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01 is desribed by the element
a

→
10
→
01
(X,Y ) ∈ C{{X,Y }}



alled the Drinfeld assoiator. This element is a formal power series in nonommuting variable X and Y given expliitly by the formula
a

→
10
→
01
(X,Y ) :=

1 +
∑

w=Xi1 ·Y j1 ·..·Xin ·Y jn

( ∫
→
10

→
01

( −dz

z − 1

)jn ,
(−dz

z

)in , . . . ,
( −dz

z − 1

)j1,
(−dz

z

)i1)wWe brie�y sketh the de�nition of iterated integrals starting from tangentialpoints →
01 or →

10. If jn > 0 then we integrate from 0. If jn = 0 and in > 0 thenwe integrate from 0 the iterated integral ∫ z
0

(−logz)in

in!
(−dz
z−1)

jn−1 , . . . . Similarly wede�ne iterated integrals from →
10 to z. Both power series whose oe�ients areiterated integrals from →

01 to z and from →
10 to z are �at setions of the prinipal

C{{X,Y }}∗-�bre bundle over P1(C) \ {0, 1,∞} equipped with an integrableonnetion given by a one form dz
z ⊗X + dz

z−1 ⊗Y. Hene omparing these two�at setions whih di�er by a onstant element we get iterated integrals from
→
01 to →

10 and the power series a→
10
→
01
(X,Y ). (See [22℄ and [23℄ for more details aswell as [4℄ and [16℄ for di�erent approah).The element a

→
10
→
01
(X,Y ) satis�es Z/2, Z/3 and Z/5-yle relations (see [4℄).The oe�ients of a→

10
→
01
(X,Y ) satisfy also three types of shu�e relations. Theshu�e relations of type I or iterated integrals type are onsequene of the Chenformula

(

∫ b

a
ω1, . . . , ωp) · (

∫ b

a
ωp+1, . . . , ωp+q) =

∑

π∈Sh(p,q)

∫ b

a
ωπ(1), . . . , ωπ(p+q)for iterated integrals (see [2℄) whih remains true if a or (and) b are tangentialpoints (see [22℄ and [23℄). The shu�e relations of type II or multi zeta typerelations are generalization of the following identity

(
∞∑

n=1

1

n2
) · (

∞∑

m=1

1

m3
) =

∞∑

n>m=1

1

m3 · n2
+

∞∑

m>n=1

1

n2 ·m3
+

∞∑

n=1

1

n5
.The iterated integrals

∫ z

0

−dz

z − 1
, . . . ,

−dz

z
, (

−dz

z − 1
)kare divergent when z → 1 and k > 0. 2



The iterated integrals ∫ →
10
→
01

−dz
z−1 , . . . ,

−dz
z , (−dz

z−1)
k regularized them in suh a waythat the Chen formula still holds (see [22℄, [23℄ and [16℄) but the multi zetatype relations do not hold.These divergent iterated integrals one an also regularized in suh a way thatthe multi zeta type relations hold. The shu�e relations of type III omparethese two regularizations.The absolute Galois group GQ ats on the étale fundamental group π1(P1

Q̄ \
{0, 1,∞};

→
01), hene we get a Galois representation

ϕ : GQ −→ Aut(π1(P1
Q̄ \ {0, 1,∞};

→
01)),whih was studied by Ihara (see [10℄), Deligne (see [3℄), Grothendiek (see[8℄) and other persons. The representation ϕ is ompletely desribed by theoyle

GQ ∋ σ −→ fp(σ) := p−1 · σ(p) ∈ π1(P1
Q̄ \ {0, 1,∞};

→
01),where p is the anonial path from →

01 to →
10, the open interval (0, 1).We embed the pro-l ompletion of π1(P1

Q̄ \ {0, 1,∞};
→
01) into the Ql-algebraof non-ommutative formal power series Ql{{X,Y }} in two non-ommutingvariables X and Y sending x onto eX and y onto eY (see [18℄). Hene we geta Galois representation

