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PUBLICATIONS MATHEMATIQUES DE BESANGON — 2026, 109-128

RECENT PROGRESS ON THE MINIMAL MODEL PROGRAM FOR
FOLIATIONS

by

Calum Spicer

Abstract. — We recall the work of Brunella, McQuillan and Mendes on the classification of foliations on
projective surfaces. We then survey some recent work extending this classification to foliations on higher
dimensional projective varieties.

Résumé. — Nous rappelons les travaux de Brunella, McQuillan et Mendes sur la classification des
feuilletages sur les surfaces projectives. Nous présentons ensuite un apergu de travaux récents qui étendent
cette classification aux feuilletages sur les variétés projectives de dimension > 3.

1. Introduction

These are the notes for a lecture series given at Luminy in February 2025. The aim of the
lectures was to explain an ongoing program of research into the classification of foliations on
projective varieties. The rough goal of this project is the following.

Group all foliations on projective varieties into families depending on
natural invariants.

Our approach to this problem will be guided by the ideas and insights of the Minimal Model
Program (MMP). There are many wonderful surveys on the MMP, for instance [23], but in
these notes we will assume that the reader has no prior familiarity with the MMP.

We will work over C throughout.
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110 Recent progress on the Minimal Model Program for foliations

2. The birational classification of surface foliations

2.1. Some preliminary definitions. — A morphism f: X — Z between normal varieties
is said to be a contraction if it is surjective and f,.Ox = Og.

Let ¢: X --» Y be a birational map between normal algebraic varieties. The ezceptional
locus of ¢ is the closed subset Excy of X where ¢ is not an isomorphism. We say that ¢
is a birational contraction if Exc o' does not contain any divisor. Let ¢: X --» Y be a
birational contraction between normal varieties and let D be a Q-Cartier Q-divisor on X
such that Dy = ¢, D is also Q-Cartier. Then ¢ is called D-negative (resp. D-trivial) if there
exist a normal variety W and birational morphisms p: W — X and ¢: W — Y resolving
the indeterminacy locus of ¢ such that p*D = ¢*Dy + FE where E > 0 is a Q-divisor whose
support coincides with the exceptional locus of ¢ (resp. p*D = ¢*Dy).

A foliation, denoted F, of rank r on a normal algebraic variety X is a rank r coherent subsheaf
Tr C Tx such that

(1) T'r is saturated in T’x, and
(2) T is closed under Lie bracket.

Note that if » = 1 then (2) is automatically satisfied. We call T'r the tangent sheaf of F.

If X is a smooth algebraic variety and F is a foliation on X we define Sing F to be the set of
points where T'r is not a sub-bundle of T'x (we refer to [19, Definition 5.4] for a more refined
notion of singular locus which behaves better on singular varieties).

2.2. Kodaira dimension and numerical dimension. — To make sense of our main goal,
let us first recall the work of Brunella, McQuillan and Mendes on the classification of surface
foliations, [7, 25, 28]. The insight of Brunella, McQuillan and Mendes was that there should
be a Kodaira—Enriques type classification for surface foliations. We will explain the framework
for this classification now.

To any normal projective surface X equipped with a foliation F there is a canonical invariant
we can associate to J, namely, the canonical class Kr. We define Kr to be a Weil divisor
such that O(—Kx) = det T'r. From Kr we can extract some numerical invariants:

(1) the plurigenera h%(X, O(mKx)) and the Kodaira dimension
K(X, F) = max{dim ¢, x| (X) :m =1,2,3,... };

and

(2) the numerical dimension

max{k : P¥ #£ 0} if K is pseudo-effective and
v(X,F) = has Zariski decomposition Kr = P + N
—00 if Kr is not pseudo-effective.

The idea behind the classification of Brunella, McQuillan and Mendes is to classify foliations
according to v(X,F) and x(X,F).

We first observe that these invariants are birational invariants (at least for foliations with mild
singularities, see Exercise 3.3 for a precise statement) and therefore our classification should
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itself be birational in nature. Let us take a moment to explain why k and v are birational
invariants in a special case.

Let X be a smooth projective surface, let F be a rank one foliation on X and let z € X \Sing F.
Let b: X’ — X be the blow up of X at x. Let E = b~!(x) be the exceptional divisor. Note
that there is a uniquely determined transform of F as a foliation on X', which we will denote
b1 F. The construction of F' is as follows: by considering F as a foliation on X \ {x} we get a
foliation on X'\ E. Observe that a coherent saturated subsheaf of Tx/|x g admits a unique
extension to a coherent saturated subsheaf of Tx:. This unique extension gives us b=!F.
Having defined b~'F, we can then ask how the canonical divisor transforms under blow ups.

Ezxercise 2.1. — Use notation as above.
(1) Show that Kj-17 = b*Kr + E.
(2) Show that h®(X, O(mKx)) = h°(X',O(mK;-17)) for m > 0.
(3) Show that v(X,F) = v(X',b~1F).

Ezxercise 2.2. — More generally, given a normal variety X, a foliation F on X and any
birational map X --+ X’ define the transform of F on X’.

While (X, F) and (X’,b~1F) have the same set of canonically determined invariants, it is
intuitively clear that (X, F) is “simpler” from the perspective of classification. This suggests
a natural approach to our classification.

— First, we should try to find a member (Xin, Fmin) in each birational equivalence class of
foliated varieties which is minimal in the sense that every other member of the birational
class arises as a blow up of (Xpin, Fmin)- (This is not always possible, as we will see,
but we will describe a process which gets us as close as possible to this situation.)

