑ ↑ ↑ · · ·

A0 A1 A2 A3 A4 · · ·
The table is filled row by row. For instance, a3,1 is the 8th element of the main
sequence we fix. At the beginning of each step of the “outer” induction, we fix an
element of the auxiliary sequence. At the end of each step of the “outer” induction,
we begin to “fill” one new Aα. More precisely, at the end of step σ of the “outer”
induction, we fix aσ,σ, which will be a member of Aσ.

The numbers in the sequence (aσ,α)α≤σ<c are chosen carefully to ensure the following:

– Aα contains no element of B0 as a subset, which will imply (I).

– The cardinality of the family {C ∈ B1 | Aα ⊆ C} is strictly less than c, which will
imply (II) (see Lemma 2.2).

– Algebraic independence is maintained, which will imply (III).

Given α ≤ σ < c, the part of the main sequence that we have already fixed when we are
about to choose aσ,α is given by the set

Dσ,α := {aτ,γ | γ ≤ τ < σ} ∪ {aσ,γ | γ < α}.

Note that D0,0 = ∅. In the case σ > 0, the first set {aτ,γ | γ ≤ τ < σ} has been defined during
earlier steps of the “outer” induction, while the second set {aσ,γ | γ < α} has been defined at
the current step of the “outer induction”, but during earlier steps of the “inner” induction.
Now, let σ < c, and assume for the “outer” induction step that we have already fixed sequences
(wτ )τ<σ and (aτ,γ)γ≤τ<σ satisfying the following conditions:
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(i) wτ ∈ Bτ for any τ < σ,

(ii) aτ,γ ∈ (R \ Cτ ) for any γ ≤ τ < σ,

(iii) aτ,γ ̸= wτ ′ for any γ ≤ τ < σ and τ ′ < σ,

(iv) aτ,γ ̸= aτ ′,γ′ for any γ ≤ τ < σ and γ′ ≤ τ ′ < σ with (τ, γ) ̸= (τ ′, γ′),

(v) {aτ,γ | γ ≤ τ < σ} is algebraically independent over K.

This assumption means that we have filled those rows in Table 1 that correspond to ordinals
τ < σ with suitable entries. We now choose suitable wσ and (aσ,α)α≤σ, and thus fill the row
in Table 1 corresponding to σ.

Choice of wσ. — The set Bσ ∈ B0 has positive measure µ(Bσ) > 0, and thus we obtain
|Bσ| = c by applying Kechris [13, Theorem 13.6]. On the other hand, we compute

|Dσ,0| = |{aτ,γ | γ ≤ τ < σ}| ≤ |σ|2 < c.

Therefore, we can choose an element wσ from the set Bσ \Dσ,0.

Choice of (aσ,α)α≤σ. — Note that at this point only elements aτ,α with α ≤ τ < σ from
previous steps of the “outer” induction are assumed to be fixed. Let α ≤ σ, and assume for
the “inner” induction step that we have already fixed a sequence (aσ,γ)γ<α in an appropriate
way (i.e. in accordance with suitable extensions of conditions (i)–(v), which only apply to
ordinals τ < σ). This assumption means that we have filled an initial segment of the row in
Table 1 corresponding to σ with suitable entries. We compute

|Dσ,α| = |{aτ,γ | γ ≤ τ < σ}| + |{aσ,γ | γ < α}| ≤ |σ|2 + |α| < c.

Since the transcendence degree of R over K is c, there exists a set Tσ,α ⊆ R with |Tσ,α| = c such
that Dσ,α ∪̇Tσ,α is algebraically independent over K. The complement of the set Cσ ∈ B1 has
positive measure µ(R\Cσ) > 0. Thus, by Fact 2.3 the Minkowski difference (R\Cσ)−(R\Cσ)
is a neighborhood of 0. Since multiplication with non-zero elements of K preserves algebraic
independence over K, we can without loss of generality assume that Tσ,α is a subset of
(R \Cσ) − (R \Cσ). Hence, any t ∈ Tσ,α can be written as t = u− v for some u, v ∈ (R \Cσ).
Set Ut = {x ∈ {u, v} | Dσ,α ∪̇ {x} is algebraically independent over K}, and note that Ut is
non-empty, as t = u − v and Dσ,α ∪̇ {t} is algebraically independent over K. Now, consider
the set

Uσ,α =
⋃

t∈Tσ,α

Ut.