ϕl : GQ −→ Aut(Ql{{X,Y }}).Let Λp(X,Y )(σ) ∈ Ql{{X,Y }} be the image of fp(σ) in Ql{{X,Y }}. Therepresentation ϕl is ompletely desribed by the oyle
GQ ∋ σ −→ Λp(X,Y )(σ) ∈ Ql{{X,Y }}.The element fp(σ) satis�es the Z/2, Z/3 and Z/5-yle relations (see [11℄).Hene after embedding of the pro-l ompletion of π1(P1

Q̄ \ {0, 1,∞};
→
01) into

Ql{{X,Y }} we get some kind of Z/2 and Z/3-yle relations satis�ed by theelement Λp(X,Y )(σ) (see setion 3 of this note).The oyles fp and Λp are respetively pro-�nite and l-adi analogs of theDrinfeld assoiator a
→
10
→
01
(X,Y ). Hene it is a natural question to ask if theelements fp(σ) and Λp(σ) satisfy shu�e relations of type I, II and III.In this note we shall show that the oe�ients of the formal power series

Λp(X,Y )(σ) satisfy trivially shu�e relations of type I beause of the veryde�nition of the embedding of the pro-l ompletion of π1(P1
Q̄ \ {0, 1,∞};

→
01)into the Ql-algebra of non-ommutative formal power series Ql{{X,Y }}.3



The formal power series Λp(X,Y )(σ) satis�es Z/2, Z/3 and Z/5-yle relations,as it does the Drinfeld assoiator a→
10
→
01
(X,Y ). However there are some di�erenes.For example in the Z/3-yle relation Z = −X−Y is replaed by −(X©Y ) :=

−log(eX ·eY ). Unfortunately we do not know how to formulate shu�e relationsof type II and III in l-adi ase. However when one passes to assoiated gradedLie algebras the Z/2, Z/3 and Z/5-yle relations satis�ed by the element
Λp(X,Y )(σ) beome more familier and then we an formulate analogs of shu�erelations of type II and III for this element. Though we do not know how toprove them.2. Shu�e relations of type I (of iterated integrals type)Let K be a number �eld. Let a1, . . . , an belong to K and let

V := P1
K \ {a1, . . . , an,∞}.Let v be a K-point of V or a tangential point de�ned over K. Let x1, . . . , xn begeometri generators of π1(VK̄ ; v) � loops around a1, . . . , an respetively (see[18℄).Let X := {X1, . . . ,Xn}, let Ql{X} be a Ql-algebra of polynomials in non-ommuting variables X1, . . . ,Xn and let Ql{{X}} be a Ql-algebra of formalpower series in non-ommuting variables X1, . . . ,Xn. Let Lie(X) be a Lie al-gebra of Lie polynomials in Ql{X} and let L(X) be a Lie algebra of Lie formalpower series in Ql{{X}}.If A and B belong to a Lie algebra L then we set [A,B(0)] := A and

[A,B(n+1)] := [[A,B(n)], B] for n ≥ 0.Let
k : π1(VK̄ ; v)l −→ Ql{{X}}be a ontinous multipliative embedding of the pro-l ompletion of π1(VK̄ ; v)into Ql{{X}} given by

k(xi) = eXifor i = 1, . . . , n.Let z be also a K-point or a tangential point de�ned over K. Let γ be an l-adipath from v to z and let σ ∈ GK . We reall the de�nitions from [18℄ by setting
fγ(σ) := γ−1 · σ(γ) ∈ π1(VK̄ ; v)land
Λγ(σ) := k(fγ(σ)) ∈ Ql{{X}}.Let W(X) be a set of all monomials in non-ommuting variables X1, . . . ,Xn.We inlude 1 in W(X). Then W(X) is a base of a Ql-vetor spae Ql{X}. Let
W(X)∗ := {w∗ | w ∈ W(X)}4



be the dual base, i.e., w∗ ∈ Hom(Ql{X},Ql) and w∗(w′) = δww′ for any w′ ∈
W(X). We extend w∗ to a linear form on Ql{{X}} setting w∗(Λ) to be equala oe�ient of Λ at the monomial w. Then we an write