— Then, we should try to describe the possible geometries of (Xyin, Fmin) in terms of the
Kodaira and numerical dimension.

The majority of what will be discussed in this survey relates to the first point in the above
scheme, namely, finding a simplest model in each birational equivalence class. Indeed, as we
will see, this part of our strategy will have many implications for the study of foliations
outside of its role in the classification scheme. Unfortunately, we will not say much about the
second aspect of the classification (but see Section 6.2 for a brief summary).

It must also be emphasised that the role of singularities is very important in this classification
scheme, and we will discuss it in greater detail in the coming sections. For the purposes of
understanding the birational theory of surface foliations the key class of singularities is that
of simple singularities, which we will now recall (in Section 3 we will expand this class of
singularities to the class of log canonical singularities).

Let x € X be a germ of a smooth surface and let F be a rank one foliation on X defined by a
vector field 0. We say that z € X is a simple singularity for F provided one of the following
holds:

— 0 is non-singular at z; or
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112 Recent progress on the Minimal Model Program for foliations

— 0 is singular at = and if A, u are the eigenvalues of the linear part of 0 at x, then at least
one (say p) is non-zero and % ¢ Qso.

We note that in some places in the literature simple singularities are called reduced singular-
ities.

2.3. Alternative classification schemes. — It is worth taking a moment to consider how
the classification proposed above relates to another very natural way to categorise foliations on
surfaces. Let X be a smooth projective surface together with a foliation F. Let € X\ Sing F
be a point and let L, be the leaf of 7 through x. Since L, is a Riemann surface its universal
cover L, is either P!,C or D C C. For general z € X, L, is independent of the choice of
x (this follows from the continuity of the leafwise Poincaré metric away from an algebraic
subset of Z C X, see for instance [25, Corollary V.1.4]) and so we can group surface foliations
into three classes based on the universal cover of a general leaf.

To compare these two groupings consider the following table. We assume that X is a smooth
projective surface and F is a foliation on X with simple singularities.

v(Kr) Universal cover of L,
—00 P!

0 C

1 CorD

2 D

I should emphasise that the above table is not obvious at all, but can be deduced from the
Kodaira—Enriques style classification of foliations which is summarised in Section 6.2 below.
An important takeaway from this table is that grouping foliations in terms of canonically
determined invariants v(X, F) and (X, F) also groups foliations into natural families from
a geometric perspective.

2.4. Finding a minimal representative. — We now return to the problem of finding a
“minimal” representative in any birational class.
The fundamental result in this direction is the following.

Theorem 2.3. — Let X be a smooth projective surface and let F be a rank one foliation on
X with simple singularities. Then there is a Kr-negative birational contraction f: X — Y
such that one of two (mutually exclusive) possibilities occur where Fy is the transform of F
onY.

(1) Kz, is nef, i.e., Kz, - C >0 for any curve C CY; or
(2) there is a P*-fibration Y — Z such that Tr, =Ty and p(Y/Z) = 1.

Before explaining how Theorem 2.3 is proven, let us make a few comments.

Intuitively, the morphism has the effect of “undoing” blow ups. Note that the blow up b: X’ —
X considered in Exercise 2.1 is Kp-1 z-negative. Indeed, more generally, if one starts with a
smooth projective surface X and a foliation F where K is nef and then performs a sequence
of blow ups p: X — X centered outside of the singular locus of the foliation, then the map
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guaranteed to exist by applying Theorem 2.3 to X and p~ ! F is precisely the morphism
X = X.

Since the morphism f is Kr-negative, it follows that the canonically determined invariants
of F and Fy are the same.

Exercise 2.4. — Notation as above. Suppose that Kr is pseudo-effective and let K =
P 4+ N be the Zariski decomposition. Show that Exc f = Supp N.

Ezercise 2.5. — Notation as above. Show that x(X,F) = k(Y,Fy) and v(X,F) =
V(K fy)
One last remark before turning to a sketch of the proof of Theorem 2.3. In general Y will not

be smooth. Consider the following example.

Ezxzample 2.6. — Let Y = {xy — 2? = 0} C C3. Equivalently, we can think of Y as being
the quotient singularity C2/(x,y) ~ (=, —y). The foliation on C? defined by the vector field
% descends to a foliation on Y, denoted Fy .

The singular surface Y can be resolved by a single blow up at the origin b: X — Y and F,
the transform of Fy has the following properties.

— E =b"%(0) is invariant by F;
— E~PL
— F has simple singularities;
— there is a unique singular point of F on F; and
- Kr-E=-1.
Ezxercise 2.77. — Verify the claims in Example 2.6.

Example 2.6 is a local example, but can easily be globalised to give an example of a surface
X and a foliation F such that the birational model where Kr becomes nef is singular.

2.5. Proof sketch of Theorem 2.3 and the Minimal Model Program. — The idea
to proving Theorem 2.3 is to run an (almost) algorithmic process called the Minimal Model
Program. We sketch this process now.

Our starting data is a smooth projective surface X together with a foliation F with simple
singularities.

Step 1. — We first ask if Kr is nef. If it is, then we stop: we have already found a birational
model where Kr is nef and we are in Case (1) of Theorem 2.3. Otherwise, we move onto
Step 2.