Then the union (Dσ,α ∪̇Uσ,α)∪{t} is algebraically dependent over K for any t ∈ Tσ,α, i.e. Tσ,α

is contained in the relative algebraic closure K(Dσ,α ∪̇ Uσ,α) of the field K(Dσ,α ∪̇Uσ,α) ⊆ R.
Since Tσ,α is algebraically independent over K with |Tσ,α| = c, and algebraic closure does not
increase the transcendence degree, we obtain

c ≤ trdegK

(
K(Dσ,α ∪̇ Uσ,α)

)
= trdegK(K(Dσ,α ∪̇ Uσ,α)).

A transcendence basis of K(Dσ,α ∪̇Uσ,α) over K may be chosen from Dσ,α ∪̇Uσ,α, and hence
|Dσ,α ∪̇ Uσ,α| ≥ c. As |Dσ,α| < c, this yields |Uσ,α| = c. Moreover, we have |{wτ | τ ≤ σ}| < c.
Therefore, we can choose an element aσ,α from the set Uσ,α \ {wτ | τ ≤ σ}.
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For α < c we now define
Aα := {aσ,α | α ≤ σ < c},

and we verify the conditions (I), (II) and (III):

(I) Let α < c. To derive µ∗(Aα) = 0, it suffices to verify wσ ∈ Bσ \ Aα for any σ < c.
Indeed, this implies B ̸⊆ Aα for any set B ∈ B0. Thus, let σ < c. We have wσ ∈ Bσ by
our choice of wσ. To verify wσ /∈ Aα we have to show that wσ ̸= aτ,α for any α ≤ τ < c.
Thus, let α ≤ τ < c. If τ < σ, then our choice of wσ ensures that wσ ̸= aτ,α, as
wσ /∈ Dσ,0 but aτ,α ∈ Dσ,0. If σ ≤ τ , then our choice of aτ,α ensures that wσ ̸= aτ,α, as
aτ,α /∈ {wτ ′ | τ ′ ≤ τ}.

(II) Let α ≤ σ < c. Then aσ,α ∈ Aα \ Cσ, and hence Aα ̸⊆ Cσ. As a consequence, we obtain

{C ∈ B1 | Aα ⊆ C} = {Cσ | σ < c, Aα ⊆ Cσ}
⊆ {Cσ | σ < α},

which implies |{C ∈ B1 | Aα ⊆ C}| ≤ |α| < c. Applying Lemma 2.2 therefore yields
µ∗(R \Aα) = 0.

(III) Our choice of the sequence ensures that the set Dσ,α∪{aσ,α} is algebraically independent
over K for any α ≤ σ < c, where aσ,α is distinct from all elements of Dσ,α. Thus, the
members of the sequence (Aα)α<c are pairwise disjoint, and we obtain the algebraic
independence of the union

⋃̇
α<cAα over K. □

Remark 2.5. —

(a) We note that Proposition 2.4 applies to any subfield K of R with |K| < c, such as Q or
the relative algebraic closure of Q in R.

(b) For each α < c, the set Aα is non-Borel, i.e. Aα /∈ B(R). Indeed, if Aα were Borel, then
Aα, (R \Aα) ∈ B(R) yields the contradiction

µ(R) = µ(Aα) + µ(R \Aα) = µ∗(Aα) + µ∗(R \Aα) = 0.

(c) By way of construction, for each α < c, the cardinality of Aα is given by |c \ α| = c.

(d) Lemma 2.1 enables us to translate the statement of Proposition 2.4 to the inner measure
λ∗ induced by the Lebesgue measure λ. Note that, in complete analogy with (b), this
also yields that, for any α < c, the set Aα is not Lebesgue measurable, i.e. Aα /∈ L(R).

We complete this section with a lemma that will be applied in the proof of Theorem 3.2.