Λ =
∑

w∈W(X)
w∗(Λ) · wfor any Λ ∈ Ql{{X}}.If w ∈ W(X) we denote by |w| the degree of the monomial w. We de�ne thegroup of (p, q)-shu�e permutations of the set p+ q := {1, 2, . . . , p+ q} by

Sh(p, q) := {π ∈ Sp+q | ∀a, b ∈ p+ q, a < b ≤ p or p < a < b implies

π−1(a) < π−1(b)}.If w = Xi1 ·Xi2 · . . . ·Xip , w1 = Xip+1 ·Xip+2 · . . . ·Xip+q and π ∈ Sh(p, q) thenwe set
π(w,w1) := Xiπ(1)

·Xiπ(2)
· . . . ·Xiπ(p+q)

.De�nition 2.1. � We say that oe�ients of a formal power series Λ ∈
Ql{{X}} satisfy shu�e relations of type I if

w∗(Λ) · w∗
1(Λ) =

∑

π∈Sh(|w|,|w1|)
π(w,w1)

∗(Λ)for any w,w1 ∈ W(X).Let Ql{{X}}⋄ be a Ql-vetor subspae of HomQl
(Ql{{X}},Ql) generated bythe set W(X)∗. Then the formula

w∗⊙w∗
1 :=

∑

π∈Sh(|w|,|w1|)
π(w,w1)

∗de�nes a ommutative produt on Ql{{X}}⋄ and the obtained Ql-algebra wedenote by Ql{{X}}⋄⊙.If Λ ∈ Ql{{X}} then we de�ne a linear map
evΛ : Ql{{X}}⋄ → Qlby setting evΛ(w

∗) := w∗(Λ).Let us de�ne a ontinous homomorphism of Ql-algebras
∆ : Ql{{X}} → Ql{{X}}⊗̂Ql{{X}}by setting

∆(Xi) := Xi ⊗ 1 + 1⊗Xion topologial generators X1,X2, . . . ,Xn, . . . of Ql{{X}}. We reall the lassi-al result of Ree. 5



Theorem 2.2. � (See [17℄) Let Λ ∈ Ql{{X}} be suh that 1∗(Λ) = 1. Thefollowing onditions are equivalent:i) the oe�ients of Λ satisfy shu�e relations of type I;ii) logΛ is a Lie formal power series in Ql{{X}};iii) ∆(logΛ) = logΛ⊗ 1 + 1⊗ logΛ;iv) ∆(Λ) = Λ⊗ Λ;v) the map evΛ : Ql{{X}}⋄⊙ → Ql is a homomorphism of Ql-algebras.Proposition 2.3. � The oe�ients of the formal power series Λγ(σ) ∈
Ql{{X}} satisfy shu�e relations of type I.Proof. It follows from the Baker-Campbell-Hausdor� formula that the imageof the embedding k is ontained in the subgroup exp(L(X)) of the multipliativegroup of Ql{{X}}. Hene logΛγ(σ) ∈ L(X), i.e. logΛγ(σ) is a Lie formal powerseries. Now the proposition follows from Theorem 2.2. �Iterated integrals satisfy the formula
2.3.1.