Step 2. — If Kr is not nef, then (by definition) there exists a curve C such that Kr-C < 0.
The Cone theorem (more on this later) guarantees that there exists a morphism c: P* — X
such that if ¥ = ¢(P'),

- Kr-X <0

— X is invariant by F; and
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— %2 < 0 (strictly speaking we should take ¥ to span an extremal ray in NE(X ), but more
on this later).

The Contraction theorem (again, more on this later) then guarantees the existence of a
contraction f: X — Y such that f(C) is a point if and only if [C] € R4 [X].
Having produced a contraction we move onto Step 3.

Step 3. — We now analyse the morphism f: X — Y more carefully in terms of dim Y. There
are three possibilities.

— Case A (Birational Contraction): dimY = 2. In this case f is birational and contracts
only .

— Case B (Fibre type contraction): dimY = 1. In this case X — Y is fibration whose
general fibre is P!, and the morphism X — Y induces the foliation F.

— Case C: dimY = 0. In fact, since we assumed that F has simple singularities, this case
does not occur, see [3, Proposition 5.3].

In Case B we are in Case (2) of Theorem 2.3, and so we conclude the process. In Case A,
we replace X by Y and return to Step 1 and repeat the process. (Strictly speaking Y will
usually be singular and so Fy will not have simple singularities. This issue can be handled
and is one of the motivations for our discussion of singularities in Section 3 below.)

Each time we cycle through Steps 1-3 we either produce a P! fibration or p(X) drops by 1.
It follows that we can go through this process only finitely many times and therefore this
process must terminate in one of the two alternatives of Theorem 2.3. (|

Remark 2.8. — We observe that if Kz is pseudo-effective then we always terminate in a
model where K, is nef and if K is not pseudo-effective we will always terminate in a model
where the foliation is given by a P!-fibration.

Remark 2.9. — The extremal ray we find in Step 2 is not necessarily unique, and so a
choice must be made at this step in the process. As a result, the output of the MMP is not
necessarily unique either. Nevertheless, we expect there to be a precise way in which the
different outputs of the MMP are related.

3. Singularities of the MMP

While simple singularities are a very natural class of foliation singularities on smooth varieties,
as we saw in the previous section, when running the MMP we typically make our underlying
variety singular. Thus, from the perspective of the MMP the class of simple singularities
is insufficiently flexible. In this section we will introduce the notion of canonical and log
canonical singularities. These will be turn out to be the right classes of singularities to work
with for the MMP.
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3.1. Canonical and log canonical singularities. — We start off by defining the discrep-
ancy. Let X be a normal variety and let F be a foliation on X such that Kr is Q-Cartier.
Let E be any divisor on some birational model p: X’ — X. Let F' = p~'F. We define the
discrepancy of F with respect to E to be

a(E, F) = coefficient of F in Kz — p*Kr
where Kz and K7 are chosen so that p, Kz = Kr. We define the log discrepancy to be
A(E,F) =a(E,F)+e(FE)

where
(B = {1 if F is not F' invariant

0 if E is F' invariant.

Note that in [27] what is called “discrepancy” is what we call “log discrepancy”.

Ezxercise 3.1. — Show that the discrepancy is well defined, that is, show that it is inde-
pendent of the choice of model p: X’ — X and the choice of canonical divisor K.

Let X be a normal variety and let F be a foliation on X such that Kr is Q-Cartier. We
say that F has canonical (resp. log canonical) singularities provided a(E,F) > 0 (resp.
A(E,F) > 0) for all divisors E appearing on any birational model of X.

One advantage of the classes of canonical and log canonical singularities is that they make
sense on singular varieties. The other benefit is that they are preserved (almost by definition)
by the kind of operations we do in the MMP.

Exercise 3.2. — Let X and Y be normal varieties, let F be a foliation on X such that
K7 is Q-Cartier and let f: X --» Y be a Kr-negative birational contraction. Let Fy be
the transform of F on Y and suppose that Kz, is Q-Cartier. If F has canonical (resp. log
canonical) singularities, then Fy has canonical (resp. log canonical) singularities.

In fact, these notions of singularity work in the more general setting of pairs (F,A). By
a pair we mean the data of a foliation F and Q-Weil divisor A > 0 such that Kr + A is
Q-Cartier. Working in this more general setting is absolutely critical (as we will see), but
for the reader encountering the subject for the first time you won’t miss much of the bigger
picture by simply taking A = 0 wherever you see it later in these notes.

FExercise 3.3. — Let X and Y be normal varieties and suppose that there exists a birational
map f: X --» Y. Let F be a foliation on X and let Fy be the transform of F on Y. Suppose
that F and Fy have canonical singularities. Then, x(X,F) = s(Y, Fy).

Remark 3.4. — We remark that there are many other important classes of singularities
from the perspective of the MMP, such as terminal, dlt, kIt and F-dlt. To not overburden the
first time reader with a large zoo of singularities we have chosen to focus only on canonical
and log canonical singularities and we refer the reader to [12] and [22] for the definitions of
these other classes of singularities.
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3.2. Examples. — In general, it seems difficult to tell if a given foliation is log canonical.
Part of the issue is that there is no reduction of singularities statement for foliations in
complete generality. Nevertheless, there are many important special cases where it is feasible
to determine whether or not a foliation is log canonical.
Let O be a vector field on a smooth variety X and let x € Sing d be a closed point. Notice
that O defines a linear map

L(8,2): my/m2 — m,/m2
where m, is the ideal of z € X. We refer to L(0, x) as the linear part of 0 at x. If F is a rank
one foliation and = € Sing F is a closed point we define the linear part of F at x to be the
linear part of any local generator of F at x. Of course, this is only well defined up to scalar
multiples, but this seems unlikely to cause any confusion.
The following characterisation of log canonical singularities is very useful.

