
THEORIE DES NOMBRES 

BESANCON 

Années 1989/90-1990/91 

H. SUZUKI'S GENERALIZATION OF HILBERT'S TH. 94 

Katsuya MIYAKE 



H. SUZUKI'S GENERÀLIZÀTION OF HILBERT'S T H . 9 4 

Katsuya MIYAKE 

\ . INTRODUCTION 

Recerit ly , H. Suzuki [S] s u c c e e d e d in g iv ing a proof t o the f o l l o w i n g 
t h e o r e m and an a f f i r m a t i v e a n s w e r t o a c l a s s l c a l problem (cf .e .g . 
Miyake [Ml] - [M3] and J a u l e n t [J]): 

Theorem. Let k be an a l g e b r a i c number f i e l d of f i n i t e d e g r e e , and 
K be an u n r a m i f i e d abe l i an e x t e n s i o n of k. Then at l e a s t [K:k] idéal 
c l a s s e s of k b e c o m e principal in K. 

in c a s e tha t K/k i s c y c l i c of pr ime d e g r e e , w e have Hi lbert ' s 
Theorem 9 4 in h i s c e l e b r a t e d "Zahlbericht" [H]. We a l s o have the 
principal idéal t h e o r e m w h e n K i s Hi lbert ' s c l a s s f i e l d of k. The 
c o n t e n t of t h e p r e s e n t t h e o r e m has been c o n f i r m e d in var ious 
c a s e s , n a m e l y , in c a s e that K/k i s c y c l i c in général and in t h o s e 
c a s e s w h i c h Terada's t h e o r e m i s capab le t o cover; h o w e v e r , i t has 
a l s o been a w a r e o f , by group t h e o r e t i c e x a m p l e s , tha t ail c a s e s 
rnust not have been c o v e r e d by t h e s e (cf.{M3]). 

It may be w o r t h m e n t i o n i n g tha t Suzuki ' s proof i s ra ther 
e l e m e n t a r y ; in f a c t , i t c o n s l s t s of a number of a n a l y s e s of group 
r i n g s of a f i n i t e abe l ian group and nothlng e l s e . 
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2 . THE TRANSLATION INTO G R O U P THEORY BY A R T I N ' S RECIPROCITY LAW 

Let k and K be a s in the t h e o r e m , and K and K be t h e i r a b s o l u t e 
c l a s s f i e l d s , r e s p e c t i v e l y . Put 

H = Gal(K/K), A = Ga1(K/K), and G = Gal(K/k) = H/A. 
Then w e have the t r a n s f e r h o m o m o r p h i s m 

V H ^ A : H/[H,H] — A 



w h e r e [H,HJ i s the c o m m u t a t o r subgroup of H which i s equal to 
Ga1(K/k). T h e r e f o r e , the quot i en t group H/lH,H] = Ga1(k/k) i s 
i s o m o r p h i c to the a b s o l u t e idéal c l a s s group Cl(k) of k. The kernel 
of V H _ A c o r r e s p o n d s e x a c t l y to the subgroup of C1(k) c o n s i s t i n g 
of t h o s e c l a s s e s w h o s e i d e a l s b e c o m e principal in K. 

It i s a l s o known that every th ing can be reduced to "p-primary 
parts" f o r pr ime f a c t o r s of |Cl(k)|. 

A R T I N ' S S P L I T T I N G MODULE. T h r o u g h i n n e r a u t o m o r p h i s m s o f H, G 
a c t s on A; here w e u s e a d d i t i v e n o t a t i o n f o r the G-module A. Let 
c(g ,h) e A, g, h 6 G, be a 2 - c o c y c l e be longing to the 2 - c o h o m o l o g y 
c l a s s of the group e x t e n s i o n 

1 - A-> H-» G-» 1. 
Let B:= ® g e q _ p j 2 . b ( g ) be a f r e e abe l ian group g e n e r a t e d by a 

s e t of s y m b o l s {b(g) | g 6 G - { 1 } } , and put M:= A $ B. Then w e have 
a w e l l - d e f i n e d a c t i o n of G on M by s e t t i n g 

g.b(h ) = b(gh) - b(g) + c(g ,h) , g,h G G. 
S i n c e c(g ,h) l i e s in A, w e a l s o have an e x a c t s e q u e n c e of 
G - m o d u l e s , 