∫

γ−1

ω1, . . . , ωn = (−1)n
∫

γ
ωn, . . . , ω1(see [2℄). Our next aim is to show the analogue of this formula for the powerseries Λγ(σ) ∈ Ql{{X}} (see [19℄, pages 118 and 119, where this problem wasraised).The path γ−1 is a path from z to v, hene fγ−1(σ) ∈ π1(VK̄ ; z).Lemma 2.4. � (see [18℄ Lemma 1.0.6.)We have

(γ−1 · fγ−1(σ) · γ) · fγ(σ) = 1.The elements x′i := γ · xi · γ−1 for i = 1, . . . , n are geometrial generators of
π1(VK̄ ; z). Let

k′ : π1(VK̄ ; z)l −→ Ql{{X}}be a ontinous multipliative embedding given by k′(x′i) = eXi for i = 1, . . . , n.Let
Λγ−1(σ) := k′(fγ−1(σ)).Lemma 2.5. � We have
Λγ−1(σ) · Λγ(σ) = 1.6



Proof. Observe that k(xi) = k′(x′i) for i = 1, . . . , n. Hene k(γ−1 ·fγ−1(σ)·γ) =
k′(fγ−1(σ)). Therefore it follows from Lemma 2.4 that Λγ−1(σ) · Λγ(σ) = 1. �Let t : Ql{{X}} → Ql{{X}} be a ontinous linear mapping given by

t(Xi1 · . . . ·Xim) = Xim · . . . ·Xi1on elements of W(X). Then t is an anti-automorphism of Ql-algebras, i.e.
t(a · b) = t(b) · t(a).Proposition 2.6. � Let w ∈ W(X). Then we have

w∗(Λγ−1(σ)) = (−1)|w|(t(w))∗(Λγ(σ)).Proof. It follows from Lemma 2.5 that Λγ−1(σ) = (Λγ(σ))
−1. The oe�ientsof the power series Λγ(σ) satisfy shu�e relations of type I by Proposition 2.3.Hene it follows from [17℄ Theorem 2.6 that

w∗(Λγ−1(σ)) = w∗(Λγ(σ)
−1) = (−1)|w|(t(w))∗(Λγ(σ)).

�Remark 2.7. � If Λγ(z, v) is a �at setion of the anonial pro-nilpotentonnetion on V (C) along a path γ from v to z then the formula 2.3.1 an bewritten in the form
w∗(Λγ−1(v, z)) = (−1)|w|(t(w))∗(Λγ(z, v)).3. l-adi iterated integrals on P1 \ {0, 1,∞} evaluated at 1The oe�ient of the Drinfeld assoiator a

→
10
→
01
(X,Y ) at Xn−1Y is equal

∫ 1
0

−dz
z−1 ,

−dz
z , . . . , −dz

z = (−1)n−1
∫ 1
0 −log(1 − z)dzz , . . . ,

dz
z = (−1)n−1Lin(1) =

(−1)n−1ζ(n). It was shown by Euler that ζ(2k) = (−1)k−1 (2π)2k

2·(2k)!b2k =

− (2πi)2k

2·(2k)! b2k, where b1 = −1
2 , b2 = 1

6 , . . . are Bernoulli numbers. Using Z/2 and
Z/3 symmetries of P1 \ {0, 1,∞} and the Baker-Campbell-Hausdor� formulaone an reprove the Euler result (see [3℄).We shall prove here the analogous result in the l-adi setting.Let V := P1

Q\{0, 1,∞}. Let g : V → V and h : V → V be given by g(z) = 1−zand h(z) = z
z−1 . Let p be the anonial path from →

01 to →
10 � the interval (0, 1).Let x0, y1 and z∞ be loops around 0, 1 and ∞ based at →

01, →
10 and →

∞0respetively (see Piture 1). 7



b

x0 y1

z∞

0 1 0 1

∞ 0

b

b

Picture 1Let us set
x := x0 y := p−1 · y1 · p and z := s−1 · h(p)−1 · z∞ · h(p) · s,where s is a path from →

01 to →
0∞ as on Piture 2.