Theorem 3.5. — Let X be a smooth variety and let F be a rank one foliation on X. The
following are equivalent.

— F is log canonical.
— For any closed point x € Sing F, the linear part of F at x is a non-nilpotent linear map.

Proof. — See for instance [27, Fact Lii.4]. O
Many natural classes of singularities are reasonable from the perspective of the MMP.
Theorem 38.6. — Let X be a smooth variety and let F be a foliation on X. Then the
following hold.

(1) If F is smooth, then F has canonical singularities.

(2) If F is a co-rank one foliation and F has simple singularities, then F has canonical
singularities.

(3) If F is induced by a toroidal morphism f: X — 'Y, then F has log canonical singularities.

Proof. — Ttem (1) follows from [19, Lemma 5.9]. Item (2) follows from [16, Lemma 2.9].
Item (3) follows from [2, Lemma 3.1]. O

Exercise 3.7. — Let X and Y be normal varieties and let ¢: X — Y be a quasi-étale mor-
phism (e.g., X 2 C" and Y = C"/G where G is a group acting without pseudo-reflections).
Let G be a foliation on Y and let F = ¢~'G. Then, F is log canonical if and only if G is log
canonical.

4. MMP in higher dimensions

We now turn the problem of finding the “simplest” representative of any given birational class
of foliated varieties in arbitrary dimension. By taking Theorem 2.3 as our guide we hope that
given a smooth projective variety X equipped with a foliation F we can find a K r-negative
birational contraction f: X --» Y such that either

— Kz, is nef (minimal model); or
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— there exists a fibration g: Y — Z such that —Kr, is g-ample (Mori fibre space).

As with Theorem 2.3 we should try to realise this goal as an output of an algorithmic process.
We also remark that in the second alternative described above we do not expect that the
fibration g: Y — Z induces the foliation (in contrast to the surface case). However, in this
second case we do have that through a general point of Y there is a rational curve tangent
to the foliation, see [8].

4.1. Cone and Contraction conjectures. — In this section we will explain the Cone and
Contraction results mentioned above. Neither of these results are known in complete gener-
ality, although it now seems clear what the correct statements should be. These conjectures
predict a connection between the birational geometry of X and F and the convex geometry of
the Kleiman—Mori cone of X. Before precisely stating the Cone and Contraction conjectures
we briefly recall the definition of the Kleiman-Mori cone, cf. 22, Definition 1.17]. Let X be a
proper variety. We denote by Ni(X) the real vector space generated by 1-cycles modulo nu-
merical equivalence. The Kleiman—Mori cone, denoted NE(X) C Ny (X), is the closed convex
cone generated by effective 1-cycles.

Conjecture 4.1 (Cone Conjecture). — Let X be a normal Q-factorial projective variety,
let F be a foliation on X and let A > 0 be a Q-Weil divisor such that Kx+A is Q-Cartier and
(F,A) is log canonical. Then there exists a countable collection of rational curves &1,&a, . ..
tangent to F such that

NE(X) = NE(X)k,+a>0 + ZR+ [i]

and 0 < —Kr - ¢ <2dim X.

We say a ray R C NE(X) is extremal provided that whenever we have a, 3 € NE(X) such
that o + 8 € R then o, € R. A direct consequence of the Cone Conjecture is that every
K r-negative extremal ray is spanned by the class of a curve.

Conjecture 4.2 (Contraction Conjecture). — Let X be a normal Q-factorial projective
variety, let F be a foliation on X and let A > 0 be a Q-Weil divisor such that Kr + A
is Q-Cartier and (F,A) is log canonical. Let R be a K r-negative extremal ray. Then there
exists a contraction cg: X —'Y such that for any proper curve C C X, dim f(C) =0 if and
only if [C] € R.

For the reader seeing these statements for the first time, you will not lose much in the way
of the bigger picture by assuming that X is smooth.

Let us observe that if K is not nef, then by definition there exists a curve C' such that
Kz - C < 0. This implies that there is some Kr-negative extremal ray. As we will see, the
natural thing to study is not the curves on which K r is negative, but rather the extremal rays.
Indeed, for the Contraction Conjecture it is critical that we work with an extremal ray: the
Contraction Conjecture does not guarantee that any K r-negative curve can be contracted.

FEzxercise 4.3. — Let X be a smooth projective surface.

(1) Let C C X be a curve with C? < 0. Show that the class of C spans an extremal ray in
NE(X).
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(2) Show by example that an extremal ray in NE(X) is not necessarily spanned by the class
of a curve C C X.

I will now summarise what is known about these two conjectures.

— When F is the foliation with one leaf, i.e., Tr = T'x, then both of these conjectures are
well known, see [22, Theorem 3.7] for the case where X is klt and [1] for the case where
X is log canonical.

— When dim X < 3 and F is co-rank one, Conjecture 4.1 is known by [16, 31, 32].

— When dim X < 3, X has klt singularities, F is co-rank one and F has canonical singular-
ities (or F-dlt singularities), Conjecture 4.2 is known by [12]. When F has log canonical
singularities, Conjecture 4.2 is known by [17].

— When F is rank one, Conjecture 4.1 is known by [13].

— When dim X < 3, X has kit singularities and F is rank one, Conjecture 4.2 is known
by [16].