Lemma 2.6. — Let A ⊆ R. Then the following conditions are equivalent:

(i) µ∗(A) = 0.

(ii) µ∗(I \A) = µ(I) for any interval I of R.
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Proof. — We prove both directions by contraposition. If µ∗(A) > 0, then there exists B ∈
B(R) such that B ⊆ A and µ(B) > 0. Recall that R can be partitioned into countably many
intervals of finite length. Thus, by countable additivity of µ, there must exist an interval
I ⊆ R of finite length such that 0 < µ(I ∩B). Since (I \A) ⊆ (I \B) and (I \B) ∈ B(R), we
obtain

µ∗(I \A) ≤ µ(I \B) = µ(I) − µ(I ∩B) < µ(I)

(cf. Cohn [3, Proposition 1.2.1]). For the converse implication, let I ⊆ R be an interval with
µ∗(I \A) < µ(I). Further, we choose B ∈ B(R) such that (I \A) ⊆ B and µ(B) = µ∗(I \A).
Since we can write I = (I ∩B) ∪̇ (I \B) and we have

µ(I ∩B) ≤ µ(B) = µ∗(I \A) < µ(I),

the additivity of µ implies µ(I \B) > 0. This yields µ∗(A) > 0, as (I \B) ⊆ A and (I \B) ∈
B(R). □

We note that, due to Lemma 2.1, Lemma 2.6 applies equally to the inner and outer measures
λ∗ and λ∗ induced by the Lebesgue measure λ.

2.2. First-Order Defining the Integers. — In this section, we briefly introduce the gen-
eral model-theoretic setup and terminology. We assume some familiarity with first-order logic
and refer the reader to Marker [19] and Poizat [21] for further details.
Our model-theoretic notions are all set in the language of rings, which is given by Lr =
{+,−, · , 0, 1}. Whenever the interpretation of the symbols is clear from the context, we simply
write the domain instead of the structure, i.e. the Lr–structure of a field (K,+,−, · , 0, 1) is
simply written as K. Given a field K and n ∈ N, a set A ⊆ Kn is called definable if there
is an Lr–formula (potentially with parameters from K) that defines A over K. We point
out in particular when definability is obtained without parameters and then use the term
∅–definable.
In the following, we introduce the model-theoretic concept IP, which is originally due to
Shelah [24], but restrict our definition to fields. A general definition can be found in Poizat [21,
Section 12.4]. Let K be a field and let φ(x1, . . . , xn; y1, . . . , yℓ) be an Lr–formula. Then φ(x; y)
has the independence property (IP) over K if for any m ∈ N there is a set {a1, . . . , am} ⊆ Kn

and a set {bI | I ⊆ {1, . . . ,m}} ⊆ Kℓ such that for any J ⊆ {1, . . . ,m} we have

K |=
∧
i∈J

φ(ai; bJ) ∧
∧

i∈{1,...,m}\J

¬φ(ai; bJ).

The field K has the independence property if there is an Lr–formula that has the independence
property over K. Moreover, K is said to be NIP if it does not have the independence property.
We provide in Corollary 2.9 the sufficient condition we use in Theorem 3.2 to verify the
independence property.

Observation 2.7. — Let K be a field of characteristic 0 in which Z is ∅–definable.4 Then
K has the independence property.

4This observation also holds when Z is definable with parameters. However, we point out ∅–definability here,
as our main definability results do not need any parameters.
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Proof. — Let ψ(x) be an Lr–formula defining Z in K. The Lr–structure Z has the indepen-
dence property, as witnessed by the Lr–formula ∃ z x = y ·z (see e.g. Poizat [21, Section 12.4]).
Hence, the Lr–formula φ(x; y) given by ∃ z (ψ(z) ∧ x = y · z) has the independence property
over K. □

Recall that a field is (formally) real if it admits an ordering making it an ordered field. In order
to obtain the independence property for the field in Theorem 3.2, we combine Observation 2.7
with the following.

Fact 2.8 (R. Robinson [23, Section 5]). — Let F be a real field that admits an archimedean
ordering and let t be transcendental over F . Then Z is ∅–definable in F (t).