b∞ 10

s

Picture 2Observe that x · y · z = 1 in π1(VQ̄;
→
01), hene

3.1. s−1 · h(p)−1 · z∞ · h(p) · s = (p−1 · y1 · p)−1 · x−1
0(see Piture 3). 8



bb

b b

∞ 0

0 1

Picture 3We reall that for any σ ∈ GQ,
fp(σ) := p−1 · σ(p).The element fp has been studied by Ihara (see [11℄) and also by Nakamura andShneps (see [14℄). Observe that g(p) = p−1. Hene we get g∗(fp) = fg(p) =

fp−1 = p · f−1
p · p−1, i.e. p−1 · (g∗(fp)) · p = f−1

p . The last equality implies
3.2. fp(y, x) = fp(x, y)

−1.(This is of ourse the famous Z/2-yle relation of Drinfeld (see for example[11℄). Observe that
s−1 · h(x) · s = x and s−1 · h(y) · s = z.This implies

3.3. s−1 · fh(p) · s = s−1 · h∗(fp) · s = fp(x, z).Let
χ : GQ −→ Z∗

lbe the ylotomi harater. It follows from [18℄ Lemma 1.0.6 and the equality3.3 that
3.4. f(p−1·y−1

1 ·p·x−1
0 )(σ) = x · y · (fp(x, y)(σ))−1 · y−χ(σ) · (fp(x, y)(σ)) · x−χ(σ)and

3.5.

f(s−1·h(p)−1·z∞·h(p)·s)(σ) = z−1·x
(χ(σ)−1)

2 ·(fp(x, z)(σ))−1·zχ(σ)·fp(x, z)(σ)·x−
(χ(σ)−1)

2 .9



Let k : π1(VQ̄;
→
01)l → Ql{{X,Y }} be a ontinous multipliative embeddinggiven by k(x) = eX and k(y) = eY . Then

Λp(X,Y )(σ) := k(fp(x, y)(σ)).It follows from 3.2 that
3.6. Λp(Y,X) = Λp(X,Y )−1.Let I2 (resp. J2) be a losed Lie ideal of L(X,Y ) generated by Lie braketswith 2 or more Y 's (resp. X's). We reall that

logΛp(X,Y ) ≡
∞∑

n=2

ln(1)[Y,X
(n−1)] mod I2by the very de�nition of l-adi polylogarithms (see [19℄). It follows from 3.6that

3.7.

logΛp(X,Y ) ≡ l2(1)[Y,X]+

∞∑

n=2

ln(1)[Y,X
(n−1)]+

∞∑

n=3

−ln(1)[X,Y (n−1)] mod I2∩J2.Let us set
X © Y := log (eX · eY ).The right hand sides of 3.4 and 3.5 are equal by 3.1. Hene applying k andthen taking logarithm we get the equality

3.8. (−logΛp(X,Y ))© (−χ · Y )© (logΛp(X,Y ))© (−χ ·X) =

(
χ− 1

2
X)©(−logΛp(X,−(X©Y ))©(−χ(X©Y ))©(logΛp(X,−(X©Y ))©(−χ− 1

2
X).It follows from the formulas

(−X)© Y ©X = Y +
∞∑

n=1

1

n!
[Y,X(n)](see [13℄) and

X©Y ≡ X+Y+
1

2
[X,Y ]+

∞∑

n=1

b2n
(2n)!

[Y,X(2n)]+

∞∑

n=1

b2n
(2n)!

[X,Y (2n)] mod I2∩J2(see [1℄ or [6℄) and from the ongruenes 3.7 and
logΛp(X,−(X © Y )) ≡

∞∑

n=2

(−1)nln(1)[X,Y (n−1)] mod J210



that the left hand side of the equality 3.8 is ongruent to
3.9.

−χ·X−χ·Y−
∞∑

n=2

χ·ln(1)[X,Y (n)]−1

2
χ2[X,Y ]−

∞∑

k=1

b2k
(2k)!

χ2k+1[X,Y (2k)] mod J2and the right hand side of the equality 3.8 is ongruent to
3.10.

−χ·X−χ·Y−1

2
χ2[X,Y ]−χ

∞∑

k=1

b2k
(2k)!