— When F is algebraically integrable, Conjecture 4.1 is known by [2].

— When F is algebraically integrable and X has klt singularities Conjecture 4.2 is known
by [14, 24].

Remark 4.4. —

— The Q-factorial hypothesis is a natural one from the perspective of MMP, but there are
many situations where it would be preferable to know these Conjectures without any
Q-factoriality hypothesis. It is usually easy to drop the Q-factoriality hypothesis from
the Cone theorem, but removing it from the Contraction theorem is often subtle.

— In most cases where we have proven the Contraction theorem, we also require that the
underlying variety have klt singularities. This is a natural condition and is frequently
satisfied in situations of interest, but it would be interesting to know if it could be
removed.

4.2. Flips. — If we attempt to repeat the proof of Theorem 2.3 in dimension > 3 a new
feature of higher dimensional geometry gets in the way. Let R be a K r-negative extremal
ray and let cr: X — Y be the associated contraction morphism. If Exccp is a divisor, we
can proceed much in the same way as in the proof of Theorem 2.3, but if cg is a small
contraction, i.e., dim Exccrp < dim X — 2, we run into a serious issue: Kz, is not Q-Cartier.
Indeed, suppose for sake of contradiction that Kz, were Q-Cartier. Since cg is small and
K, is Q-Cartier we have Kr ~qg cr K, . However, if C' is any curve such that [C] € R then
we get the immediate contradiction

0>Kr-C=(chKr) C=0

where the last equality holds by the projection formula.
Since K 7, is not Q-Cartier, we can no longer continue the MMP process, indeed, it no longer
makes sense to ask if Kz, is nef or not. Something else must be done at this point and this
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is where the flip surgery comes in to play. The next example shows that small contractions
really do occur in the course of the MMP, and also hopefully gives a feeling for how the flip
surgery works.

Example 4.5. — Let S be a smooth surface, let P € S be a point and let b: X — S x P!
be the blow up of S x P! at (P,[1:0]). Let F be the foliation on X induced by the fibration
f: X — S. Let C C X denote the strict transform of {P} x P! and let E denote the
b-exceptional divisor. We make the following observations:

— C and F are both F-invariant;

— the restriction of F to F is the pencil of lines passing through C' N E;

— if L is one of these lines, then L spans a K r-negative extremal ray, denoted Rj; and
— ( spans a Kr-negative extremal ray, denoted Rj.

Observe that the contraction cg,: X — Y associated to Ry is a small contraction (it contracts
exactly the curve '), so in fact small contractions do occur in the course of the MMP. (The
contraction associated to Ry is simply the blow down of E.)

To get around this issue we “flip” the curve C by blowing it up and then blowing it down.
To be precise, let us notice that No/x = O(=1) ® O(—1). Thus, if p: ¥ — X is the blow up
in O, then D := Excp = P! x P'. We can contract D C Y along either of its two rulings, so
let ¢: Y — X be the contraction of the other ruling and let C* := ¢(D).

Note that gop™': X --» X gives an isomorphism between X \ C' and X+ \ C*. Moreover,
letting 7 denote the transform of F on X, we can compute that K+ - CT > 0. Observe
that F* is induced by an equidimensional contraction f: X+ — S where S — S is the blow
up of S at P and there is a unique K r+-negative extremal ray whose associated contraction
is precisely the fibration X+ — S. Thus, by flipping C we have side stepped the issue of the
small contraction. We are able to continue running the MMP by continuing from X rather
than continuing from Y.

Ezxercise 4.6. — Modify Example 4.5 to produce an example where there is a unique K z-
negative extremal ray, and the associated contraction is small. Show that in this example,
the flip of C' produces a model where K r+ is nef.

In general, given a small contraction cg: X — Y, the flip of the contraction is the following
diagram
,,,,,,,,,,,,,,,, ., X+

\/

where
— X --» X7 is an isomorphism in codimension = 1;
— p(XT/)Y)=1; and

— Kzt is c;—ample.
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From this description it is unclear if the flip of a given contraction in fact exists. However,
we conjecture that it is always possible to construct the flip.

Conjecture 4.7 (Existence of flips). — Let X be a normal Q-factorial projective variety,
let F be a foliation on X and let A > 0 be a Q-Weil divisor such that Kr + A is Q-Cartier
and (F,A) is log canonical. Let R be a K r-negative extremal ray and suppose that cr is small
contraction. Then the flip exists.

Remark 4.8. — The flip, if it exists, is unique. Indeed, one can show that for some integer
>0,
X1 = Projy @ crO(ml(Kr + A)).
m>0
Ezxercise 4.9. — 'Toric varieties and toric maps provide a wealth of concrete examples of

the operations of the MMP. The flip described in Example 4.5 is in fact a toric flip. Describe
this flip using operations on the associated fan. Try to write down a few more examples of
flips between torus invariant foliations on toric varieties.

I will summarise what is known about this conjecture.

— When F is the foliation with one leaf, i.e., Tx = Tx, Conjecture 4.7 follows from [5] in
the kit case and [4, 20] in the log canonical case.

— When dim X < 3, X has klt singularities, F is co-rank one and F has canonical singu-
larities (or F-dlt singularities), Conjecture 4.7 is known by [12] and [17].

— When dim X < 3, X has kit singularities and F is rank one, Conjecture 4.7 is known
by [16] (cf. also [26]).

— When X has klt singularities and F is algebraically integrable, Conjecture 4.7 is known
by [14, 24].