Corollary 2.9. — Let F be a real field that admits an archimedean ordering and let t be
transcendental over F . Then F (t) has the independence property.

Note that due to Hölder’s Theorem5, real fields that admit at least one archimedean ordering
are precisely the subfields of R (up to Lr–isomorphism).

3. Building a Wild Ordered Subfield of the Reals

In this section, we assume some familiarity with Borel σ–algebras in general topological spaces
and refer the reader to Bogachev [2, Section 6.2] for further details.
We now turn to the construction of a subfield K of R that has the independence property
and defines a set D ⊆ K that is not Lebesgue measurable. We endow a given subset X ⊆ R
with the trace σ–algebra

L(X) := {L ∩X | L ∈ L(R)}
induced by the Lebesgue σ–algebra L(R), and sometimes with the trace σ–algebra

B(X) := {B ∩X | B ∈ B(R)}
induced by the Borel σ–algebra B(R).
Throughout this section, four distinct notions of measurability appear, as we deal with the
following four σ–algebras: the Borel and Lebesgue σ–algebras on R, B(R) and L(R), as
well as their trace σ–algebras B(K) and L(K) on a given subfield K of R. For subsets of
K, membership in these σ–algebras may differ (see Remark 3.5). Accordingly, we explicitly
specify at every point the σ–algebra under consideration.
We now turn towards the proof of our main result. First, we establish a lemma, whose proof
is straightforward basic algebra and therefore left to the reader.

Lemma 3.1. — Let C,C ′ ⊆ R be disjoint subsets such that C ⊆ R≥0 and C ∪̇ C ′ is alge-
braically independent over Q, and let K = Q(

√
C ∪C ′), where

√
C = {

√
c | c ∈ C}. Then the

following hold:

(i) Any c′ ∈ C ′ is not a square in K, i.e. b2 ̸= c′ for any b ∈ K.

(ii) The set
√
C ∪̇ C ′ is algebraically independent over Q.

5Applied to ordered fields, this theorem states that for any archimedean ordered field (F, <F ), there is a unique
order-preserving Lr–embedding from (F, <F ) into (R, <). See Hölder [9, Erster Theil], Engler and Prestel [7,
Proposition 2.1.1].
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Theorem 3.2. — There exists a subfield K ⊆ R of cardinality c that has the independence
property in the language of rings and ∅–defines a set D ⊆ K with D /∈ L(K).

Proof. — By Proposition 2.4 and Lemma 2.1 there exist two disjoint sets A,A′ ⊆ R of
cardinality c (see Remark 2.5(c)) such that λ∗(A) = λ∗(A′) = λ∗(R \ A) = λ∗(R \ A′) = 0
and A ∪̇A′ is algebraically independent over Q. Set

√
A≥0 = {

√
a | a ∈ A≥0}, and let

K = Q
(√

A≥0 ∪A′
)
.

For any a′ ∈ A′, we can write K = F (a′), where F = Q(
√
A≥0∪(A′\{a′})). By Lemma 3.1(ii),

a′ is transcendental over F . Corollary 2.9 yields that K has the independence property.
Now, consider the set

D = {y2 | y ∈ K} ⊆ K

of squares in K. Then the Lr–formula ∃ y x = y2 defines D in K. By the definition of K,
we have

√
A≥0 ⊆ K, which implies A≥0 ⊆ D. On the other hand, Lemma 3.1(i) implies

A′ ∩ D = ∅, and thus A′ ⊆ (K \ D). In the following, we assume for a contradiction that
D ∈ L(K). Then there exists a Lebesgue measurable set L ∈ L(R) such that D = L∩K. We
compute λ(L ∩ [0, 1]) as well as λ([0, 1] \ L):

– Since λ∗(R \A) = 0, we can apply Lemma 2.6 and Lemma 2.1 to obtain λ∗(A∩ [0, 1]) =
λ([0, 1]) = 1. Moreover, A≥0 ⊆ D ⊆ L implies (A ∩ [0, 1]) ⊆ (L ∩ [0, 1]). We compute

1 = λ∗(A ∩ [0, 1])
= min{λ(C) | C ∈ L(R), (A ∩ [0, 1]) ⊆ C}
≤ λ(L ∩ [0, 1])
≤ λ([0, 1]) = 1,

yielding λ(L ∩ [0, 1]) = 1.