[X,Y (2k)]+

∞∑

n=2

(−1)nχ·ln(1)[X,Y (n)] mod J2Comparing 3.9 and 3.10 we get the following result.Proposition 3.1. �
l2k(1) = − b2k

2 · (2k)! (χ
2k − 1).(This result is stated without proof in [11℄ and in referenes given by Ihara in[11℄ only ln(1) for n odd is alulated.)The l-adi polylogarithm l2k(1) is a funtion from GQ to Ql(2k), hene itsohomology lass in H1(GQ;Ql(2k)) is zero. However the related funtionstudied in [15℄ and in [21℄, whih takes values in Zl(2k) need not be zero in

H1(GQ;Zl(2k)). We shall show below that it determines a torsion lass in
H1(GQ;Zl(2k)) and we shall alulate its order (see also [3℄).We start by realling the arithmeti formula for l-adi polylogarithms from[15℄. Let z be a Q-point of V or a tangential point de�ned over Q. Let q bea path on VQ̄ from →

01 to z. Let ϕn : π1(VQ̄;
→
01)l → Z/ln be a homomorphismgiven by ϕn(x) = 1 and ϕn(y) = 0. Let us set

Hn := ker(ϕn : π1(VQ̄;
→
01)l → Z/ln).Then we have

3.11. x−l(z)q(σ) · fq(σ) ≡
ln−1∏

i=0

(xi · y · x−i)κ(1−ξilnz
1
ln )(σ) mod (Hn,Hn)where (Hn,Hn) is the ommutator subgroup of Hn and where the oe�ients

κ(1− ξilnz
1
ln )(σ) ∈ Zl are de�ned by the formula

ξ
κ(1−ξilnz

1
ln )(σ)

lk
=

σ((1 − ξ
iχ(σ)−1

ln · z 1
ln )

1

lk )

(1− ξ
i+l(z)q(σ)
ln · z 1

ln )
1

lk

.11



After the embedding k of π1(VQ̄;
→
01) into Ql{{X,Y }} and then taking loga-rithm we get

3.12. (−l(z)q(σ)X)© logΛq(X,Y )(σ) ≡

∞∑

m=0

(−1)m

m!
(
ln−1∑

i=0

imκ(1 − ξilnz
1
ln )(σ))[Y,X(m)] mod log(k((Hn,Hn))).Let us denote by cm+1(z)(σ) the oe�ient of the left hand side of 3.12 at theterm [Y,X(m)]. Then we have

3.13.

cm+1(z)(σ) ≡
(−1)m

m!
(

ln−1∑

i=0

imκ(1 − ξilnz
1
ln )(σ))[Y,X(m)] mod ln−vl((m−1)!).(The formula on the right hand side is related to the Gabber onstrution ofthe Heisenberg over of P1 \ {0, 1,∞} (see [5℄).It is shown in [15℄ that κ(z)(σ) := {κ(1 − ξilnz

1
ln )(σ)}i∈Z/ln , n∈N is a measureon Zl. We set

ℓm+1(z)(σ) :=

∫

Zl

xmdκ(z)(σ).Therefore ℓm+1(z) is a funtion from GQ̄ to Zl. It follows from 3.13 that
3.14. cm+1(z)(σ) =

(−1)m

m!
ℓm+1(z)(σ).Let q be the path p from →

01 to →
10. Then l(1)(σ) = 0. Hene we get

3.15. cm+1(1)(σ) = lm+1(1)(σ).Theorem 3.2. � i) We have ℓ2k(1) =
b2k

2·(2k) · (χ2k − 1) in Z1(GQ;Zl(2k));ii) Let us write b2k
2·(2k) =

a
b , where a, b ∈ Z are relatively prime. The lass ofthe oyle ℓ2k(1) is a torsion element of H1(GQ;Zl(2k)) of order lvl(b).iii) The lass of the oyle ℓ2k(1) is a torsion element of maximal order in

H1(GQ;Zl(2k)).Proof. We have already observed that ℓ2k(1) is a funtion from GQ̄ to Zl. Itfollows immediately from Proposition 3.1 and the equalities 3.14 and 3.15 that
ℓ2k(1) = b2k