4.3. Running the algorithm in higher dimensions and termination. — Let’s explain
now how to run the MMP assuming Conjectures 4.1, 4.2 and 4.7.

Our starting data is a Q-factorial projective variety X and F is a foliation on X with log
canonical singularities.

Step 1. — We ask if Kr is nef. If Kr is nef, then we terminate, we have reached our minimal
model. Otherwise we go to Step 2.

Step 2. — If Kr is not nef there exists K r-negative extremal ray R. By the Cone Conjec-
ture R is spanned by the class of a curve £&. By the Contraction Conjecture there exists a
contraction cr: X — Y associated to R.

Step 3. — We argue in cases based on the morphism cg: X — Y.

— (Fibre type contraction) If cg: X — Y is not birational, i.e., dim X > dimY’, then we
are in the Mori fibre space case and we terminate.

— (Divisorial contraction) If cr: X — Y is birational and Exccp is a divisor, then Y is
again a Q-factorial projective variety, and Fy has log canonical singularities. We may
then replace X by Y and return to Step 1.
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— (Flipping contraction) If cg: X — Y is birational and Exccp is not a divisor, then by
Conjecture 4.7 the flip X --» X T exists. X' is a Q-factorial projective variety and F+
has log canonical singularities. We may then replace X by X and return to Step 1.

Remark 4.10. — As noted above, in most of the cases where Conjectures 4.2 and 4.7 are
known it is under the additional hypothesis that X is klt. In these cases it possible to show
that the contraction/flips preserves klt singularities. This is not obvious, but follows from the
way the contraction/flip is constructed. It would be desirable to have a “conceptual” reason
that the klt condition is preserved by contractions/flips with respect to Kr.

We now turn to the question of whether or not this process terminates. In this process we can
only have finitely many divisorial contractions since each divisorial contraction lowers p(X)
by 1. However, a flip leaves the Picard number unchanged, i.e., p(X) = p(X ™), so we cannot
use the Picard number to deduce that we only encounter finitely many flips. Indeed, showing
that there is no infinite sequence of flips is a real mystery (even in the case of varieties!).

Conjecture 4.11 (Termination of Flips). — There is no infinite sequence of flips. In
particular, the MMP terminates.

This is a subtle problem, and comparatively speaking not much is known.

— When dim X = 3 any sequence of flips terminates. In the case where Tr = Tx proof
goes by showing that an invariant called the difficulty drops after every flip, see e.g. [22,
Theorem 6.17]. This strategy needs to be modified to work in general, but this can be
done, cf. [32, Section 2]. Unfortunately, the difficulty is not a sufficiently refined invariant
to prove termination in dimension > 4.

— When the rank of F =1 any sequence of flips terminates, cf. [16].

4.4. Termination with Scaling. — While Conjecture 4.11 seems to be a challenging con-
jecture, there is a weaker version of termination, namely Termination of Flips with Scaling,
which suffices to prove the termination of the MMP algorithm in many cases of interest. The
idea behind Termination of Scaling is to run the MMP with an auxiliary divisor which guides
our choice of extremal ray. To be precise, consider the following set up. Let X be a normal
Q-factorial projective variety, let F be a foliation on X and let A > 0 be a Q-Weil divisor
such that (F,A) is log canonical. Let C' > 0 be a Q-divisor such that (F,A 4+ C) is log
canonical and Kr + A + C is nef.
Set Xg := X, Fo:=F, Ag := A and Cj := C. We define a sequence of divisorial contrac-
tions/flips with scaling of C

Xog--»X1-->Xo - ...
as follows. Set Ao := inf{¢t : Kz + A + tC is nef.}. The Cone Conjecture implies that there
exists a Kr+ A-negative extremal ray R [¢] such that (Kr+A+XC)-& = 0. Let ¢g: Xo --»
X1 be the divisorial contraction/flip associated to R4[], let Fi be the transform of Fy, let
A1 = ¢p Ao and let C := ¢+ Cy. We can then continue this process and produce a sequence
of varieties Xg --+» X7 --» X3 --» ... and scaling constants A\g > A; > ... such that at each
step we contract/flip a Kz, + A; + \;C;-trivial extremal ray.

Conjecture 4.12 (Termination of Flips with Scaling). — Any sequence of flips with
scaling terminates.
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Remark 4.13. — In practice we usually take Cy to be a sufficiently ample divisor, but we
remark that we usually lose ampleness after the first step in the MMP, i.e., typically C; is
not an ample divisor.

Much more is known about Conjecture 4.12.

— If (X, A) is klt, C' is ample, and either Kx + A is big or A is big, then any sequence of
flips with scaling of C' divisor terminates, cf. [5].

— Suppose that X is klt, F is an algebraically integrable foliation and A > 0 is a Q-divisor
such that (F,A) is log canonical. Let A, H be two ample divisors. Then any sequence
of Kr + A + A-flips with scaling of H terminates, [10]

It must be emphasised that proving Termination of Flips with Scaling of an ample divisor is
quite subtle. Part of the difficulty is the failure of Bertini’s theorem for foliations, cf. [14, Sec-
tion 3.5.2]. The way to address this technical complication is the systematic use of generalised
pairs with foliations, see for instance, [24].

4.5. Summary. — While we now know a lot about the Minimal Model Program for fo-
liations, it is still the case that a complete statement is only known in dimension < 3. In
addition to the technical challenges mentioned above, part of the issue is that a complete
reduction of singularities statement is only known in dimension < 3, see [9, 27|. Nevertheless,
the statement in dimension < 3 is quite satisfactory and for completeness’s sake we state it
here.