– Since λ∗(R \A′) = 0, again λ∗(A′ ∩ [0, 1]) = λ([0, 1]) = 1 by Lemma 2.6 and Lemma 2.1.
Moreover, A′ ⊆ (K \ D) = (K \ L) ⊆ (R \ L) implies (A′ ∩ [0, 1]) ⊆ ([0, 1] \ L). We
compute

1 = λ∗(A′ ∩ [0, 1])
= min{λ(C) | C ∈ L(R), (A′ ∩ [0, 1]) ⊆ C}
≤ λ([0, 1] \ L)
≤ λ([0, 1]) = 1,

yielding λ([0, 1] \ L) = 1.

We obtain
1 = λ([0, 1]) = λ([0, 1] ∩ L) + λ([0, 1] \ L) = 1 + 1 = 2,

the required contradiction. □

We proceed by deriving, as a corollary to Theorem 3.2, an analogous result concerning Borel
measurability. In this context, given a subset X ⊆ R, there are two natural candidates for
Borel σ–algebras on X:
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– We can endow X with the trace σ–algebra B(X) induced by B(R). Denoting by τR the
order topology6 on R, it follows from [2, Lemma 6.2.4] that B(X) is precisely the Borel
σ–algebra generated by the subspace topology {U ∩X | U ∈ τR} on X induced by τR.

– The subset X of R inherits the linear ordering of R. Thus, X is naturally endowed with
the order topology τX , and we can consider the Borel σ–algebra B(τX) generated by τX .

The following result shows that the two Borel σ–algebras considered above coincide.

Lemma 3.3. — For any subset X ⊆ R, we have B(X) = B(τX).

Proof. — The inclusion B(τX) ⊆ B(X) follows from the fact that the generators of the σ–
algebras satisfy τX ⊆ {U ∩X | U ∈ τR}. For the proof of the other inclusion, we consider the
set

Σ := {B ∈ B(R) | (B ∩X) ∈ B(τX)}.
Note that Σ is a σ–algebra on R. If we prove the inclusion B(R) ⊆ Σ, then the claim of
the lemma follows. Hence, it suffices to verify R≤a ∈ Σ for any a ∈ R (cf. Bogachev [1,
Lemma 1.2.11]). Given a ∈ R, set b = sup(R≤a ∩ X), where the supremum is taken in R. If
b ∈ X, then (R≤a ∩X) = X≤b ∈ B(τX). Otherwise, for any n ∈ N there exists bn ∈ (R≤a ∩X)
such that b− 1

n < bn < b ≤ a. Hence,

R≤a ∩X =
⋃

n∈N
X≤bn ∈ B(τX).

This yields R≤a ∈ Σ, as required. □

Combining Lemma 3.3 with the fact that B(R) ⊆ L(R) yields the inclusion B(τX) = B(X) ⊆
L(X) for any subset X ⊆ R. In particular, the set D from Theorem 3.2 is non-Borel with
respect to the order topology on the field K. Hence, we obtain the following analogue of
Theorem 3.2 in the context of Borel measurability.

Corollary 3.4. — There exists a subfield K ⊆ R of cardinality c that has the independence
property in the language of rings and ∅–defines a set D ⊆ K with D /∈ B(τK).

Remark 3.5. — We prove in Theorem 3.2 that the ∅–definable set D of squares in K is
not a member of the trace σ–algebra L(K) = {L ∩K | L ∈ L(R)}. The fact that D /∈ L(K)
has several consequences, which are discussed in the following:

(a) We already have established in Corollary 3.4 that D is non-Borel with respect to the
order topology on K, i.e. D /∈ B(τK). Because of the inclusion {B ∈ B(R) | B ⊆ K} ⊆
B(K) = B(τK) (see Lemma 3.3), this also yields that D is non-Borel in R, i.e. D /∈ B(R).
Similarly, we obtain that D is not Lebesgue measurable in R, i.e. D /∈ L(R), because of
the inclusion {L ∈ L(R) | L ⊆ K} ⊆ L(K).