2·2k (χ
2k − 1). Hene ℓ2k(1) is in Z1(GQ;Zl(2k)). The point ii) is aonsequene immediate of the point i).Let us suppose that l is an odd prime. The ylotomi harater χ : GQ →

Z∗
l = (1 + lZl) × µl−1 is surjetive. Therefore there are torsion elements in12



H1(GQ;Zl(2k)) if and only if 2k ≡ 0 mod (l − 1). Let us suppose that 2k =
(l − 1) · lm−1 · q with (q, l) = 1. Then it follows immediately that χ2k − 1 isdivisible by lm but not by lm+1. On the other side Von Staudt Congruee (see[12℄, hapter 2, setion 2, Corollary 2) implies that vl(

b2k
2·2k ) = −m. Hene

ℓ2k(1) is a torsion element in H1(GQ;Zl(2k)) of maximal order.The proof in ase l = 2 is similar and we omit it. �As a orollary we get a well known result about the Bernoulli numbers.Corollary 3.3. � Let 2k 6≡ 0 mod (l − 1). Then vl(
b2k
2·2k ) ≥ 0.Proof. If 2k 6≡ 0 mod l− 1 then χ2k − 1 is not divisible by l. Hene the pointi) of the theorem implies that vl(

b2k
2·2k ) ≥ 0. �Let s : Ql{{X,Y }} → Ql{{X,Y }} be an isomorphism of Ql-algebras given by

s(X) = Y and s(Y ) = X. We reall from setion 1 that t : Ql{{X,Y }} →
Ql{{X,Y }} is an anti-isomorphism. Let us set

τ := s ◦ t.Now we shall show the analog of the duality theorem for multi zeta values (see[9℄ page 53).Proposition 3.4. � Let w ∈ W(X,Y ). We have
w∗(Λp(X,Y )(σ)) = (−1)|w|(τ(w))∗(Λp(X,Y )(σ)).Proof. It follows from Proposition 2.6 and Lemma 2.5 that

w∗(Λp(X,Y )(σ)) = (−1)|w|(t(w))∗((Λp(X,Y )(σ))−1).It follows from Z/2-yle relation that
(−1)|w|(t(w))∗((Λp(X,Y )(σ))−1) = (−1)|w|(t(w))∗(Λp(Y,X)(σ)).Observe that for any u ∈ W(X,Y ) we have u∗(Λp(Y,X)(σ)) = s(u)∗(Λp(X,Y )(σ).Hene we get w∗(Λp(X,Y )(σ)) = (−1)|w|(τ(w))∗(Λp(X,Y )(σ)). �13



4. Z/2, Z/3 and Z/5-yle relationsLet us hose generators of π1(VQ̄;
→
01) as on the piture

b

b

b

x

z

∞ 0 1 y

Picture 4Then we have x · y · z = 1.

b bb

∞ 0 1p

Picture 5Calulating the element f along the path on the Piture 5 we get the Z/3-ylerelation of Drinfeld in π1(VQ̄;
→
01)

x
χ−1
2 · fp(z, x) · z

χ−1
2 · fp(y, z) · y

χ−1
2 · fp(x, y) = 1.(see for example [11℄). After the embedding k of π1(VQ̄;

→
01) into Ql{{X,Y }}the Z/2 and Z/3-yle relations have the following form

∗2 Λp(X,Y ) · Λp(Y,X) = 1,and
∗3
e

χ−1
2

X ·Λp(−(X©Y ),X)·eχ−1
2

(−(X©Y ))·Λp(Y,−(X©Y ))·eχ−1
2

Y ·Λp(X,Y ) = 1.In this moment we annot expet that shu�e relations of type II and III havethe same form as in De Rham�Betti setting (see [16℄). However when we passto assoiated graded Lie algebras the situation beomes more familiar. Wereall that with the ation of a Galois group on π1 or on a torsor of paths thereis assoiated a �ltration of the Galois group (see [18℄ setion 3).14