O -> A - M - U- 0, 
w i t h nat: M-* l8 d e f i n e d by nat(b(g) ) = g - 1 , g e G, w h e r e lG i s the 
a u g m e n t a t i o n idéal of Z[G]. 
It i s e a s y to s e e that the quot i ent module M/IS.M i s i s o m o r p h i c to 
H/[H,H], Let 

Tre : M/U.M-» M 
be the G-homomorphi sm obta ined by m u l t i p l i c a t i o n of 

Tr8:= 2 g 6 G g e 2 [ 6 ] . 
Then i t i s c l e a r that lm(Tr 5 ) l i e s in Ker(nat) = A. Hence w e have a 
c o m m u t a t i v e diagram, 

V A 

H/[H,H] > 

» D 

A C* H 

| | i d e n t i t y 

M/IS.M 
Tr e 

A Cj. M. 



In par t i cu lar , w e have 
l K e r ( V H ^ A ) | = |H-1(G,M)|. 

Dur purpose i s to s h o w 

( 3 . 1 ) the order |6| of 6 d i v i d e s IH ĈĜ M)]. 

4 THE FIRST REDUCTION. Fix a b a s i s t f , , 1 = 1 , . . . , m \ of t h e f i n i t e 
abe l ian group l i / l6 .M (=H/[H,H] z Cl(k)) s o that i t i s a d i r e c t product 
n,cn,>-
Put q,= |{ii, )|. Take a t r a n s v e r s a l rj, of each n , i n M and c h o o s e x\, e 

j = m ' + 1 , . . , m, s o that ti„...,tim g e n e r a t e w h o l e M over Z[G], Put 
qJ= i , j = m'+1, . . . , m. L e t ® r = ! Z[G] be a d i r e c t sum of m c o p i e s of 
2[G] and d e f i n e a s u r j e c t i v e G-homomorphi sm p: ®m Z[G] M by 

p ( e , ) = r \ t l e , = ( 0 , . . . , 0 , î , 0 0 ) 6 ® : = , Z [ G ] . 

We have a c o m m u t a t i v e d iagram of e x a c t s e q u e n c e s w i t h <p =natop, 

o—^ Ker ( p - > ® m Z[G]% l E - > 0 

4 V> || 

0 - 4 A M l 6 - ) û 

0 0 

S i n c e 9 i s a G-homomorphi sm, the i m a g e of TrG: ®m Z[G] ®m Z[G] 
l i e s in Ker(cp). For each i , 1 i c m, p(q, e , ) b e l o n g s to 
l3.M = p ( ® % ) ; t h e r e f o r e t h e r e e x i s t s u ; e Ker(p) such that 

u , s q, .e, m o d ® X i = h 
Let U:= (u i J . . .Jum ) be the G-submodule of M w h i c h i s genera ted by 
t h e s e u ( o v e r Z[G], Then p i n d u c e s an i s o m o r p h i s m 

p: ®m Z[G]/(U+ ®m lG) M/IG.M, 
and m a p s 

Ker(Trs: ®m Z[G]/(U+ ®m lG) Ker(<p)/U) 
i n j e c t i v e l y in to 

Ker(TrG:M/lG .M- A), 
T h e r e f o r e , i t i s s u f f i c i e n t , f o r our purpose , to s h o w 



Lemma 1. Suppose tha t a s u r j e c t i v e G - h o m o m o r p h i s m 
tp: ®mZ[G] l6 

i s g iven. Let q,, i = l , . . , m , be p o s i t i v e i n t e g e r s and U = ( u 1 , . . . , u m } 
be a 2 [ G ] - s u b m o d u l e of Ker(tp) such that 

q,.e5 mod ©m l 6 , i = 
Then IGI d i v i d e s |H4(G,W0)Î w h e r e 

W9:= ®mZ[G]/U. 

5 . A TINY TRICK. P u t n = |G|. It i s s u f f i c i e n t t o p r o v e L e m m a 1 u n d e r an 
addi t ional cond i t i on , 

(5.1) Each q ; i s a m u l t i p l e of n f o r i = 1,. . , ,m. 

Iri f a c t , l e t t ® m 2[G] ® m 2[G] be an i n j e c t i v e G - h o m o m o r p h i s m 
such tha t 

^(x) = n.x, x e ©mZ[G], 
Put U':= £(U) and w ; := ®mZ[G]/U'. Then w e have 

H ' H G X ) * H°(G,U), 
H'1<G,W;)*H0(G,U,)J 

and a l s o 
HÛ(G,U) * H0(G,(J") 

b e c a u s e U and U" are i somorph ic . Hence w e have 
H4(G,W0) * h H G . K ). 