(b) The field K is not Lebesgue measurable in R, i.e. K /∈ L(R). Indeed, we assume for a
contradiction that K ∈ L(R), and we consider the square root function f : R≥0 → R,
x 7→

√
x. As f is L(R≥0)–L(R)–measurable, our assumption implies that D = f−1(K) ∈

L(R≥0). This means that for some L ∈ L(R) we have D = L ∩ R≥0. Thus, we obtain
D ∈ L(R), the required contradiction. In particular, the field K is non-Borel in R, i.e.
K ̸∈ B(R).

6Recall that the order topology on R coincides with the Euclidean topology, and thus it generates B(R).
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As K ∈ B(K) and K ∈ L(K) trivially hold true, we have now observed the inequalities
B(K) ̸= {B ∈ B(R) | B ⊆ K} and L(K) ̸= {L ∈ L(R) | L ⊆ K}. Thus, the measura-
bility notions induced by the four σ–algebras B(K),B(R),L(K) and L(R) differ in general.
Moreover, we recall that the set D belongs to none of these σ–algebras. Hence, Theorem 3.2
simultaneously yields multiple non-measurability results.

We conclude this section with a final remark, in which we collect further observations regard-
ing tameness and related properties that the field K from Theorem 3.2 fails to exhibit.

Remark 3.6. —
(a) Due to Lemma 3.1(ii), as an Lr–structure the field K is simply an extension of Q by con-

tinuum many algebraically independent elements (αi)i<c of R. Thus, K is Lr–isomorphic
to the rational function field Q(ti | i < c) over Q in continuum many variables. We ex-
plain in Remark 3.5(a) that the ∅–definable set D of squares in K is non-Borel in R, i.e.
D /∈ B(R). The existence of such a subfield K ⊆ R, for which the set D of squares in K
is not a member of B(R), can alternatively be established via the following cardinality
argument: We obtain a set Φ of 2c many pairwise distinct embeddings from Q(ti | i < c)
into R by mapping each ti either to αi or to α2

i . For any φ ∈ Φ, denote by Kφ = Im(φ)
the obtained subfield of R and by Dφ = {y2 | y ∈ Kφ} its set of squares. Depending on
the choice of φ, for each i < c, we either have α2

i ∈ Dφ or α2
i ∈ Kφ \Dφ. Therefore, the

2c many embeddings give rise to 2c many subfields of R with pairwise distinct sets of
squares. On the other hand, we recall |B(R)| = c < 2c. Hence, for 2c many embeddings
φ, we obtain a subfield Kφ for which Dφ /∈ B(R). However, this cardinality argument is
not sufficient to establish the existence of a subfield K ⊆ R defining a set that is not
Lebesgue measurable, since the Lebesgue σ–algebra L(R) has cardinality 2c. In contrast,
our proof of Theorem 3.2 yields D /∈ L(K), and thus D /∈ L(R) (see Remark 3.5(a)).

(b) In the following we outline how K can be endowed with 2c pairwise non-isomorphic7

archimedean and 2c pairwise non-isomorphic non-archimedean orderings. Note that these
cardinalities are maximal, as K admits exactly 2c binary relations. Consider the 2c many
distinct subfields Kφ of R from (a) above. For each φ ∈ Φ, as K is Lr–isomorphic to
Kφ, we can endow K with an ordering <φ via this isomorphism. This yields an order-
preserving Lr–isomorphism from (Kφ, <) to (K,<φ), where < denotes the ordering
induced by the one on R. Thus, for two distinct embeddings φ,φ′ ∈ Φ, the orderings <φ

and <φ′ are non-isomorphic due to Hölder’s Theorem. Regarding the non-archimedean
orderings, we note that the field K is Lr–isomorphic to the rational function field K(t) in
one variable t, and each ordering on K gives rise to a non-archimedean ordering on K(t)
by setting t > K. Thus, K admits 2c many pairwise non-isomorphic non-archimedean
orderings.