Let I := ker(ε : Ql{{X,Y }} −→ Ql) be an augmentation ideal.In the ase of the ation of GQ̄ on π1(VQ̄;
→
01) or on the torsor of paths on VQ̄from →

01 to →
10 this �ltration is de�ned as follows

G0(Q) := GQ̄, G1(Q) := GQ̄(µl∞ ),

Gn(Q) := {σ ∈ GQ̄(µl∞ ) | Λp(X,Y )(σ) ≡ 1 mod In}for n > 1.If we pass to a graded Lie algebra
LieGQ̄ :=

∞⊕

i=1

(
Gi(Q)/Gi+1(Q)

)
⊗Qassoiated with the ation of GQ̄ on π1(VQ̄;

→
01) the equations ∗2 and ∗3 havemore familier form as we an see in the next proposition.Proposition 4.1. � Let σ ∈ Gn(Q). Let us set Z := −X − Y. Then we have

∗∗2 Λp(X,Y )(σ) + Λp(Y,X)(σ) = 0 mod In+1,

∗∗3 Λp(Z, Y )(σ) + Λp(Y,Z)(σ) + Λp(X,Y ) = 0 mod In+1.The Z5-yle relation an also be written in this form but we do not stateit here in order not to make this paper too heavy. In the next setion weformulate shu�e relations of type II and III for oe�ients of Λp(X,Y ).5. Shu�e relations of type II and III (multi zeta type andregularized multi zeta type)We start this setion by realling some notations from [16℄.Let Y := {y1, y2, . . . , yn, . . .} be a set of non-ommuting variables. We set deg
yi := i. Then the degree of a monomial yi1 ·yi2 ·. . .·yik is∑k

α=1 iα.We denote by
Q << Y >> the Q-algebra of formal power series in non-ommuting variables
y1, y2, . . . , yn, . . . We de�ne a oprodut of Q-algebras

∆∗ : Q << Y >>−→ Q << Y >> ⊗̂Q << Y >>by setting
∆∗(yn) :=

n∑

i=0

yn−i ⊗ yion generators (with the onvention that y0 = 1).15



Let W(X,Y )X̂ be a subset of W(X,Y ) ontaining 1 and all monomials whoselast term is Y . Let Q{{X,Y }}X̂ be a subalgebra of Q{{X,Y }} generatedtopologially by the set W(X,Y )X̂ .We identify the Q-algebra Q << Y >> with the subalgebra Q{{X,Y }}X̂ of
Q{{X,Y }} sending

yi → Xi−1Yfor i = 1, 2, . . .. Hene we get a oprodut
∆∗ : Q{{X,Y }}X̂ → Q{{X,Y }}X̂⊗̂Q{{X,Y }}X̂ ,whih indues a ommutative produt

⋆ : (Q{{X,Y }}X̂)⋄ ⊗ (Q{{X,Y }}X̂)⋄ −→ (Q{{X,Y }}X̂)⋄.The Q-vetor spae (Q{{X,Y }}X̂)⋄ equipped with the produt ⋆ we de-note by (Q{{X,Y }}X̂)⋄⋆. If we tensored by Ql or by C we obtain algebras
(Ql{{X,Y }}X̂)⋄ and (C{{X,Y }}X̂ )⋄⋆.Conjeture 5.1. � (assoiated graded Lie algebra version of shu�e relationsof type II and III.) Let σ ∈ Gn(Q). Then for any w,w1 ∈ W(X,Y )X̂ suh that
|w|+ |w1| = n we have

∑

u∈W(X,Y )
X̂

(−1)degY (u)(w∗⋆w∗
1)(u) · u∗(Λp(X,Y )(σ)) = 0 mod In+1.We point out that the shu�e relations dedued from produts of multi zetafuntions are also studied in greater generality in [7℄.
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