For U' in ©mZ[G], w e have t h e cond i t i on (5 .1) . 
The m e r i t of (5 .1 ) i s t o make t h e s t r u c t u r e of 

n ( W o / l 6 . W o ) : = { x e W o / l e . W o | n . x = 0 } 
s i m p l e enough f o r us t o handle i t ; under (5 .1 ) , t h i s i s i s o m o r p h i c 
to ® m Z / n Z , and g e n e r a t e d by 

q.n"1. e , , i = 1,. . . ,m. 
From the congruence , TrE • n mod l6 , i t f o l l o w s that 

Ker(Tr e :W 0 / l 6 .W 0 - , KerC(p)/U) c n (W 0 / le.W0) 
and 

Im (Trs: .W, : /L.W : ) - Ker(ip)/U) c Ker(tp) n (U + l6 ) /U. 
H e r e a f t e r , w e a s s u m e (5.1 ). 
It should be a l s o noted tha t w e have 

Un em le= ls.U; 
in f a c t , w e e a s i l y s e e t h i s f r o m the f a c t s , 

U/ l6.U -



U/ U n ®m l6 ^ (U + lB ) / l6 ^ «' 
and 

l6.U c U n r lG. 

6 . THE SECOND REDUCTION NOW p u t 
y,:= Trg.q^n'Ve,- u, , i = 1, . . . ,m, 

and d é n o t é the Z[G]- submodule of ® m Z [G] w h i c h i s g e n e r a t e d by 
t h e s e y, by V. Then w e have 

V = ( y 1 . . - , y ^ c ®m l 6 n Ker(jp) 

U.Y = U-U = U n r lB. 
T h e r e f o r e , w e have a natural i s o m o r p h i s m 

Ker(<p) n ( U + ®m l B ) /U - Ker(<p) n U/U n l6 n Ker(<p) 
= Ker(tp) n $m \J |e.Y 

b e c a u s e U l i e s in Ker(<p), and a c o m m u t a t i v e d iagram 
Tr s 

n(W0/l6.W0) Ker((p) n ( U + ®m l 5 ) /U Ker(<p)/U 

® m Z / n Z Y / U . V 
n 

w h e r e rç i s the h o m o m o r p h i s m w h i c h m a p s the i - t h g e n e r a t o r 

of ® " Z / n Z to y, mod U-V, i = S i n c e 
K e r ( T r 6 : W 0 / l 6 . W 0 - > Ker(<p)/U) 

i s i s o m o r p h i c t o Ker(ii), i t i s now s u f f i c i e n t t o s h o w 

Lemma 2. For an m - g e n e r a t e d Z[G]-module Y of Ker(<j>) n ®m L 
the order | Y/ U - Y | d i v i d e s nm -1. 

7 . THE THIRD REDUCTION. Dur Z [ G ] - h o m o m o r p h i s m <p i n d u c e s an e x a c t 
s e q u e n c e , 

O Ker(jp) n ®m U ®m U I' O, 
and then 

and 

i i î * 
Ker(cp) n ®m l 6 / U n r I 



0 (Ker(c>) n ®m l s ) ( ®m l s ) I* - 4 0. 
Let us natural 1 y c o n s i d e r l6 a submodule of <D[GJ. Put 

c„:= 1 - 1 /n .Tr 6 . 
Then I 6 ® I E I c o ï n c i d e s w i t h the subalgebra e0. ©[G] of Û [ G ] b e c a u s e 

c 0 . (g- O = g - 1 f o r g G G. Moreover, w e have 
e S = e 0 = 1/n. S g e G < 1 - f l > , 

and hence \\ = l6®(D . S i n c e r e p r é s e n t a t i o n s of G over Q are 
c o m p l e t e l y reduc ib le , the l e s t e x a c t s e q u e n c e s h o w s that there 
e x i s t s a (D[G]-isomorphism 

p: (Ker(<p) n r lG) <8>Z<B ( Q m \ ) ®Z<D. 
We f i x such a p and i d e n t i f y V = <y„. . . ,y^ w i t h p(V) = < p(y»), . . . ,p(yj> 
f o r s i m p l i c i t y . 
Now w e c o n s t r u c t a good m - g e n e r a t e d Z[G]-submodu1e 

v . - <«;,...,«;> 
of («""MJ $ © w i t h a s u r j e c t i v e 2 [G] -homomorphi sm n: V - Y; 
then w e s e e that 