Theorem 4.14. — Let X be a smooth projective variety of dimension < 3, let F be a
foliation on X and let A > 0 be a Q-divisor such that (F,A) has log canonical singularities.
Then, there exists a Kr + A-negative birational contraction ¢: X --+ Y such that if Fy
denotes the transform of F and A = ¢ Ay then either

(1) Kr, + Ay is nef; or

(2) there exists a fibration f:Y — Z such that —(Kr, + Ay) is f-ample.

5. A proof sketch of the Cone Theorem in dimension three

In this section, I will give a brief sketch of the proof of the Cone Theorem for foliations
where the underlying variety is of dimension three. This is partly to give a flavour of some of
standard proof techniques in the MMP, but also to introduce Bend and Break.

5.1. Bend and Break. — Mori’s Bend and Break is a beautiful technique for producing
rational curves on algebraic varieties which proceeds by finding rational curves on the variety
after a reduction to characteristic = p, and then lifting these curves back to characteristic
= 0. As observed by Miyaoka, the Bend and Break technique can be adapted to produce
rational curves tangent to a foliation. We refer to [30] for a complete proof of this technique,
but in practice it seems like the following statement of the Bend and Break technique is
particularly useful.
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Theorem 5.1 (Bend and Break). — Let X be a normal projective variety of dimension
=n, let F be a foliation on X and let D1,..., D, be R-Cartier nef divisors such that

(1) Dy-...- D, =0; and
(2) ~K5-Dy-...- Dy >0.

Then, through a general point of X there is a rational curve X which is tangent to F and
Dy -3 =0. Moreover, if M is any nef divisor then we have

M-Dy-...-Dy
~Kr-Dy-...-D,’
Proof. — See [31, Corollary 2.28], cf. also [21]. O

M- ¥ <2dimX

5.2. Proof sketch of the Cone Theorem when dim X = 3. — We argue by induction
on the dimension of X, so we may assume that the Cone Theorem holds for foliations on
surfaces.

Let R be a K r-negative extremal ray (strictly speaking we should take an exposed extremal
ray). Let Hr be a supporting hyperplane to R, i.e. Hp is a nef R-Cartier divisor which is
characterised (up to scaling) by the property that Hr - « = 0 if and only if & € R. Note
that by Kleiman’s criterion (up to replacing Hr by a multiple) we have A := Hr — Kr is an
ample divisor.

We now argue in cases based on v(HR).

Case 1: v(Hg) < 3. — In this case we define

 JHr for1<i<wv(Hg)+1
‘" lA  forv(Hp)+1<i<3.

It is easy to verify that Dy - Dy - D3 = 0 and that —Kr - Dy - D3 = A- Dy - D3 > 0. We
may then apply Bend and Break, Theorem 5.1, to produce a rational curve ¥ such that
0= D; -3 = Hp-%, in particular 3 spans R as required.

Remark 5.2. — In fact, the argument in Case 1 works in arbitrary dimension, mutatis
mutandis.

Case 2: v(HR) = 3. — Since Hp is nef and H?% # 0 we see that Hp is a big divisor. By
Kodaira’s Lemma we see that Hg ~gr A + E where A is ample and £ > 0. There exists an
irreducible component S of E such that R lies in the image of the natural map NE(T) —
NE(X) where n: T — S C X is the normalisation of S. We have a restricted foliation Fr
on T (which might be the entire tangent sheaf of T') and by foliation adjunction, cf. [14], we
may write n*(Kr +¢(S5)S) = Kz, + Ar where Ap > 0. (N.b. this shows why working with
pairs is important in the MMP: pairs will naturally arise when proceeding by induction on
dimension by using adjunction)

There exists a Kz, + Ap-negative extremal ray R’ C NE(T) whose image in NE(X) is R.
Since dimT" < 2 we would like apply the Cone theorem for (Fr, A7) to produce a rational
curve spanning R’, and hence a rational curve spanning R. The issue is that we do not
have any control on the singularities of 7" or of (Fr, Ar). The way around this issue is to
replace (F,S) by a partial resolution of singularities called an F-dlt modification. On the
F-dlt modification we can guarantee that (Fr, A7) has log canonical singularities, and so our
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inductive argument can proceed. Proving the existence of F-dlt modifications is subtle and
while we expect in can be done in full generality, we are only able to prove it in some special
cases, e.g., in dimension < 3.

6. Important and Interesting things that I didn’t get to talk about

Here is a quick list of some important and interesting results and techniques that I didn’t get
a chance to discuss, but I wish I could have.

6.1. Failure of the base point free theorem and abundance. — The base point free
theorem says the following (see for instance [22, Theorem 3.3]).

Theorem 6.1. — Let X be a normal projective variety and let A > 0 be a Q-divisor such
that (X, A) is klt. Let H be a Q-Cartier and nef divisor such that H — (Kx + A) is big and
nef. Then H is semi-ample.

This theorem plays a central role in the proofs of the Cone and Contraction theorem for
varieties, but this type of theorem does not hold for foliations more generally:

Ezxample 6.2. — Let Xy be the Bailey—Borel compactification of a bi-disc quotient by an
irreducible lattice and let Fy be one of the tautological foliations on Xy. Let H C Xy be a
general sufficiently ample divisor and let Yy — X be a ramified cover which is ramified along
H to order r. Note that Yy has some number of singularities which are (locally) isomorphic
to the cusps of Xy. Let p: Y — Y| be the resolution of these cusps and let G be the pull-back
of Fo along the natural map ¥ — Xj.