(c) The field K fails to exhibit certain further tameness properties. We establish in Corol-
lary 3.4 that the field K defines a set that is non-Borel with respect to the order topology.
Hence, it cannot be o-minimal, since definable sets in o-minimal ordered fields are Borel
with respect to the order topology (cf. Kaiser [11, Proposition 1.1], Karpinski and Mac-
intyre [12, Lemma 6]). In particular, K is not real closed (see Pillay and Steinhorn [20,

7Two orderings < and <′ on a real field F are isomorphic if there exists an order-preserving Lr–isomorphism
from (F, <) to (F, <′).
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Proposition 1.4]). This further implies that K is not almost real closed. Indeed, any
almost real closed field that admits at least one archimedean ordering is real closed
(see Section 4). Moreover, the ∅–definability of Z implies that K is undecidable (cf.
J. Robinson [22]).

4. Further Work

The results in this research note, surrounding our main question (Question 1.1), emerged from
discussions during the Tame Geometry workshop at CIRM in February 2025. Motivated in
part by conjectures on the classification of NIP fields, we record here several related questions
that arose from our discussions and relate them to Question 1.1.
From the perspective of Tame Geometry, the ordered field K from Theorem 3.2 (with the
ordering inherited from R) is a pathological example of a “wild” field. Generally in Tame
Geometry, dividing lines are of interest: Are there structures that exhibit one certain tameness
property but fail to exhibit another certain tameness property? In light of this, we re-evaluate
Question 1.1 for subfields of the reals.

Question 4.1. — Is there an NIP subfield K of R that defines a set D ⊆ K with D /∈ B(K)?

Recall that if “NIP” is replaced by “o-minimal” in Question 4.1, then the answer to the
resulting question is negative.
In the context of NIP fields, Shelah’s conjecture on the classification of NIP fields—as stated
(up to minor variations) in Dupont, Hasson and Kuhlmann [6, p. 820] and Johnson [10, Con-
jecture 1.9])—represents a prominent open problem. Next, we elaborate on how Question 4.1
relates to this conjecture. As we are interested in real fields, we record in Conjecture 4.2 be-
low a suitable specialization of Shelah’s conjecture (cf. Krapp, Kuhlmann and Lehéricy [15,
Conjecture 6.2] and [16, Conjecture 1.2]) in terms of almost real closed fields.8 A real field
K is called almost real closed if it admits a henselian valuation with real closed residue field
(see Delon and Farré [4]).

Conjecture 4.2. — Any NIP real field is almost real closed.

In light of Conjecture 4.2 and Question 4.1, we ask the following question, to which a negative
answer would be expected.

Question 4.3. — Is there an almost real closed field K that defines a set D ⊆ K with
D /∈ B(τK)?

Here τK denotes the order topology with respect to any ordering on K. By Knebusch and
Wright [14, Lemma 2.1], any henselian valuation on a real field K is convex with respect to
any ordering on K. Therefore, if an almost real closed field K admits at least one archimedean
ordering, it follows that any henselian valuation on K must be trivial, yielding that K is real
closed. Consequently, Conjecture 4.2 can be further specialized as follows:

8In [15] and [16] the conjectures are stated for strongly NIP ordered fields (in the language of ordered rings)
rather than NIP real fields (in the language of rings). However, several accounts of Shelah’s conjecture are
stated for NIP fields, such as [10, Conjecture 1.9]. This conjecture can be specialized to NIP real fields in a
similar fashion as in [15] and [16].
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Conjecture 4.4. — Let K be an NIP real field that admits at least one archimedean order-
ing. Then K is real closed.

As Conjecture 4.2 implies Conjecture 4.4, a positive answer to Question 4.1 would refute both
of these conjectures. We therefore expect the answer to Question 4.1 to be negative.
As an alternative to Question 4.1, one may consider the significance of the orderings the field
admits:

Question 4.5. — Is there a subfield K of R that only admits archimedean orderings and
that defines a set D ⊆ K with D /∈ B(K)?

The respective first conditions on K in Question 4.1, Question 4.3 and Question 4.5 encode
tameness requirements, which the field from Theorem 3.2 fails to meet.
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