(7.1) |Y/IC..V| d i v i d e s |V7le.Y'|; 

hence i t i s s u f f i c i e n t to s h o w Lemma 2 f o r Y' in p lace of Y: S i n c e 
l6 ® © i s a d irec t sum of ( c o m m u t a t i v e ) f i e l d s over (D, l e t F be a 
s i m p l e component of i t and e be the corresponding idempotent . 
We have F = c.( l6 <8>'Q) = c. Q[G], c = c G Q[G). 
Then c.[ ( e™'1!^) $ <D] i s a v e c t o r s p a c e over F of d imens ion m - 1 . 
T h e r e f o r e e.(Y ®Z<Q) i s a s u b s p a c e of d imens ion at m o s t m - 1 . 
Suppose that 

e . [<y 1 # . . . ,ym . , ) ® z©J*c.(Y ® Q) 

w h e r e (yx,. . . , y ^ ) i s the ( m - l ) - g e n e r a t e d 2[G]-submodu1e of Y. 
Then c .y u . . . , c . ym-iare l inear ly dépendent over F. T h e r e f o r e , if w e 
c h o o s e N e IN, * 0, s o that N.e g Z [ G ] , and s o m e i, 1 i s< m - 1 , w e 
have 

e.[<yi y , y , + N . c . y m , y , + y ^ ) ® ^ ] =c. (Y®Ci) . i - i 
If n e c e s s a r y , w e r e p l a c e the f i r s t m - 1 e l e m e n t s of the g e n e r a t o r s 
of Y in t h i s manner f o r every s i m p l e component F of le $ Q. Then 
w e may a s s u m e that 

f o r s i m p l i c i t y . Def ine a Q[G]-homomorphism 



Ji: ( e"'"1 lG) <» Ci —> V <8> *D 
by s e t t i n g . 

k( i , ) = y, , 1 = 0 , . . . , 0 ) , i = 
and take an e l e m e n t y e ( ®mmi\6) ® (D such that « (y ) = y m . Then the 
Z[G]-submodu1e 

V = { ë 1 , . . , i r ^ 1 / y ) 
1s the des i red one. 

Note a l s o that l6.V c o n t a i n s ©""Me b e c a u s e w e have e0.(g-1) = g - 1 
f o r g e G. 
To a n a l y s e Y'/I6.Y', l e t 

pr: ( ® m % ) ® «D - » ( ® (D/ 16 

be the natural projec t ion . We i d e n t i f y the l a s t 6 - m o d u l e w i t h 
(©""Me) ® Z « D / Z ) (c (®m' iZ[G]) ®Z (CD/Z)) . 

Then w e have 
pr( 1/n. I g e G ( l - g ) . e , » ( 1 - l /n .Tr 6 ) .e , m o d © ^ 1 ! , 

f o r i = 1 1. It i s c l e a r that w e have 
g. pr( e,) = pr( e,), i = 

f o r every g e G. Furthermore, w e can e a s i l y s e e , in a s t r a i g h t 
forward w a y , that 

[( ®m"1 l6) ® « D / Z ) f = <prti1),-..,pr(eM)> - ®m'1 Z / n Z . 
Let M:= ,;pr(un be the m o n o - g e n e r a t e d Z[G]-submodule of C®"'116) 
®(<B/Z). Then w e have 
|VVI6.V'|= |(M + (pr( ( ê j p r ( i m _ JjVU.Mi 

= |(M + [ ( © m - 1 l 6 ) ® ( i D / Z ) f ) / l 6 . M | 
= |M /l6.M|.|(M + [(©""M,) ® « D / Z ) f )/M| 

= |M /l6 .M|. |[(©m-1 le) ® ( ( D / Z ) f | / |(M n [ ( Q m \ ) ®(<D/Z)f | 
= nm"1.|H"1(6,M)|/|H°(G,M)|. 

Hence, i t i s s u f f i c i e n t to s h o w 

Lemma 3. Let G be a f i n i t e abe l ian group and M be a 
morio-generated Z[G]-module of f i n i t e order. Then the order of 
H-HG^M) d i v i d e s that of Hù(G,f1). 