By the Riemann-Hurwitz formula for foliations (see [19, Lemma 3.4] and [16, Proposition 2.2])
Kg is big and nef, however, by [25, Corollary IV.2.3] Kg is not semi-ample.

Because of this failure the proofs of the Cone and Contraction theorem for foliations need
to take a very different strategy than the one taken for varieties (we remark, however, that
a weak version of the base point free theorem is still expected to hold, see [15] for one such
statement).

This example also demonstrates a very intriguing difference between the birational geome-
try of varieties and the birational geometry of foliations. The Abundance Conjecture is the
following central conjecture in the birational geometry of algebraic varieties.

Conjecture 6.3 (Abundance Conjecture). — Let X be a normal projective variety with
log canonical singularities. If Kx is nef, then Kx is semi-ample.

The foliations described above show that if K is nef, then it is not necessarily the case
that K is semi-ample, in particular, the Abundance Conjecture does not hold for foliations.
Nevertheless, as we will see in Section 6.2, at least for surfaces, the Abundance Conjecture
only fails to hold for very specific foliations. This perhaps suggests the possibility of a refined
version of the Abundance Conjecture which holds for foliations as well.
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6.2. Kodaira—Enriques Classification. — While the existence of minimal models or Mori
fibre spaces is important and interesting in its own right, we should not forget its role in the
classification problem we started with. Indeed, in the case of foliations on surfaces a rather
complete classification has been worked out which we summarise here.

In the following table we assume that (X, F) is the output of the Kx-MMP starting from a
smooth surface and a foliation with canonical singularities.

v(X,F) | k(X,F) | Description
—00 —00 F is induced by a P!-fibration.

0 0 Up to a quasi-étale cover, one of the following holds

— X =2 F x C where FE is an elliptic curve and F is induced by
the projection to C; or

— X is an equivariant compactification of a Lie group and F is
generated by an element in the Lie algebra.

1 —00 X is a resolution of the cusps of the Bailey—Borel compactification
of a bi-disc quotient by an irreducible lattice and F is induced by
one of the two tautological foliations on the bi-disc.

1 1 Up to replacing X by cover ramified only on F-invariant curves,

— X is a P'-bundle over a curve and F Ricatti with repsect to
this structure;

— X admits an isotrivial elliptic fibration and F is turbulent
with respect to this fibration;

— F is induced by a non-isotrivial elliptic fibration; or

— F is induced by an isotrivial fibration in curves of genus > 2.

2 2 General type

We point out a very interesting feature of the above classification. We always have v(X, F) =
k(X,F) except in the case of bi-disc quotients. As noted earlier these foliations give examples
where abundance fails. A remarkable feature of the classification is that these are the only
such failures in the case of surface foliations. It would be very interesting to understand this
phenomenon in higher dimensions.

Question 6.4. — Can we classify all foliations with log canonical singularities for which

v(X,F)#k(X,F)?

We also remark that the classification does not say anything in particular about the general
type case. In this case, in analogy with the moduli space of genus > 2 curves, the expectation
is that one should produce a moduli space which parametrises foliations of general type. This
will be explored in forthcoming work, [34].
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6.3. Adjoint foliated structures. — Starting with [29] it was observed that many of the
“pathologies” of the birational geometry of foliations can be handled by working with divisors
of the form (1—t) Kr+tKx where 0 < ¢t < 1. This line of thought was pursued further in [33]
where the boundedness of certain classes of foliations was proven. In [10, 11] this idea was
pushed further in the case of algebraically integrable foliations where we consider all values
of t € [0,1].

6.4. Generalised pairs. — As alluded to previously, it has become clear recently that
the framework of generalised pairs is the correct one for studying many questions in the
birational geometry of foliations. Generalised pairs were introduced in [6] and have proven
to be a powerful tool in birational geometry more generally. We refer to [10, 11, 18, 24] for
some examples of the use of generalised pairs in the context of the study of foliations.

6.5. Singularities. — The MMP is an effective tool for the study of singularities of alge-
braic varieties, and the foliated MMP seems to be a similarly useful tool for the study of
foliation singularities. We refer to [32] for some illustrative examples.

6.6. More on the MMP for algebraically integrable foliations. — A contraction
f: X — Y between normal projective varieties induces a foliation F. If X has log canonical
singularities, then we can run a Kx-MMP relatively over Y, i.e., we only contract/flip curves
which are contained in fibres of f. Should this MMP terminate, the output will either be a
relative Mori fibre space over Y, or model where Kx is nef over Y. If F has log canonical
singularities, then we can also run a Kr-MMP. In general, the Kr-MMP differs from the
relative Kx-MMP, that is to say, a sequence of steps of the relative Kx-MMP is not neces-
sarily a sequence of steps in the Kr-MMP, and vice versa. It must also be remarked that if
K r is pseudo-effective, then the Kr-MMP terminates in a model where Kr is globally nef
(not just relatively nef over Y).

We also remark that even if X has log canonical singularities, this is not enough to guarantee
that F log canonical singularities. It would be interesting to understand more precisely the
relationship between the singularities of the fibration f: X — Y and the singularities of the
induced foliation. We refer to [2, Proposition 3.7] for one such result in this direction.
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