THE FINAL STEP. We g ive a proof to Lemma 3. 
Fix a p o s i t i v e i n t e g e r r, and c o n s i d e r the group ring Z / r Z [ G ] over 
the f i n i t e ring Z / r Z . We have a standard p e r f e c t pairing 

Z / r Z [ 6 ] x Z / r Z [ 6 ] Q / Z 
by s e t t i n g 

(g,h):= 1 / r . 8 g > g,h e G, 
w h e r e 8g h i s a Kronecker 8. Let 

inv: Z / r Z [ G ] —> Z / r Z [ G ] 
be an automorphism of the group ring g iven by 

inv(g) = g"1, g e G. 
Note that G i s abel ian. 
For a d irec t sum ®m Z / rZ[G] , w e a l s o have a p e r f e c t pairing 

(w,w'):= i ( w , , w ; ) 
w = ( w ^ . ^ w j , w' = (w; , . , w l ) e Z/rZ[G], 

For the given M of Lemma 3 „ take a Z / r Z [ G ] - p r e s e n t a t i o n of rank 
m ( say) of i t s dual M A f o r s o m e r and m. Then w e have an 
i n j e c t i v e Z[G]-homomorphism 

i: M — ©m Z / r Z [ G ] 
b e c a u s e of the p e r f e c t pairing of the l a s t algebra. Take a 
generator v = (vu...,vj e Z / r Z [ G ] of M. 
Then f o r w = ( w ^ . ^ w j e em Z /rZ[G] , and f o r a e Z[G], w e have 

(a .v ,w) = 0 for v a e Z[G] 
^ rn 

& Z i = i (a .v , ,w , ) = 0 f o r v a g Z[G] 

<=> ( a , 2 ™ = i i n v ( v , ) . w , ) = 0 v a g Z[G] 

<S=> = i inv(v , ) .w, = 0. 

Hence the orthogonal M1 of M i s given by 
M 1 = Kerf lnv(v) . : ©m Z / r Z [ G ] Z /rZ[G] ) 

w h e r e inv(v). i s the homomorphism de f ined by 
inv(v).w:= j l n v t v , ) . * , , 
w = (w1;...,wj e ®m Z/rZ[G] , 

Then w e have 
M A * lm(inv(v).) 



and 
O f ) - lm( inv(v ) . ) / l 6 . Im(inv(v).). 

Furthermore, s i n c e w e have inv( l 6 ) = l6 , the au tomorph i sm 
inv: 2T[G] —+ Z[G] Induces an i s o m o r p h i s m 

( M 6 ) a * lm(v . ) / l 6 . lm(v . ) 
w h e r e v.: ®m Z / r Z [ G ] —> Z / r Z [ G ] 1s the homomorphlsm d e f l n e d In 
the s a m e w a y a s inv(v). w a s . Put q = |tf | . Then w e have 

q = | ( M 6 ) A | = | lm(v.)/ lG . lm(v.) | . 
Now there e x i s t t w o m a t r i c e s U e M(m,Z) and J e M(m,lG) such 
that 

v.U = v J and det (U) = q 
b e c a u s e 

lm(v.)= <v, v m >= Z . v , +...+ Z .v m + l6.lm(v.) 
and 

lc„U(v.) = l6 .v, +...+ lG.vm. 
T h e r e f o r e w e have 

det(U - J).v = O in Z / r Z [ 6 ] , 
T h i s i m p l i e s 

q.(M/l6.M) = O 
b e c a u s e det(U - J ) s det(U) s q mod l5. S i n c e w e have 

M = Z[G].v = Z.v + l5.M, 
M/Ig.M i s a c y c l i c group w h o s e order d i v i d e s q = |MG|. 
Furthermore w e have 

|M/Ker(TrG: M — M)| = (Trs.M| 
b e c a u s e |M|< » . T h e r e f o r e w e s e e 

|H°(G,M)| = q / (Tr6.Mj = ( q / | M/I6.M|). I M/lG.M|/|M/Ker(Tr6)| 
= (q/ l M/Ig.M|). |H_1(G,M)|. 

S i n c e q/(M/lG.M| i s an i n t e g e r a s w a s s e e n above , t h i s proves 
Lemma 3. 

Hence, at the s a m e t i m e , Lemmas 1 and 2 are a l s o proved, and s o 
i s our theorem. 
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